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Abstract—In this paper we introduce a new architecture
for dynamic spectrum sharing called the distributed dynamic
spectrum leasing (D-DSL) and a game theoretic framework for
its implementation on a cognitive radio network. In D-DSL, it
is assumed that each channel is assigned to a primary user
who may lease the channel to secondary users. The spectrum
owners can thus dynamically adjust the amount of interference
they are willing to tolerate from the secondary users. On the
other hand, the secondary users compete with each other in
order to achieve maximum possible Quality of Service without
violating the interference cap imposed by the primary userson
each channel. The secondary users are allowed to transmit in
more than one channel simultaneously. Under these conditions in
addition to the competition among secondary users, the primary
users also compete with each other to let more secondary users
to access their channels. We establish conditions for the system
to reach an equilibrium and analyze the performance. It is
shown that the performance of the secondary system improves
by increasing the availability of primary channels.

I. I NTRODUCTION

The rapid growth of wireless communication has resulted
in an increasing demand for the wireless bandwidth. On the
other hand some allocated spectrum bands have found to be
underutilized as noted in several recent studies by the Federal
Communications Commission (FCC) [1]. This has led the
FCC to allow unlicensed wireless users to access the licensed
spectrum bands under the concept of spectrum sharing. The
so-called cognitive radio has positioned the dynamic spectrum
sharing as a realistic technology over the last several years [2].

Under the Dynamic Spectrum Sharing (DSS), the spectrum
owner allows the unlicensed users to dynamically access its
spectrum. In almost all existing proposals, the secondary users
are solely responsible for the interference management and
coexistence in the primary spectrum band. These proposals
are termed as Dynamic Spectrum Access (DSA). In [3], they
investigate the fairness and efficiency of the DSA systems by
imposing punishment strategies.

Recently in [4]–[6], the authors introduced the concept of
Dynamic Spectrum Leasing (DSL) in which the primary users,
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as well as the secondary users, are involved in managing the
interference. In DSL, each secondary user acts selfishly to
fully utilize the primary spectrum band. In [7], the authors
generalized their earlier framework by considering several
primary users in the system. As shown in Fig. 1(a), a central
unit measure the total interferenceI0 from all secondary users
and sets acommoninterference cap (IC), denoted byQ0,
that is valid for all primary users in the channel. The IC is
the maximum interference that the primary system is willing
to tolerate from all secondary transmissions. This framework
is termed as Centralized-DSL due to the assumed central
coordination among primary users.
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Fig. 1. a) The Centralized Dynamic Spectrum Leasing (C-DSL). b) The
Distributed Dynamic Spectrum Leasin (D-DSL)

In this paper, on the other hand, we introduce a novel
framework called the Distributed Dynamic Spectrum Leasing
(D-DSL). In contrast to C-DSL, each primary user in a D-
DSL system sets its own IC depending on the interference level
from the secondary users. The secondary users are autonomous
agents that are allowed to transmit simultaneously in more than
one spectrum band in order to capitalize on, and fully utilize,
the available spectrum opportunities. We model this scenario
as a spectrum sharing game. The non-cooperative game in this
new framework will not only be between the primary and the
secondary users as in C-DSL, but also be a non-cooperative
game among primary users themselves.

This paper develops a game-theoretic framework for such



a D-DSL system by identifying suitable payoff functions for
both primary and secondary users, and establishes conditions
for existence of an equilibrium point that can be reached
via adaptive best-response of users. As in previous work on
DSL, the proposed D-DSL can be implemented with the same
inter-system control information exchanges assumed in [4]–
[6]. We study the system performance as a function of the
secondary system size and number of primary channels. Using
simulations we evaluate the performance of the proposed D-
DSL and we show the improvement that the secondary system
rate achieves by increasing the number of degrees of freedom.

The remainder of this paper is organized as follows: Section
II describes the D-DSL framework and the system model.
Section III presents the game theoretic formulation. Section IV
discusses the existence and uniqueness of a Nash equilibrium.
In section V, we evaluate the performance of a spectrum shar-
ing network based on the proposed D-DSL. Finally Section
VI concludes the paper.

