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Abstract: Given that a time-delay system is stable for some delay hy > 0, a
procedure is given to find the stability interval [h}, h3] such that hg € [h], h3] and
for all h satisfying h} < h < h3 the system is stable. Further, the system is shown
to be unstable if h = h} or h = k3. It is then shown how this can be applied to
test the robust stability (with respect to delay values) of a Smith-Predictor based

controller.

Keywords: Time Delay, Stability, Smith Predictor

1. INTRODUCTION

This paper considers the robust stability of time-
delay systems of the form
n—1 m i
d™y d’ )
%‘Fzzaij@y(t_Jh):O' (1)
=0 j=0
Following Kamen Kamen (1982), the characteris-
tic equation for (1) with z = e™*" is

n—1 m

a(s,z) =s" + Z Zaijsizj =0 z=e 5"
=0 j=0
n—1
=s"+ Z a;(2)s' =0 (2)
i=0

m
Zaijzj fori=0,1,...n— 1.
j=0

a;(z)

This is the so-called commensurate delay case
since all delays are integer multiples of h > 0.
For a fixed delay h > 0, the polynomial a(s, e~"*)
is said to be asymptotically stable if and only if
(iff)
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a(s,e” ) #£0

where Re(s) denotes the real part of s. Condition
(3) implies asymptotic stability of (1) (see Bell-
man and Cooke (1963)Hale and Lunel (1993)Diek-
mann and Walther (1995)Nicolescu (2001)).

for Re(s) > 0. (3)

Kamen Kamen (1982) introduced the notion of a
system being asymptotically stable independent of
delay. In this formulation, the polynomial a(s, z)
is said to be asymptotically stable independent of
delay (i.o.d.) iff Kamen (1982)

a(s,e”"%) #0 for Re(s) >0,h>0. (4)

Condition (4) implies asymptotic stability for the
solutions of (1). Algebraic tests exist to check
for stability i.o.d. are given in Chiasson and Lee
(1985)Kamen (1982). Given that the system is
stable when h = 0, tests that determine the value
h* such that the system is stable for 0 < h < h*
and unstable when h = h* are given in Hertz and
Zcheb (1984a)Hertz and Zeheb (1984b)Chiasson
(1988).

In this paper, it is not assumed that the system
is necessarily stable for h = 0. Specifically, given
that a time-delay system is stable for some delay



ho > 0, a procedure is given to find the stability
interval (hj,h3) such that ho € (h},h3) and for
all h € (hi, h%) the system is stable. Further, it
is shown that the system is unstable if h = h] or
h = h3. This is motivated by the fact that in some
cases, the introduction of delay may have stabiliz-
ing effects (see for example Petterson and Werner
(1991)Niculescu and Abdallah (1999)C.T. Abdal-
lah and Byrne (1993)) or by the Smith predictor
structure as described later in the paper.

The remainder of the paper is divided as follows:
In section 2 we prove the main result and illustrate
via an example taken from Petterson and Werner
(1991). Section 3 discusses the robust stability
of the Smith Predictor control structure using
the results of section 2. Section 4 presents our
conclusions and directions for future research.

2. MAIN RESULTS

Following Hertz and Zeheb (1984b)Chiasson and
Lee (1985)Chiasson (1988), the idea is to note
that if a system is stable for some hy > 0, then
as the system transitions from a stable to an
unstable regime (as the delay h is either increased
or decreased), it must have poles that cross over
to the jw axis. In other words, at the point of
transition, there must be roots of the form s =
jw,z = e I¢" (Re(s) = 0,]z| = 1) of (2).

To exploit the above idea, an auxiliary polynomial
a(s, z) is defined as

a(s,z) = 2ma(—s,1/2)

Suppose at h = h*, there is an s* = jw* and a
corresponding z* = e /¢ such that

a(s*, e ) = a(s*,2*) = 0

Then taking the complex conjugate of a(s*, e =7« ")

and multiplying through by (e=7«""")™ results in

(e M ) Ma(=s", ) = (%) Ma(—5",1/27)
=a(s*,2")=0
That is, for any value of delay h* resulting in roots
on the jw axis, there is a (s*, 2*) £ (jw*, e~ 7<)
that must be a common zero of the two polyno-
mials a(s*, 2*),a(s*, z*). In other words,
a(s*,2*) =a(s*,2") =0

for some (s*,z*) satisfying Re(s*) =0, |z*| = 1.
This observation will be combined with the fol-
lowing lemma to get the desired test.

