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Summary. This paper considers the problem of stabilizing linear and nonlinear
continuous-time systems with state and measurement delay. For linear systems we
address stabilization via fixed-order dynamic output feedback compensators and
present sufficient conditions for stabilization involving a system of modified Riccati
equations. For nonlinear systems we provide sufficient conditions for the design of
static full-state feedback stabilizing controllers. The controllers obtained are delay-
independent and hence apply to systems with infinite delay.

1. Introduction

In dynamical systems such as the control of flexible structures with non-
collocated sensors and actuators, teleoperators, biological systems [1], and
electrical networks [2], time delay arises frequently and can severely degrade
closed-loop system performance and in some cases drive the system to in-
stability. Since controllers designed with the assumption of instantaneous
information and power transfer may fail to stabilize dynamic systems with
time delay [3] it is of paramount importance that delay system dynamics be
accounted for in the control-system design process. There exists an extensive
literature devoted to the control of dynamical systems with time delay (see,
for example, [4, 5, 6, 7, 8, 9, 10, 11] and the numerous references therein).
Three main approaches can be distinguished for designing stabilizing con-

trollers for delay systems. Namely:



2 ‘W.M. Haddad et al.

— Stabilization independent of delay amount [12]: In this approach the delay
can be large (even infinite) without destabilizing the closed-loop system.
However, the conditions for stabilization are often conservative.

— Stabilization dependent on delay amount [13, 14, 15]: Such approaches rely
on Razumikin-like theorems [16] and provide stabilization conditions if the
delay is less than a given amount.

— Stabilization based on delay amount [17, 18]: In this approach there exist
delay windows which allow a stabilizing compensator to exist, while no
stabilizing compensators are possible outside these windows. This approach

however applies to a restricted class of systems.

In this paper we design feedback controllers which are independent of the
delay amount. Furthermore, we address both linear and nonlinear dynamical
systems. Specifically, we present a rigorous development of sufficient con-
ditions via fixed-order dynamic compensation and static full-state feedback
controllers for stabilization of systems with state and measurement delay. For
linear plants these sufficient conditions are in the form of a coupled system of
algebraic Riccati equations that explicitly characterize dynamic controllers
of fixed dimension while for nonlinear plants our sufficient condition is given
by a modified Riccati equation for characterizing static full-state feedback
controllers. We emphasize that our approach is constructive in nature rather
than existential. In particular, as opposed to the results of [6] which are based
on the total stability theorem [19] our sufficient conditions provide explicit
formulae for controller gains that guarantee stabilization of systems with time
delay. For the linear plant case, in order to account for closed-loop system per-
formance our framework also includes minimization of a given performance
functional. Finally, even though for simplicity of exposition we do not address

system parametric uncertainty as in [7, 20, 21] the proposed approach can



Stabilization of Linear and Nonlinear Systems With Time Delay 3

be merged with the guaranteed cost control approach [22] to provide robust
stability and performance in the face of system uncertainty and system delay.

The contents of the paper are as follows. In Section 2. we state the problem
of fixed-order dynamic compensation for systems with state and measurement
delay. Sufficient conditions for stabilization of systems with time delay are
given in Section 3. Section 4. provides design equations for characterizing
fixed-order dynamic controllers for linear systems with time delay. In Section
5. we state the full-state feedback control problem for nonlinear systems with
time delay and provide design equations for full-state feedback controllers.
Section 6. provides two illustrative numerical examples. Finally, Section 7.

gives conclusions.

Nomenclature
R,R"*%, R" —real numbers, r x s real matrices, R"*!
0T, (7', tr () —transpose, inverse, trace
I.,0, —r X r identity matrix, r X r zero matrix
[l ]]2 —Euclidean vector norm
Amin(Z) —minimum eigenvalue of the symmetric matrix Z
Q, 7Y, €0 —real positive scalars
n,l,m,ne,f —positive integers; 1 <n. <n; #=n+n,
T, U, Y, X, T —n—, m—,l—,n.—,n — dimensional vectors
A B, C —n X n,n X m,l X n matrices
Aq,Cq —n X n,l X n matrices
A, B.,C, —Ne X Ne,Ne X 1, M X 1, matrices
Vi, Vo —n X n,l X [ matrices
Ri, Ry —n X n,m X m matrices