II. D-DSL - BASED COGNITIVE RADIO SYSTEM MODEL

We assume that there areKp channels each of them licensed
to a primary system. Without loss of generality, we assume
that there is one primary transmitter receiver pair in every
channel. There areKs secondary transmitter-receiver pairs
(links) that are active on the primary channels. In this paper
we introduce the concept of Distributed Dynamic Spectrum
Leasing (D-DSL) in which the primary user in thej-th
channel, forj ∈ Kp, measures the total secondary interference
Ij on its own channel and sets its own interference cap,
denoted byQj , that is applicable for only thej-th channel.
As shown in Fig. 1(b), each secondary user now has the
opportunity to communicate over multiple primary channels
by allocating its transmit power appropriately for different
primary channels. We denote thek-th secondary user’s power
vector bypk =

(

pk,1, pk,2, · · · , pk,Kp

)T
, for k ∈ Ks, where

pk,j is the power it allocates to communicate over thej-th
primary channel.

When a primary user raises its interference cap, it en-
courages secondary users to prefer that particular channel
over other primary channels. This leads to a non-cooperative
game among primary users in which the reward of a primary
user should be an increasing function of its interference cap.
However, each primary user should maintain a target signal-
to-interference-plus-noise-ratio (SINR) to ensure its required
QoS. Each secondary user is assumed to act selfishly to max-
imize its own total utility. However, the transmission powers
pk,j ’s should be carefully controlled to maintain an overall
interference levelIj that is below the primary interference
cap Qj for all j ∈ Kp. As one would expect, in a D-DSL
network, the secondary system has more flexibility compared
to that in a C-DSL based network considered in [7].

For eachj ∈ Kp, the primary user in thej-th channel will
be labeled by0 and the secondary links (transmitter-receivers
pairs) are labeled from1 throughKs. The set of user indices
(primary and secondary) in every channel is denoted byKc,
i.e.Kc = {0}∪Ks. The channel gain between thek-th receiver

in the j-th channel andk′-th transmitter is denoted byh(j)
k,k′

for k, k′ ∈ Kc and j ∈ Kp and let A(j)
k,k′ = h

(j)
k,k′

√
pk′,j

be the received signal amplitude. As in [4], we may obtain
a discrete-time representation of the received signal at the
primary receiver in thej-th channel as

r0,j = A
(j)
0,0b0,js

(p)
0 +

∑

k∈Ks

A
(j)
0,kbk,js

(p)
k + σ0,jn0,j , (1)

where the vectorsr0,j =
(

r
(j)
0,1, · · · , r

(j)
0,M

)T

and s
(p)
k =

(

s
(p)
k,1, · · · , s

(p)
k,M

)

are the vector representations of the primary
received signal and signal constellations, respectively,with
respect to anM -dimensional primary basis andn0,j ∼
N (0, IM). Similarly, a discrete-time representation of the
received signals at thek-th secondary receiver fork ∈ Ks

in the j-th channel is

rk,j =
∑

k′∈Ks

A
(j)
k,k′bk′,js

(s)
k′ +A

(j)
k,0b0,js

(s)
0 + σk,jnk,j (2)

where the vectorsrk,j =
(

r
(j)
k,1, · · · , r

(j)
k,N

)T

and s
(s)
k =

(

s
(s)
k,1, · · · , s

(s)
k,M

)

are the vector representations of the sec-
ondary received signal and the signal constellation, respec-
tively, with respect to theN -dimensional secondary basis and
nk,j ∼ N (0, IN).

In the following we assume that all transmissions are mod-
ulated as binary phase shift keying (BPSK), and the detectors
are based on the matched filter (MF) outputs. Therefore the
primary decisions in thej-th channel are given bŷb0,j =

sgn(y0,j) where y0,j = A
(j)
0,0b0,j +

∑

k∈Ks
ρ
(p)
0k A

(j)
0,kbk,j +

σ0,jη0,j , with ρ
(p)
0k =

(

s
(p)
0

)T

s
(p)
k and η0,j ∼ N (0, 1).

The total secondary interferenceIj from all secondary trans-
missions to the primary-user in thej-th channel isIj =
∑

k∈Ks

(

ρ
(p)
0k A

(j)
0,k

)2

. Similarly, thek-th secondary link esti-

mates its symbols on thej-th channel aŝbk,j = sgn(yk,j),
whereyk,j = A

(j)
k,kbk,j +

∑

k′∈Kc\k
ρ
(s)
k,k′A

(j)
k,k′bk′,j + σk,jηk,j

whereρ(s)k,k′ =
(

s
(s)
k

)T

s
(s)
k′ for k′ ∈ Kc andηk,j ∼ N (0, 1).

III. A G AME MODEL FORD-DSL

In the proposed D-DSL game model, the users interact with
each other by adjusting the tolerable interference caps of the
primary users and the transmit powers of the secondary users
in each channel. We model the D-DSL system as the following
non-cooperative gameG =

(

K,A(.,.), u(.,.)