Lemma (Datko) Let o(h) = sup{Re(s) | a(s,e™"*) =

0}. Then o(h) is a continuous function of h for
h > 0.

Proof This is a result of the work of Datko Datko
(1978). See also the more general results of Cooke
and Ferreira Cooke and Ferreira (1983)

Given that the time-delay system (3) is stable for
some delay value hy > 0, we now define hj,h3
where hi < hg < h3, such that the systems
remains stable for h satisfying h} < h < h3 and
the system is unstable if A = h] or h = h3. Note
that (3) being stable for some h = hg > 0 implies
a(0,1) # 0 as seen by setting s = 0 in (3).

Definition Let {(s;,2;) for ¢« = 1,---k} be
the common zeros of {a(s, z),a(s,z)} for which
Re(s;) = 0,s; # 0, and |z;|] = 1. For each such
pair (s;, z;), for a given hg, let hf, = max{h € R |
h < ho,z; = e %"} and hi, = min{h € R | h >
ho, z; = e~%i"}. Then define

i = min{hi,)}
hy = min{h3,}.

With this definition, the main result is now stated
and proven.

Theorem It is assumed that the time-delay sys-
tem (1) is stable for some hg > 0, that is,

a(s,e M%) £ 0 for Re(s) > 0. (5)

Then

a(s, e %) #0 for Re(s) > 0 and

hi < h < hj

Given that the system is stable for h = hy, it
follows that o(hg) < 0. By the above lemma,
increasing h above hg, there is an hs which is
the first value of the delay h > hg satisfying
o(hy) = 0. For this value of hs, there is an sy
such that

a(32,6752h2) =0, Re(sy) =0.

That is, s2 = jws, 22 = e 9%2h2(|25| = 1). Further,
s9 # 0 as s3 = 0 would imply that a(0,1) = 0
contradicting the assumption (5). Clearly, (s2, 22)
also satisfies a(sz,22) = 0 and thus hy = hj.
On the other hand, by definition, o(hi) = 0 so
that the system is unstable when h = h3. Similar
arguments show there is an hj such that the
system is stable for h] < h < hg and unstable
when h = hj.

Remark A simple variation of the above proof
shows that if the time-delay system (3) is unstable
for some delay value hg > 0, then the system
remains unstable for h satisfying h7 < h < h3
where hi, h’ are defined with respect to hgy as in
Definition 2.



Remark Consider the special case where the
characteristic polynomial is of the form
a(s,z) = ao(s) +a1(s)z
Then
a(s,z) = zag(—s) + a1 (—s)
and any common zero of {a(s,z),a(s,z)} of the

form (jwo, z0) satisfies

a(jwo, 20) = ao(jwo) + a1(jwo)zo = 0

— 20 = —GO(J.WO)
a1(jwo)
a(jwo, 20) = z0a0(—jwo) + a1(—jwo) =0
— 20 = —7a1(_],w0)
ao(—jwo)

This implies ap (jwo)ao(—jwo) = ax (jwo)a1 (—ju}o)
resulting in

|Z0‘2 = 2020 = (_ao(].wo)> (—ao(_j,wo)> =1
a1 (jwo) a1 (—jwo)

That is, any common zero of {a(s,z),a(s,z)}

of {a(s,z),a(s,z)} of the form (jwp,zp) must

automatically satisfy |zo| = 1.