2. Fixed-Order Controller Synthesis for Systems with
Time Delay

In this section we introduce the fixed-order dynamic compensation problem
for linear systems with state and measurement delays. Specifically, given the
n*M-order stabilizable and detectable dynamical system with state and mea-

surement delay
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z(t) = Az(t) + Aaqz(t —1q) + Bu(t), t€][0,00), 74 >0,
z(t) = ¢(t), t€[-74,0], 2(0)=¢(0) =0, (2.1)
y(t) = Cxz(t) + Caz(t — 7a), (2.2)

where u(t) € R™, y(t) € R, and ¢ : Rt — R” is a continuous vector valued
function specifying the initial state of the system, determine an n!P-order

(1 < n. < n) dynamic compensator

8-
[}
—~

o~
~—

Acwc(t) + Bey(t), z:(0) = .o, (2.3)

ut) = Cezc(t), (2:4)

which satisfies the following design criteria:
i) the closed-loop system (2.1)—(2.4) is asymptotically stable; and

i1) the performance functional

J(@(t), zc(t),2(t — 7a)) 2 /Ooo L(z(t), zc(t), 2(t — 7a))dt,  (2.5)

where L : R* x R? x R® — R, is minimized. An explicit characterization of

L(z(t),zc(t), z(t — 1q)), t > 0,74 > 0, is given in Section 3.

3. Sufficient Conditions for Stabilization of Systems
with Time Delay

In this section we provide a Riccati equation that guarantees that the closed-
loop system (2.1)—(2.4) consisting of the n*"-order time-delayed system (2.1),
(2.2) and the niM-order dynamic compensator (2.3), (2.4) is asymptotically
stable. First note that for a given fixed-order controller (A., B.,C.) the

closed-loop system (2.1)—(2.4) can be written as

@(t) = A&(t)+ Aad(t — 7a),

X

(0) =%, te€[0,00), 74>0, (3.1)
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s A [ =) ia[4A  BC i,0 [ 4 Onxn
x(t) = |: xc(t) :| ’ A: |: Bcc Ac ’ Ad_ BCCd Oﬂcx’nc ’

For the statement of the next result define

rA In Onxnc
= [oncm On. |-

Theorem 3.1. Let (A.,B.,C.) be given. Suppose there exists an n X 7i

positive-definite matriz P and scalars o, € > 0 such that
0 = ATP+PA+eP+o?l+a2PA4ATP + R, (3.2)

where R is an 7i X fi nonnegative-definite matriz. Then the function

V(#) = #'PF+a? /t #7(s)I%(s)ds, (3.3)

t—7q
is a Lyapunov function that guarantees that the closed-loop system (3.1) is

globally asymptotically stable.

Proof. First note that since P is positive definite it follows that the Lyapunov
function candidate V (Z) given by (3.3) is positive definite. The corresponding
Lyapunov derivative along the trajectories Z(t), t > 0, of the closed-loop

system (3.1) is given by

V(@) = #T@t)ATP+ PA)#(t) + 237 (t — 1q) AT P (t)
t
+ a2% [ /t AW, 120 (3.4)
or, using
t
% [ /t y J%T(s)f;f:(s)ds] = FW)IF() — 7 — 1) TE(t — 7),

(3.4) becomes
V(E®) = () ATP+ PA+o?D)i(t) + 257 (t — 1) AL Pi(t)

— 23T (t — 1) I%(t — 1), t>0. (3.5)
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Furthermore, using (3.2) and grouping terms yields

V@) = —eil (t)Pi(t) — 27 ()RE(t) — [a AT PE(t) — al#(t — m)]7

Jo YATPE(t) — al®(t — 14)], t>0. (3.6)

Since P is positive definite it follows that V (Z(t)) < 0, &(t) # 0, t > 0, and

hence V(-) is a Lyapunov function for the closed-loop system (3.1).

|

Next, we consider an explicit characterization of L(xz(t), z.(t), z(t — 7q))
Ry 0

n (2.5). Specifically, let R = [ 0 CTR.C.

], where R; > 0 and Ry > 0,
and define

L(z@t),z.(t),z(t —7a)) 2 &7 (t)[eP + Ry + o 2PA4AY P)3(t)
+uT (t) Ryu(t) (3.7)
+a?&” (t — ra) 3 (t — 7a)
—2iT(t — 1) AT P#(t), t>0,

R0
0 O

satisfies (3.1), the performance functional (2.5) reduces to

where R; 2 [ ] Now, since #(t) — 0 as t = oo, where #(t), t > 0,

J(x(t), ze(t), 2(t — 1a)) 2 /oo [;ﬁT(t)[eP + Ry + o 2PAGAT Pli(t)
0

+u” (t) Rou(t) (3.8)