)

.

1) Players: the player setK = Ks ∪ Kp. We represent the
secondary players by the indexk for k ∈ Ks and the
primary players byj for j ∈ Kp.

2) Action Space:P = As,1 × As,2 × · · · × As,Ks
×

Ap,1 · · ·×Ap,Kp
, whereAs,k = Pk = Pk,1×· · ·×Pk,Kp

for k ∈ Ks represents the action space of thek-th
secondary player withPk,j = [0, P k] and Ap,j =
Qj = [0, Qj ] for j ∈ Kp represents the action set of
the j-th primary user. The upper limits of the action



setsP k and Qj represent, respectively, the maximum
transmission power of thek-th secondary user and
the maximum tolerable interference cap of thej-th
primary user. We denote the action vector of all users by
a = (p1, · · · ,pKs

, Q1, · · · , QKp
)T whereQj ∈ Qj for

j ∈ Kp andpk = (pk,1, · · · , pk,Kp
)T is the action set of

thek-th secondary user fork ∈ Ks with pk,j ∈ Pk,j and
‖pk‖ =

∑

j∈Kp
pk,j ≤ P k. For notational convenience,

we refer to the action vector excluding that of thek-th
secondary player bya−s,k for k ∈ Ks and the action
vector excluding thej-th primary player bya−p,j for
j ∈ Kp.

3) Utility function: We denote byus,k(pk, a−s,k), for
k ∈ Ks, the k-th secondary user’s utility function, and
by up,j(Qj , a−p,j) for j ∈ Kp, the j-th primary user’s
utility function.

At any given timet, the assumedworst-case target SINR
of the j-th primary user is defined as follows:

γ0,j =

(

h
(j)
0,0

)2

p0,j

Qj + σ2
0,j

. (3)

The instantaneous SINR of thej-th primary user, on the other

hand, is γ0,j =

(

h
(j)
0,0

)2
p0,j

∑

k∈Ks

(

ρ
(p)
0k h

(j)
0k

)2
pk,j+σ2

0,j

. We choose the

utility function of the j-th primary user forj ∈ Kp to be
[4]:

up,j (Qj, a−p,j) =
(

Qj − (Qj − Ij (a−p,j))
)

Qj . (4)

The SINR of thek-th secondary user in thej-th channel is

γk,j =

∣

∣

∣
h
(j)
k,k

∣

∣

∣

2

pk,j

∑

k′∈Kc\k

(

ρ
(s)
k,k′

)2 ∣
∣

∣
h
(j)
k,k′

∣

∣

∣

2

pk′,j + σ2
k,j

. (5)

A reasonable utility function for thek-th secondary user
should be a monotonically increasing function of the SINR
γk,j for ∀j ∈ Kp. At the same time it should be a decaying
function of Ij −Qj for everyj ∈ Kp. Hence, we propose the
following secondary user utility function, fork ∈ Ks:

us,k (pk, a−s,k) =
∑

j∈Kp

uk,j(pk,j)

=
∑

j∈Kp

(Qj − λjIj) fk,j (pk,j) , (6)

whereuk,j(pk,j) is the partial utility that thek-th user obtains
by transmitting on thej-th channel,λj is a positive coefficient
which controls how strictly the secondary users need to obey
the j-th primary interference capQj andfk,j(.) is the reward
function of thek-th secondary user onj-th channel which
should typically be an increasing function ofpk,j .

IV. T HE EXISTENCE OF ANASH EQUILIBRIUM IN THE

PROPOSEDD-DSL GAME

In this section we investigate the existence and unique-
ness of an equilibrium in the above D-DSL gameG =

(

K,A(.,.), u(.,.)

)

. The Nash equilibrium is a predictable and
stable outcome for the non-cooperative D-DSL game in which
no user can benefit by changing its action while the other users
keep theirs fixed [8]. But such a point may not necessarily exist
in a game.

Proposition 1: There exists a Nash equilibrium for the D-
DSL gameG = (K,Ak, uk) if the action spaceAk is a
nonempty compact convex subsets of an Euclidian spaceR

n

for all k ∈ K and the primary-secondary utility functions are
continuous ina and quasi-concave inak [8].

Proof: Clearly the action spaces of primary and secondary
users are compact convex nonempty sets. The primary utility
function up,j (Qj, a−p,j) is continuous ina and concave in
Qj. The secondary utility functionus,k (pk, a−s,k) is contin-
uous in the action vectora and it is concave if the partial
utility functions uk,j(pk,j) for j ∈ Kp are concave inpk,j .
Thus all the necessary conditions in proposition 1 are satisfied
and ensuring the existence of a Nash equilibrium.