Example Consider the system given by

b(s, e ") 1—ehs
G(s,e ) = =2 = :
(5,¢7) a(s,ehs) g4 1—ehs
Clearly a(s,e_hs)‘szo = a(0,1) = 0 so that
~hs) is unstable independent of delay. How-

—hs) also has a zero

a(s,e
ever, the numerator of G(s,e
at s = 0 so that

1— efhs

= lim =1
s—0s+1—ehs

Consequently, s = 0 is not a pole of G(s)?. Next,
it is shown that c(s,e ") £ a(s,e™"*)/b(s,e~"%)
has no zeros in the open right-half plane for h > 0.
Proceeding, define

a(s,z) s+1—2z

b(s,z) 11—z

z2(—s+1)—1
z—1 '

c(s,z) =

é(s,z) = ze(—s,1/2) =

So if G(s,e™"*) has a zero in the rhp for some
h > 0 then there must be a pair (s*, z*) ¢(s*, 2*) =
é(s*,z*) = 0 with Re(s*) = 0,|z*| = 1. Eliminat-
ing s from c(s,z) = ¢&(s,z) = 0 shows that any
such z* must satisfy

r(z)=1—2=0.
However, z = 1 requires s = 0 and the pair (0,1)

is not a zero G(s,e~"*). Consequently, G(s,e™"*)
is stable independent of delay.

Theorem Any linear time-invariant finite-dimensional

(i.e., delay free) which is both controllable and

2 Such pole-zero cancellations for time-delay systems were
pointed out to the first author by Mark Spong.

observable can be stabilized by delayed output
feedback.

Proof For ease of presentation, consider the SISO
case.

d
d—i:Aw—l—bu
Yy =cr

As (A,b) is controllable, there is a k € R™ such
that A — bk” is stable. The expression

y c
Y cA
. 2
y = CA €T
y(n.— 1) CA’;I— 1
0
cbu

cAbu + cbu

cA" You + c A" b+ -+ ebu"Y

can be solved for z so that the state feedback may
be written as

—1

c
cA
uw=—kTe =—-kT . X
CAn71
0
y cbu
Y cAbu + cbi
(n—1) :
Y A" bu + - + cbu™Y

the system is stable (the observability hypothesis
implies the invertibility of the given matrix). Now

oyt —y(t—h)
y = fim h
Lo y) =gt —h)
i = fim h
~ i YO — 2yt~ h) +y(t — 2h)
h—0 h2

etc

Modify the controller by replacing the derivatives
by their finite differences to get



-1 [ y(t)
¢ y(t) —y(t—h)
cA I
pT | cA? y(t) — 2yt — h) +y(t — 2h)
: h?
cA’-L_1 :
. L
cbu(t)

— | cAbu(t) + wa

The closed-loop transfer function has the form
G(s,e ")

where G(s,1) = limg o G(s,e~"%) is stable by
construction. Consequently, as h is increased from
0, there is a first h* > 0 such that G(s,e™"*) has
poles on the jw axis. So, for any 0 < h < h*,
the system is stabilizable by output feedback. In
practice, one would hope to find an h large enough
such that the finite differences do not amplify the
noise and also small enough so that the relative
stability of the system is acceptable (i.e., the poles
are far enough in the lhp.).

2.1 Stabilization by Delayed Output Feedback

r(t) L@
ety Kes" 7ta2
+

Fig. 1. Feedback stabilization of oscillatory sys-
tems.

Figure 1 shows a feedback system (from Petter-
son and Werner (1991)Niculescu and Abdallah
(1999) Nicolescu (2001)) whose open-loop trans-
fer function is Go(s) = 1/(s% + a?). It follows
from theorem 2 that this system is stabilizable by
output feedback. However, to compare with the
results in Petterson and Werner (1991)Niculescu
and Abdallah (1999), the compensator is chosen
to be the positive feedback G..(s) = Ke ™", K > 0
resulting in the closed-loop transfer function

Ke—hs
s2+a? — Ke hs’
The interest here is to study the stability of
this system, that is, the roots of the closed-loop
characteristic polynomial a(s,e™"%) £ s2 4 a? —
Kehs.
Case 1. 0< K < 2.

GCL(S) =

This system is clearly unstable for h = 0 having
poles on the jw axis at &jv/a? — K. The polyno-
mials a(s, z),a(s, z) are given by

a(s,z) 2 s +a*> - Kz

a(s,z) £z (s* +ao® — K/z) = 28° + za® — K.