+a2&T (t — 1) 13 (t — 7q)
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0

where ¢ 2 #T(s)p(s)ds is a positive constant. With L(z(t), z.(t), z(t —
1y

74)) given by (3.8) the performance functional (2.5) has the same form as the

H, cost in standard LQG theory. Specifically, J(#(0)) = #7 (0)P#(0) + & =
i 0

0 B.V,BT ] ’

where V7 > 0 and V5 > 0, and proceed by determining controller gains that

tr P#(0)#7 (0) 4+ &. Hence, we replace #(0)7 (0) by V 2 [

minimize tr PV + &. This leads to the following optimization problem.
Auxiliary Minimization Problem. Determine (A., B.,C.) that mini-
mizes J (P, A., B.,C.) & tr PV where P > 0 satisfies (3.2) and such that
(A¢, Be, C.) is minimal.

It follows from Theorem 3.1 that by deriving necessary conditions for the
Auxiliary Minimization Problem we obtain sufficient conditions for charac-
terizing dynamic output feedback controllers ensuring stabilization of closed-

loop systems with time delay.

4. Fixed-Order Dynamic Compensation for Systems
with Time Delay

In this section we present the main theorem characterizing fixed-order dy-
namic controllers for (2.1), (2.2). Note that for design flexibility the com-
pensator order n. may be less than the plant order n. We shall require for
technical reasons that CdC:{ = 02V, where the nonnegative scalar o is a
design variable. The following lemma is required for the statement of main

theorem.

Lemma 4.1 ([22]). Let Q,P be n x n nonnegative-definite matrices and
suppose that rank QP = n.. Then there exist n. X n matrices G,I" and an
Ne X ne invertible matrix M, unique except for a change of basis in R™ | such

that
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QP = G'wmr, ¢t =1,.. (4.1)

Furthermore, the n x n matrices 7 2 GTI" and 71 2 I, — T are idempotent

and have rank n. and n — n., respectively.

For convenience in stating the main result of this section we define the
notation S 2 (I + a~262QP)~1, for arbitrary n x n nonnegative-definite

matrices @, P and

Qu 2 QIC+a’CaAf(P+P)]",

A, 2 A+ %e[n,

Ap 2 A —SQ.Vy ' (C+a2CqAlP) +a 2A4ATP,
Ag 2 Ac+a2AgAT(P + P) — a2 44CT v, 1QTST P,
Ay 2 A -BR;'BTP+a ?AdAfP,

for arbitrary P,Q,]5 € R™™™ and «,¢,0 > 0. Note that since Q,f’ are non-
negative definite and the eigenvalues of QP coincide with the eigenvalues of
the nonnegative-definite matrix Q'/2PQ/2, it follows that QP has nonneg-
ative eigenvalues. Thus, the eigenvalues of I + a~202QP are all greater than

one so that S exists.

Theorem 4.1. Assume a,€,0 > 0 and suppose there exist n Xn nonnegative-
definite matrices P, Q,P, and Q satisfying
0 = ATP+PA .+ R, +d?I,+a ?PA4AYP - PBR;'BTP
+rIPBR;'BT Py, (4.2)
0 = AQQ+QAL+Vi—5QuVy 'Qz ST +705QuVy 'Q STT], (43)
0 = ALP+PA,

+a 2 P[6?SQ. Vs QT ST — AuCTVLQT ST — 8Q,Vy 0y AP
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+a 2PA4AYP + PBR;'BTP — 1Y PBR;' BT Pr,
0 = AgQ+ QAL +5Q.V, 'QIS" —7.5Q.V, QLS Tl (4.4)
rank Q = rank P = rank QP = n., (4.5)
and let A, B., and C. be given by

A. = T[A-85Q.V;H(C+a2CaATP) + (a72AsAT — BR;'BT)PIG7,

(4.6)
B, = I'SQ.Vy !, (4.7)
C. = —-R;'BTPGT. (4.8)
Then
P o P+P -PG"
-GP GPGT |’

satisfies (3.2), (Ae, Be, C.) is an extremal of J (P, A, B, C.), and (A, R) is
detectable if and only if A is asymptotically stable. Furthermore, the feed-
back interconnection of the delay system (2.1), (2.2) and the fized-order con-
troller (2.3), (2.4) is asymptotically stable for all 7q > 0. Finally, the cost
J (P, A,, B.,C.) is given by

J(P,Ac, Be,Co) = (P +P)Vi +PSQ. V5 1QTST.  (4.9)

Proof. The proof is constructive in nature. Specifically, first we obtain nec-
essary conditions for the Auxiliary Minimization Problem and show by con-
struction that these conditions serve as sufficient conditions for closed-loop

stability. For details of a similar proof see [23].