In dynamic spectrum leasing the goal of each secondary
user can be considered to be to maximize the rate it can
achieve. To that end, we will set the reward function in (6)
to be fk,j(pk,j) = Wj log (1 + γk,j) whereγk,j is the k-th
secondary user’s received SINR on thej-th channel as defined
in (5) andWj is a positive weighting coefficient which can be
taken to be proportional to the bandwidth of channelj. Note
that this reward functionfk,j(pk,j) is an increasing concave
function which satisfies the conditions for the existence ofa
Nash equilibrium.

The best response of a particular player in a non-cooperative
is the reaction that maximizes its own utility for a fixed action
vector of the other players:

Definition 1: The best response correspondence of thek-th
player rk : A−k → Ak is the setrk(a−k) = {ak ∈ Ak :
uk(ak; a−k) ≥ uk(a

′
k; a−k) for all a′k ∈ Ak}.

The best response of the primary user in a D-DSL game
is the unique1 Q∗

j that maximizes its utilityup,j(Qj). It can

be shown thatQ∗
j (Ij) =

Qj+Ij

2 for all j ∈ Kp. Since the
primary utility is an increasing function whenQj ≤ Q∗

j , if Q∗
j

exceeds the maximum interference capQj , the j-th primary
user will set its interference cap to beQj = Qj . Therefore
the best response of thej-th primary user isrp,j(a−p,j) =
min{Q∗

j (Ij) , Qj}.

On the other hand, the best response of thek-th secondary
user isrs,k (a−s,k) = p∗

k = (p∗k,1, p
∗
k,2, · · · , p∗k,Kp

)T where
p∗
k is theuniquetransmitted power vector that maximizesus,k

subject to the power constraint‖pk‖ ≤ P k. Thus it can be
shown thatp∗

k should satisfies the following Karush-Kuhn-
Tucker (KKT) conditions [9]: 1)µk ≤ 0, 2) u′

k,j(pk,j)+µk =

0 for all j ∈ Kp, 3) µk

(

∑

j∈Kp
pk,j − P k

)

= 0, and 4)
∑

j∈Kp
pk,j ≤ P k.

1The uniqueness in the best responses of the primary and secondary users
is due to the concavity of the utility functions.
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Fig. 2. The D-DSL behavior at Nash equilibrium as a function of secondary system sizeKs assuming identical secondary users , whereKp = 4, Qj = 20,

P k = 10, ρ(p)0,k = ρ
(s)
k,0 = ρ

(s)
k,k′ = 1 andh(j)

k,k′ = 1.

V. PERFORMANCE ANDNUMERICAL ANALYSIS OF A

D-DSL GAME BASED DSSSYSTEM

In the following we investigate the performance at Nash
equilibrium of the proposed D-DSL based DSS system. Unless
stated otherwise, the system parameters are set as follows:the
receiver noise variance is set to beσk,j = 1 for j ∈ Kp

and k ∈ Kc, the primary user target SINR isγ0,j = 1 for
∀j ∈ Kp, the maximum possible primary interference caps are
Qj = 20, the maximum secondary transmit power isP k =
10, the weighting coefficient isλk = 1 and Wj = 1. The
cross correlation coefficientsρ(p)0,k = ρ

(s)
k,0 = ρ

(s)
k,k′ = 1 for all

k, k′ ∈ Ks.

A. Identical secondary users: Ideal AWGN channel

It is interesting to first investigate the Nash equilibrium
of a D-DSL system when all secondary users are identical,
i.e. all channels are additive white Gaussian noise (AWGN):
h
(j)
k,k′ = 1 for all k, k′ ∈ Kc and j ∈ Kp. In Fig. 2(a), we

have shown the interference capQ∗
j , the actual secondary

user interferenceI∗j and the secondary user transmit powers
‖p∗

k‖ at the system Nash equilibrium. Note that due to the
excess of resources in a D-DSL network, the total secondary
transmit power in the multiple primary channel system is
higher compared to that in the single primary channel case.
Thus the interference caused by the secondary system in
each channel is reduced whenever the number of primary
channels is increased. Moreover, the behavior of interference
cap Q∗

j follows I∗j . For a small secondary system size, the
secondary users fully utilize their resources by allocating all
their available transmit powers among the primary channels
while still causing a smaller interference level on each of the
primary channels. Each primary user tries to compensate for
the loss caused by the excess of resources by reducing the
interference capQ∗

j .
Figure 2(b) shows the primary utility at the Nash equilib-

rium of the system. When there is more resources (channels)
available for the secondary system, the non-cooperative game
among the primary users leads to decreased utility for all

primary users. However, for large secondary system sizes, the
demand for the spectrum resources is large enough so that
the effect of the availability of multiple channels on primary
utilities is again reduced.