Eliminating s gives 22K — K = 0 or z = £1. The
four common zeros are therefore

{(sk:2k) | a(sk, zk) = alsk, 2x) = 0} =
{EV@=K)1, (V@ +K), -1}

Solving for the delay values corresponding to these
common zeros results in

1= e—hj\/(oﬂ—K)

by =2 01,2,
(a® — K)
1 = o—hi/@HE)
:>h:h2n: (2n+1)7r7n:071>27"'
(a2 + K)

The set of delays {him,hon | m =0,1,2,... n =
0,1,2,...} can be arranged in increasing order.
The above theorem implies that for all delay
values between any two adjacent delays in this set,
the system is either stable or unstable. Of course,
for h € {him,hon | m=0,1,2,... n =0,1,2,...},
the system is unstable having poles on the jw axis.
According to Theorem 7?7, to determine whether
a particular interval corresponds to the system
being stable requires finding a specific h in the
interval for which the system is stable for this
delay value. To do so, consider the first two values
of h, that is, m = 0 and n = 0 resulting in
h =0 and h = n/y/(a?+ K). For h small,
a(s,e™) & s +a? — Ke™™ =~ 2 + a2 —
K(1 —hs) = s>+ Khs+a? - K. As a? < K
in this case, it follows that a(s,e™"*) is stable
for A > 0 small enough. Consequently, by the
above theorem, the system is stable for all h
satisfying 0 < h < hgy = w//(a?+ K). For

h < hgo the system is stable while for h = hyg

there are two poles (so =+j+/(a® + K)) on the
jw axis. Consequently, for h = hyy there can be
no poles in the open right-half plane. Using this
information, one can conclude that next interval,
27 3

3 s
V(?—K) \/(a®+K) }

ie., hy < h < min{

3 A straightforward calculation shows

. 2T 3
{ V(@2 —K) /(e +K) }
5

2
= il for 0 < K < —a?
(a2 — K) 13
3 2 2
= for —a* < K<«
(a? + K)



unstable. To do so, a(s,e™"*) is first expanded

around the delay value hyg to get
a(s,eihs) A 2 + o2 — Ke*(hz(rkAh)s
~ 52 +a® — Ke "% (1 — (Ah)s)

where Ah £ h — hyg is small. Next s is expanded
about the corresponding sy on the jw axis, that

is, so = +j+/(a? 4+ K). Carrying out this Taylors
series expansion and dropping terms of second
order or higher in Ah, As gives

a(so + As, e~ (2ot AR (s0+s))
2 (sg+ As)? + a2 — Ke~(h20tAh)(so+As)
~ (20 + Khoe "20%0) As + K (Ah)e 0%,
2+ a? = Kehaos
Using the fact that 5(2) =
e~h20% — 1 this reduces to
a(s0 + As, e~ (2ot AR (s0TA9))
~ (289 — Khog) As — K(Ah)sg (6)
and is valid to first order in Ah,As. Setting

equation (6) to zero and solving for As, results
in

— (a2 —|—K) and

As ~ K(Ah)SO . K(Ah)SO 250 — KhQO
- (280 — tho) N 259 — Kho 259 — Khag
K(A
= 3 ( h) 3 (2 |50|2 — KhQQSQ)

4 |80| + (tho)

2
Re(As) ~ 2150 K(AR)
4[sol” + (Khao)

>0 for Ah >0

As pointed out above, for this particular sys-
tem, there are no poles in the open right-half
plane for h = hog. As h is increased slightly
from hsop, the analysis shows that the poles at
so = £j4/(a?+ K) migrate to the right-half
plane since Re(As) > 0. As the system is unstable
for h = hgg + Ah, with Ah > 0 and small,
theorem 7?7 implies the system is unstable for

: 2 3
hoo < h < mln{\/(azK), T } These re-

sults are consistent with those given in Petterson
and Werner (1991)Niculescu and Abdallah (1999).

Case 2. K > a?