|
Next, we specialize Theorem 4.1 to the full-order case. Specifically, setting
ne, =nsothat7 = G = I' = I,, and 7, = 0 the last term in each of (4.2)—(4.4)

is zero and (4.4) is superfluous. Hence, the following corollary is immediate.
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Corollary 4.1. Let n. = n, assume a,€,0 > 0, and suppose there exrist n xn

nonnegative-definite matrices P, Q, and P satisfying

0 = ATP+PA.+ Ry +’I, +a 2PA4AYP — PBR;'BTP, (4.10)
0 = AgQ+ QAL +Vi—5Q.V,'QLS™, (4.11)
0 = ALP+PA,

+a 2P[0?SQ. Vs QT ST — AuCTVIQT ST — 8Q, Vs CyALP

+a~2PA4ATP + PBR;'BT P, (4.12)
and let A, B., and C. be given by

A, = A-S5Q,V; 1 (C+a2C4ALP)

+(a2A4AY — BR;'BT)P, (4.13)
B. = SQ.,Vy ', (4.14)
C. = —-R,'BTP. (4.15)
Then
p _ [ P+P =P 7
-P P

satisfies (3.2), (Ac, B,,C,) is an extremal of J(P, A, B.,C.), and (A, R) is
detectable if and only if A is asymptotically stable. Furthermore, the feed-
back interconnection of the delay system (2.1), (2.2) and the fixed-order con-
troller (2.3), (2.4) is asymptotically stable for all 7q > 0. Finally, the cost
J(P, A, B.,C.) is given by

J(P,A,,B.,C.) = t(P+P)WVi+PSQ.V;'QTST].  (4.16)
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5. Full-State Feedback Control for Nonlinear Systems
with Time Delay

In this section we introduce the full-state feedback control problem for non-
linear systems with delay. Specifically, given the dynamical system with non-

linear state delay

z(t) = Axz(t) + fa(z(t — 1)) + Bu(t), te€[0,00), 74>0,
.’ll'(t) = ¢(t)7 te [—Td,O],

z(0) = ¢(0) = zo, fa(0) =0, (5.1)

where z € R*, u € R™, fq : R* — R?, and ¢ : R" — R" is a continuous
vector valued function specifying the initial state of the system, determine a

full-state feedback control law
u(t) = Kux(t), (5.2)

such that the closed-loop system (5.1), (5.2) is asymptotically stable.

Next, we show that if fq(-) in (5.1) satisfies ||fa(z)||2 < 7||z||2, where
z € R™ and v > 0, we can construct a full-state feedback control law (5.2)
to stabilize the nonlinear time-delay system (5.1) independent of the delay
amount 74. This result is an extension of the result in [24] where a stabilizing

state feedback controller was obtained for purely linear time-delay systems.

Theorem 5.1. Let||fa(z)||2 < 7||z||2, wherex € R™ andy > 0, and suppose

there exists an n X n positive-definite matrix P such that
0 = ATP+PA+a %P> -2PBR;'B"P+ R, (5.3)

where o > 0, Amin(R1) > o?v2, and Ry > 0 . Furthermore, let the feedback

control gain K in (5.2) be given by



12 ‘W.M. Haddad et al.
K = -R;'BTP. (5.4)

Then, for all T4 > 0, the closed-loop system (5.1), (5.2) is globally asymptot-

ically stable with Lyapunov function

V(z) = z'Px+a? I (x(s)) fa(z(s))ds. (5.5)

t—7q
Proof. First note that since P is positive definite and fq(z) =0 for x = 0, it
follows that the Lyapunov function candidate V(x) given by (5.5) is positive
definite. The corresponding Lyapunov derivative along the trajectories x(t),

t > 0, of the closed-loop system (5.1), (5.2) is given by

V(z@®) = @' @t)Px(t) +z¥(t)Pi(t)

t
a2 d [ | rteoneeas). 2o 6o
or, using (5.1) and

i[ & (w(S))fd(w(S))dS] = fd (@) fa(z(t))

dt [ )iy
— [ (@(t — 7a)) fa(a(t — 1a)),
(5.6) becomes
V(z@t) = zT@#)[ATP + PAlx(t) + u” (t)BT Pz(t) + 27 (t)PBul(t)

+d (@(t = 7)) Pa(t) + 27 (8) P fa(a(t - 7a))
+a fq (x(1)) fa((t))
—a® f{ (x(t —7a)) fa(a(t — 7)), ¢ 2>0. (5.7)