Figure 2(c) shows the sum-rate
∑

k,j fk,j(p
∗
k,j) and the per-

user rate 1
Ks

∑

k,j fk,j(p
∗
k,j) as a function of the secondary

system size. In the multiple primary channel scenario thereis
a gain in the rate for the secondary users when there is only
one primary channel instead of four. This gain is expected
since the secondary users have more choices when there are
multiple primary channels. Thus they can transmit more power
distributed over multiple channels compared to that in single
channel.

B. Non-identical secondary users: Fading channels

In this section we assume Rayleigh distributed, quasi-
static channel fading with normalized coefficients, i.e.

E

[

(

h
(j)
k,k′

)2
]

= 1. In all simulations the results are averaged

over 2000 channel realizations using Monte Carlo methods.
Figure 3(a) shows the primary interference capQ∗

j , the sec-
ondary interferenceI∗j and the secondary transmit powerp∗k,j .
Figure 3(b) shows how the interference capQ∗

j as well as
the total secondary interferenceI∗j decrease with increasing
number of primary channelsKp. This affects the primary
user negatively. Due to competition among the primary users
and the availability of multiple degrees of freedom for the
secondary system, the reward of each primary user is reduced.

This reduction in primary utility with increasingKp is seen
in Fig. 4. As shown in Fig. 4(b), when the number of primary
channels increases, the primary utilityup,j decreases. Figure
4(a) also shows that primary utilityup,j is still an increasing
function of the secondary system size. Thus the primary
users prefer having a large secondary system size (higher
demand). However, as seen in Fig. 5(a), the secondary system
has the incentive to keepKs small enough to maintain a
minimum QoS guarantee for all its users. Note that, due to the
higher degrees of freedom available in a D-DSL system, the



secondary system is able to achieve a better sum and per-user
rates compared to those achieved in a single channel scenario.
Due to the available degree of freedom, the secondary system
can increase its total transmit power‖pk‖ without violating
the primary user interference cap.
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Fig. 3. The Game outcome and the secondary transmit powerpk,j , in a
Rayleigh distributed channel fading.
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Fig. 4. Primary user utility functionup,j at Nash equilibrium in a Rayleigh
distributed channel fading.

Depending on the application, a secondary user may require
a minimum rate to achieve a least acceptable QoS requirement.
We denote this minimum rate for the secondary users by
Rmin. Because of the dependency on the random fading
coefficients, at any given time a particular user may or may
not achieve the rate found in Fig. 5(a). We define the outage
probability as Pr{∑j fk,j(p

∗
k,j) ≤ Rmin}, which is the

probability that a particular secondary user does not achieve
the minimum required QoS. Figure 5(b) shows the outage
probability of the secondary system. As one would expect
the outage probability of the secondary users increases as the
minimum QoS requirementRmin increases or as the number
of primary channels decreases. Thus the average rate achieved
by the secondary users shown in Fig. 5(a) should be interpreted
in conjunction with the outage probability shown in Fig. 5(b).
For instance, according to Fig. 5, with an average minimum
rate ofRmin = 0.05 the single channel D-DSL system can
support up to3 secondary users with an outage probability
of 35% compared to the3-channel D-DSL system which can

handle up to9 secondary users with a lower outage probability
(Pout = 0.1).
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(a) The sum-rate and per-user rate of the
secondary system.
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(b) The outage probability of the
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Fig. 5. The secondary system performance at Nash equilibrium as a function
of secondary system sizeKs.

VI. CONCLUSION

In this paper, we proposed a new architecture for DSS
called the Distributed-DSL and developed a game-theoretic
framework for implementing the proposed D-DSL in a cog-
nitive radio network. In the proposed Distributed Dynamic
Spectrum Leasing networks, the secondary users prefer a
primary system size with a large number of distinct frequency
channels. We showed that due to the multiple degrees of
freedom available in a D-DSL system, the secondary system
can achieve a better sum and per-user rates compared to
those in a Centralized-DSL network. The outage probability
is also improved with higher number of channels in the D-
DSL system. We also showed that the increased number of
degree of freedom negatively affects the primary users due to
the competition caused by the non-cooperative game among
the primary players.
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