This system is clearly unstable for h = 0 having
poles at VK — a2, —vK — a2. The polynomials
a(s,z),a(s,z) are given by

a(s,z) £ s> +a? - Kz

a(s,2) £z (s*+a® — K/z) = 28* + 20 — K.
Eliminating s? gives 22K — K = 0 or z = £1. The
four common zeros are therefore

{(sk, z1) | a(sk, z1) = alsk, zx) = 0}

= {@VE=a?). 1), &V +E), -1}

According to Definition 2, only the common zeros
(Sk, 2zx) for which Re(s;) = 0,s; # 0, and |z| =
1 are considered. Solving for the delay values
corresponding to these particular common zeros
results in

—1 = ¢~ MV (@*+K)

e h—hy, = 2n+ )7

V(e? +E)’

By the continuity property given in lemma 2, it
follows that o(h) > 0 for h small enough and,
consequently, the system must be unstable for
0 < h < 7w/y/(a2+ K). In the next interval,
7/ (@?+ K) < h < 3n/y/(a?+ K) nothing
can be concluded based on theorem ?7. Although
the system has poles on the jw axis for hgy =
w/+/(a? + K), a perturbation analysis cannot be
used to test stability there. This is because it
cannot be assumed that the system has no other
poles in the open right-half plane since the system
is unstable for h < hog.

n=20,1,2, ..

Example Petterson and Werner (1991)Niculescu
and Abdallah (1999) Here the previous system is
reconsidered from the point of view of theorem 2.
The open-loop system is still Go(s) = 1/(s% + a?)
with a statespace realization given by

dx 01 0
dt‘[uﬂo}m*[l]“

y=c [ 1 0] T.
Following theorem 2, the control is chosen as
. e 17! y(?)
us — [k ko}LA] y(t)—gfjl(t—h) +r

resulting in the closed-loop transfer function

Y(s,e ") 1
R(s,e=ms)  s2 4 w2 4 ko + Bi1—e—sh)
_ 1
a(s,e=hs)

Choosing ko = ag — w?, k1 = a; results in

hs)

a(s,1) = }llim a(s, e ) = 5% +a;s+ag

50

which is stable for ag > 0,a; > 0. Now rewrite
a(s,e™*") = s> +a? — Ke™*" where o = w?+ko+
kl/h = ap + kl/h,K = kl/h (Note that K < o
). The polynomials a(s, z), a(s, z) are given by

a(s,z) 2 s> +a’ - Kz
a(s,2) £z (s*+a® — K/z) = 28* + 20 — K.

The system is stable for h = 0 and, as h is
increased, there is a first value h* for which
a(s,e~""*) has roots on the imaginary axis. This
means that when h = h* the polynomials a(s, 2)
and a(s,z) must have a common zero (s*,z*)
satisfying Re(s*) = 0,]z*| = 1. To find the

common zeros, s is eliminated giving 22K —



K = 0 or z = £1. The four common zeros are
therefore

{(sk, zx) | a(sk, 2x) = a(sg, zx) = 0}
= {& V@ =K., (V@ K, -1}
{(j:]\/T),l ), (£5+/a0 + 2a1 /h, —1) }

Solving for the delay values corresponding to these
common zeros results in

hjv/(a?—K)

l=e"
2
— h=hip = 2 =0,1,2,...
(a? = K)
—1 = ¢ MV (@®+K)
2 1
by, = 2T 4
(0 + K)
The delay hig = 0 is eliminated since it has

already been shown the system is stable for h =
0. Consequently, the first value of h correpond-
ing to roots on the imaginary axis is hgy =

w/+/ao + 2k1/h. The system is stable for

™

vao+2a1/h
or
_ 2 2
0<h< a1 ++/aj +mag
ago

0<h<

Setting ag = r2,a; = 2r places the closed-loop
poles at —r when h = 0. The above bounds on
the delay become 0 < h < (—2 + \/4+7r2) /T =
1.724/r. Consequently, this indicates that the
further these poles are placed in the lhp, the
smaller the range of stability in the delay h.

3. ROBUST STABILITY OF THE SMITH
PREDICTOR

The Smith Predictor control structure shown in
Figure 2 provides a methodology to stabilize a
time-delay system that has a pure process delay in
the open-loop plant (Power and Simpson (1978),
p.230).