Next, adding and subtracting a2z (t)P?2(t), t > 0, to and from (5.7) and

grouping terms yields

V(z@) = zT@)[ATP+ PA+ o 2P?x(t)

+uT (t)BT Px(t) + 7 (t) PBul(t) (5.8)
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—lafa(z(t — 1)) — a” Pa(t)] [afa(w(t — 7)) — o~ Pa(t)]

+a? fi (2(8)) fa(2(t), t>0. (5.9)

Now using the control law u(t) = —R; ' BT Px(t), t > 0, in (5.9) yields

Vz®t) = zT(t)ATP+ PA— P(2BR;'BT — o 2I)P)x(t)
+a? f§ (z(t)) fa(z(t)) (5.10)
~[afa(@(t — 1)) — o Pa(t)]"afa(e(t — 1)) — a ' Pz(t)],
t>0.

Finally, using (5.3), it follows that
V(a(t)) = —z"({t)Rax(t) + o> f{ (x(t)) fa(x(t))
—[afa(z(t = 1)) — a ' Pz(®)]  [afa(z(t — 1q)) — @~  Px(t)]
—[Pmin (B1) = ®¥°)|[2z(8)]]3
—[afa(z(t = 1)) — a ' Pz(t)]T [afa(z(t — 1q)) — a~  Px(t))],

t>0.

IN

Since Amin(R1) > o242 and z(t) # 0, t > 0, it follows that V (z(t)) < 0,
z(t) # 0, t > 0, and hence V(-) is a Lyapunov function for the closed-loop
system (5.1), (5.2).

6. Illustrative Numerical Examples

In this section we provide two numerical examples to demonstrate the pro-
posed Riccati equation approach for delay systems. For simplicity we consider
the design of full-order dynamic compensators and full-state feedback con-
trollers. The design equations (4.10)—(4.12) were solved using a homotopy

continuation algorithm. For details of a similar algorithm see [23].
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Example 6.1. Consider the second-order system

(207 = [0, L][20]+ [0 o[ at-m]

#| 03 |uo,

Z1 (t) 1 (t

y) = [21 4][m2(t)]+[6'0 5'0][3:2(75::3”’

with design data V4, = 0.01L, V5, = 1, R; = 0.5, R, = 1, a = 25, and
o = 1. Using Corollary 4.1 a full-order dynamic compensator was designed.
To illustrate the closed-loop behavior of the system let 2(0) = [ 0.4 —6 ]T
and let ¢(t) = [ —384t+0.4 —480t—6 ]T for t € [—0.025,0]. Figure 7.1
provides a comparison of the free response of the controlled system states

with an LQG controller and the controller designed using Corollary 4.1.

Example 6.2. To illustrate the design of full state-feedback control for dy-

namic systems with nonlinear state delay consider
£i31 (t) _ 01 I1 (t)
[ (1) ] B [ 00 ] [ n() | 707

Furthermore, note that ||fa||2 = 0.7,/ H_Li,g + 23 < vy/z? + 22, for v > 0.7.
1

Let v = 0.75 and choose the design parameters Ry = I, Ro = 1,and a = 1.3.

Zl(t—Td)

V1+zi(t—79)

sz(t - Td)

+ [ ) ]u(t).

Using Theorem 5.1, we obtain,

9.1707 6.0039
P = | 030 49379 ] K =] —6.0039 —4.9379 ].

To illustrate the closed-loop behavior of the system let z(0) = [ 3 1 ]T and
let ¢() = [ 100t+3 —200t+1 ]” for ¢ € [~0.01,0]. Figure 7.2 provides a
comparison of the free response of the controlled system states with an LQR

controller and the controller designed using Theorem 5.1.



7. Conclusion

In this paper we developed fixed-order dynamic output feedback controllers
and full-state feedback controllers for linear and nonlinear continuous-time
systems with time delays, respectively. Specifically, for linear continuous-time
systems with state and measurement delay we presented sufficient conditions
via fixed-order dynamic compensation. For nonlinear continuous-time sys-
tems with nonlinear state delay a constructive procedure was used to obtain
full-state feedback stabilizing controllers. For both cases the controllers ob-
tained were delay-independent. Two numerical examples were presented to

illustrate the effectiveness of the proposed design approach.

o 5 10 15 20 25 o 5 10 15 20 25
Time (sec) Time (sec)

Fig. 7.1. Comparison of LQG and Corollary 4.1 Designs: Example 6.1



) 5 10 15 20 25 ) 5 10 15 20 25
Time (sec) Time (sec)

Fig. 7.2. Comparison of LQG and Theorem 5.1 Designs: Example 6.2
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