GO(S)e_ShO

y(t)

Fig. 2. The Smith-predictor feedback system.

e~sho and
e—hs]

Here the open-loop system is Gg(s)
application of the feedback H(s) = Go(s)[1—

with h = hg results in the closed-loop system
transfer function
GC(S)GO(S)
14+ G.(s)Go(s)

e~ o,

(7)

r(t)

+

G.(s) u(t)

Go(s)

e—sho

Fig. 3. The equivalent closed-loop system when
h = hg.

Thus, if the delay hg is known precisely, the feed-
back structure shown in Figure 3 shows that it is
sufficient to stabilize the delay-free system Gg(s)
using the compensator G.(s). However, if the de-
lay h is uncertain, then the perfect cancellation of
the Smith predictor structure does not material-
ize. Instead, the closed-loop transfer function is
given by

Ge(s)Go(s)

7Sh0 8

I+ GG L — (e e O

With G.(s)Go(s) = ( )/d(s), the characteristic
e written as

)
equation of (8) ma;
e —hs é

( )+a1( ) [e*Sho . efsh:l
9)

where ag(s) = n(s)+d(s),a1(s) = —n(s). Here the
delays hg, h are noncommensurate in general. By
design, the compensator G.(s) is chosen so that
(9) (or equivalently (7)) is stable for h = hg, that
is, ap(s) is stable. The interest here is to determine
the range of values of h about hg for which (9) is
stable. As h is increased (or decreased) in value
from hg, there is a first value h* for which the
roots of (9) are on the jw axis, that is,

e—sh*)

a(5,€79%,e7°%) 2 ags) + ax(s) (e -
—0 (10)

for some s* = jw*. To exploit this idea set zy =
e=%M 2 = e~ and define

a(s, z0,2) = ag(s) + a1(s) (z0 — 2)
a(s, zo,z) = zpza(—s,1/29,1/z)

= 202 [ag(—5) + ai(—=s) (1/20 — 1/2)]
s)+ai(—s)(z—z0).
Equation (10) implies that for h = h*, the poly-
nomials {a(s, zo, 2), a(s, 20, z)} must have a com-
mon zero (s*, 25, 2*) satisfying Re(s*) = 0, |z5| =
1,|z*| = 1.

a(s,e"hos

~—

= zgzap(—

Solving a(s, zg,z) = 0 for z gives

ap(s)

ay(s)

(11)

Z0 — 2 —



and substituting this into a(s, 2o, ) results in

_ - ag(s)
a(s, z ()’ )
1

= (z2a0(—s)a1(s) — ag(s)ao(—s)z + ar(—s)ao(s))

alf% ( )( (s) ( ))
ao(s)ao(=3) ( pan(s)  ar(=s)\

ai(s) ao(s) ao(—s)

As ag(s) is stable by design, ag(s) and ag(—s) are
not zero on the jw axis. Further, if aq (s) has a root
on the jw axis, then this root cannot correspond
to a root of a(s, 29, 2) = aog(s)+ai(s) (z0 —2) =0
as this would obviously imply aq(s) has a root on
Jw axis.

The problem now is to find the roots of

pan(s) . ai(=s)
we) T tan

for Re(s*) =0, |z*| = 1.

Solving (12) for z gives

14 /1 — 428 auls)
ao(s) ao(—s) (13)

ai(s)
ao(s)

z =

and substituting this into (11) gives

N2

—1+,4/1 -4 als

e~IMow s = jw, one solves (14) for w € {w :
lay (jw)/ao(jw)| > 1/2}. That is, solve

2
B Ty AT
e Thow — , (15)

a1(jw)
ao(jw)

for w; € {w : |a1(jw)/ao(jw)| > 1/2}. With
21 = e/ 5 = jw in (19), each of the solutions
w; of (15) are then substituted into

14 jyfa|ag®
ihw ao(jw)
eI = (16)

a1(jw)
ap(jw)

and solved for the corresponding h;x, k = 1,2, ....

Then for each 4, one selects the h;j, that is closest

and less than ho and the h;y, that is closest and

greater than hg. Finally, h7 = max{h, },hi =
1

IIllIl{hlk2 }

Example Let the system model be Go(s) = 1/s
and the controller G.(s) = K > 0 in Figure
2. The closed-loop characteristic polynomial is
a(s’e—hos’e—hs) = s+ K + K(e—hos_e—hs).
Here ag(s) = s + K,a1(s) = K resulting in
a1 (jw)/ao(jw) = K/(jw + K). Substituting into
equation (15) results
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ao(s) ao(—s)
0= 200 14 © T T RK/(ju+rK)
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Lemma For those values of w for which |a; (jw)/ao(jw)| < R A ARy !
1/2, equation (12) with z = e~"% cannot be zero 1 K2
for any h. +J <_2K S\ oz K2 1)
Proof With z = e~ "/* and % = % ejézég:; , = /1)

equation (12) can be rewritten as

o—hiw a1 (jw) - hjw a1 (—jw)

) ao(—jw) "
or
aq(jw) ai(jw)\
Zamwﬂ““OM+‘%uw>‘L

Consequently, for those values of w for which
la1 (jw)/ao(jw)| < 1/2, there can be no roots of
(12) on the jw axis.

Corollary If for all w, |a1(jw)/ao(jw)| < 1/2,
then the system (9) is stable independent of the
delay value h.

Proof Follows directly from lemma 3.

3.1 Stability test

This lemma shows that one need only consider
(14)(19) for |ay(jw)/ao(jw)| > 1/2. Then, with
hg the fized nominal value of the delay and zy =

With hy = .25,K = .1, this can be solved
numerically by finding the roots of r(w) £ —how—
vi(w) = 0 for i = 1,2. It turns out that r(w) has

no roots so this system is stable for all h > 0.

Example Consider a variation of the previous

example where a(s,e”M0% e7h®) = 5 + K —
K (e70os — e7"s) with K > 0. Here ag(s) = s +
K,a1(s) = —K resulting in a;(jw)/ap(jw) =

—K/(jw + K). Substituting into equation (15)
results in
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With Ay = .25,K = .1, this can be solved

numerically by finding the roots of r(w) £ —how—

vi(w) = 0for ¢ = 1, 2. Doing so results in the single

e*Jhow —
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root w = .0976 giving zop = e 7" | _ g976=
0.9997 — 0.024398;. Substituting this into (16) (or
using equation (11)) gives z = —0.00029767 —
1.0003975789;. Finally, h is obtained from solving

e | = 0ore= —0.00029767 — 1.0003975789;

giving h = hj = 16.1 seconds. That is, for 0 <
h < 16.1 it follows

a(s,e M0 e7h) £ 0 for Re(s) =0

7hos’ efh;s)

a(s,e = 0 for some s = jw.

4. NUMERICAL EXAMPLE

In this section, an example is presented to illus-
trate the proposed technique. The double inte-
grator (briefly discussed in the introduction, see
also ?) and some simple extensions of it are con-
sidered.

4.1 Double integrator

Let us now re-consider equation (??) written as
a(s,z) = s + z[k1 — koe "] (17)
where z = e~*". Next, form the auxiliary polyno-
mial
a(s,z) =a(—s,1/z)
=2(—5)% + [k1 — k2e"°]  (18)

Recalling the results in ?, set a(s, z) = 0 and solve

for

s2

- koe—sT0 — kq '
This is then substituted for z in (18) to obtain
s2(—s?)

koe=5T0 — Ly

z (19)

a(s,z) = + [k1 — koe®™]
If we now let s = jw, and a(jw,e /") = 0, we
obtain

(—jw)?(jw)? = (k1 — koe?*™) (k1 — koe™7¥70)
w4 = ‘kl - erfjwro‘Q' (20)

The method here is that ki, ko, 7y are chosen to
satisfy have already been chosen according to (?7?)
to make (17) stable when h = 0. Then, if the
system becomes unstable as h is increased, then
there must be a first value of hg for which (17) has
a root on the jwy axis. Further, (18) must then be
stable for 0 < h < hg. The point of the analysis
leading to (20) is that any root on the jwg axis
for h = ho must satisfy (20). In fact, we have the
following ?:

Proposition 1. The closed-loop system (?7) is sta-
ble for all parameters ki, ks,79, and h in the
following ranges

0<ky
1+4n
0<k -_
<SPS T e
2nm 2n+1)w

ro <

—_— <
V1 — kg Vk1 + kg

-1 —ko sin(woTo)
tan |:7k2 cos(worg)+k1

h<h0é

(21)
wo

where wgy is the smallest positive root of the
equation

wh — [k + k3 — 2k kacos(wrg)] = 0

Proof. Let wg be the smallest positive root of

w* — [k} + k2 — 2k kocos(wrp)] = 0.

This root is then substituted into equation (19)

w

—Jjwoh _
Ifgeijw(”no — kl

€

and solved for h. This gives

o—woh _ wp
kg COS(W()T()) — k’l — ]kg sin(worg)
w

- . _ — ko sin(wgrg)
| k2 cos(woro) — k1 — jsin(woro)| €’ tan ! (R )
w% _ ej tan’l( kg sin(wgrg) )

= o ) = k1 —kg cos(worp)
. 1 — sin(wgrg
wge] tan (kz COS(WOFO)*M)

~ ko sin(woro) ) ”

kil — kz COS(L«)OT())

— hp =tan"! (

where k1 — ko cos(worg) > 0 as ki > k.
|

Let us extend the analysis to the multiple-delay
case for the following closed-loop system (see
also 7)

§(t) + Z ary (t — %r — h) =0, (22)
k=0

with h and r rationally independent, but we have
some rational dependence in terms of r (some
delays are natural multiples of Z, etc.). It is quite
evident that choosing n = 1, and ag = ki,
a1 = —ko, one recovers the previous example.
One assumes that the system free of delays is an
oscillator, that is

> ap >0, (23)
k=0

and that



(24)

Zn: ka, < 0.
k=1

Note that condition (24) corresponds to the
asymptotic stability of the system (22) for suf-
ficiently small delays h =¢e1 > 0 and r = €5 > 0.
Next, we provide some stability results using the
matrix pencils approach, in order to address the
multiple-delay case. The matrix pencils A1 and Ag
may be rewriten as

1 00
Ai(z) ==z +
0 10
0...0an
0 -1 0 00 . 0
+ (25)
0 —1
—ap —an—1 ... —a1 0 aq An—1
1 00 0 -1 0
Ao(z) =z + , (26)
0 10 0 0 -1
0. 0 an ap a1 ... Gn—1

With the notations above and using the main
result in the linear case, one has the following
results (see also ?)

Proposition 2. (First switch if h = 0). The system
(22) satisfying the constraints (23)-(24) is asymp-
totically stable for all delay values r

0<r<riag,...,an),
where
ri(ag,...an) =inf{v (v,a) € Ao+}. (27)
Furthermore, if » = 0 or r = r1(ag, ..., a,), the

corresponding associated characteristic equation
has at least one pair of roots on the imaginary
axis.

Proposition 3. (Delay bounds). The system (22)
satisfying the constraints (23)-(24) is asymptot-
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Fig. 4. The Closed-Loop System

i) if h = h(r) + e, with € > 0 sufficiently small,
the system (22) is unstable.

ii) if the equation (29) has only one positive so-
lution, then there does not exist any h > h(r)
such that the system (22) is asymptotically
stable.

Note while these are stability analysis results,
they may be used to provide stability designs by
appropriate interpretation of h and r.

5. CONCLUSIONS

Given that a delay system is stable tor some delay
hg > 0, an algorithm to compute how much the
delay h can be varied about hg and still be stable.
In a finite number of steps, the algorithm gives the
stability interval [k, h3] such that hy € [h], h3]
and, for all h satisfying A7 < h < h3, the system
is stable. Further, the system was shown to be
unstable if h = h] or h = h3. Finally, it was shown
that this test is especially useful to test the robust
stability (with respect to delay values) of a Smith-
Predictor based controller. Finally, a recent paper
Stoji¢ and L.S.Draganovié¢ (2001) also considers
a complementary problem of the robustness of
the Smith predictor due to perturbation AGg(s)
(the non delayed part of the plant) and using
a finite power series expansion of the assumed

ically stable for all delays r and h known delay term e~"os.
0<r< T1(a0,...,an)
1 — S apsin<skr
0 < h < h(r) = min,, { -arctan Z,:Lk*1 b —— 0 REFERENCES
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