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Abstract

This report presents a formalism that enables the dynamics of a broad class of neural networks
to be understood. A number of previous works have analyzed the Lyapunov stability of neural
network models. This type of analysis shows that the excursion of the solutions from a stable point
is bounded. The purpose of this work is to present a model of the dynamics that also describes the
phase space behavior as well as the structural stability of the system. This is achieved by writing
the general equations of the neural network dynamics as a gradient-like system. In this paper
some important properties of gradient-like systems are developed and then it is demonstrated

that a broad class of neural network models are expressible in this form. f
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Chapter 1

Introduction

In this paper we propose a formalism that allows three critical issues in the study of unsupervised
neural networks to be analyzed. The first important issue is Lyapunov stability. It is important
to establish conditions which guarantee that the node activities and connection weights converge
to some equilibrium state of the network. The second important issue is the way in which the
network stores information. This involves determining the nature of the equilibrium states in the
network. The third important issue is the structural stability. This property determines whether
a model can be made into a similarly functioning device, or whether the model can be simulated
at a different level of precision (e.g. 8-bit vs. 16-bit). In order to do this, it is important to have

some guarantee that small changes in the network parameters do not affect its general behavior.

Addressing all three of these concerns in a general neural network model can be quite difficult.
In [3] the first of these problems is addressed by proving that a class of networks with a general
equation for the node activation dynamics is Lyapunov stable when the weights are constant and
symmetric. Asshown in [9] many neural network models that do not include learning can be put in
this general form. In [14], the aforementioned work is extended by using a similar equation for the
node activation dynamics to prove the Lyapunov stability of networks with a number of different
weight update rules. A different approach, which addresses all three of the issues discussed above,
is taken in [21]. Specifically, some properties of a class of dynamical systems called gradient-like
systems are derived and then used to explain some of the dynamics of the Hopfield network. This
paper extends the results in [21] by proving additional properties of gradient-like systems as well

as allowing the incorporation of weight update in the gradient-like system formulation.

Gradient systems are a mathematically well studied class of dynamical systems. For such



systems, results have been derived to address all three of the above concerns. We show in this
paper that most of the desirable properties of gradient systems are possessed by the more general
class of gradient-like systems. We also demonstrate that many existing neural network models
can be formulated as gradient-like systems. By contrast, few neural networks can be written as
gradient systems. This formalism allows any dynamical system which can be cast as a gradient-
like system to be analyzed with respect to its Lyapunov stability, phase space behavior, and

structural stability.

Lyapunov stability is used to determine whether most trajectories move toward or away from
a given equilibrium. If an equilibrium state is Lyaponov stable, then any trajectory started in
a given neighborhood of the equilibrium must have a bounded excursion from that equilibrium.
Phase space behavior on the other hand, is used to evaluate the specific structure of the equilibria.
The phase space is the space consisting of all state variables, and the collection of paths that the
system state traverses in this space is called the phase space behavior of the system. It shows,
for instance, whether the equilibrium state is a point, a periodic cycle, or some more complex
behavior. Finally, structural stability is used to demonstrate whether small changes in system
parameters change the qualitative system behavior. For example, in a structurally stable system
the position of the equilibrium states in phase space remain similar under small variations of the

system parameters.



Chapter 2

Mathematical Formalism

Gradient systems are a very well studied class of dynamic systems. The central idea of this
section is to formulate a generalization of the gradient system. This generalization, which is called
a gradient-like system, will be shown to possess most of the properties of a gradient system. In
the first part of this section the properties of gradient systems will be reviewed. The intuitive
behavior of such systems will be examined in terms of these properties. In the second part of the

section, the properties of gradient-like systems will be presented and proved.

2.1 Properties of Gradient Systems

A gradient system is one in which the time derivative of the states & depends on the gradient
of a scalar function V(z). Intuitively, the behavior of gradient systems can be understood by
realizing that the states of the system may travel in only two ways. They may move downward
along the surface of V' (x) following the line of steepest descent, or they may remain constant. The
function V() is a scalar function referred to as the gradient potential function. It is a mapping
of the form V : U — R which is required to be twice continuously differentiable, where I/ is an

open set such that & C R". This means that both the first and second derivatives of V(x) must



be continuous functions. Gradient dynamics are described by the equation

& =-V,V(@) = —f(),
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The first theorem and its corollary show that trajectories always move toward smaller values
of V(). The only exception to this is at equilibrium points where a trajectory must remain

constant.

Theorem 2.1. V(:c) <0 for allx € U and V(:v) = 0 if and only if © is an equilibrium point of
equation (2.1) (i.e. & =0).

Theorem 2.1 can be used to prove the following corollary.

Corollary 2.1. If & is an isolated minimum of V(x) then & is an asymptotically stable equilib-

rium point of equation (2.1).

Notice that not every equilibrium point of equation (2.1) is a local minimum of V(x). However,
the previous two results show that every isolated local minimum of V(x) is an asymptotically
stable equilibrium point of equation (2.1). This means that if a trajectory starts within some
neighborhood of &, eventually it will reach &. This is a purely local result, it does not guarantee
that every trajectory will converge to some equilibrium point. The next theorem gives a geometric

description of the flow of the gradient system.

Theorem 2.2. For a system given by equation (2.1) the trajectories at regular points (i.e. points
where V() # 0) are orthogonal to the level surfaces of V() (i.e. surfaces where V(z) =k, k €

R). Nonregular points are equilibria of the system.

This is a formal statement of the intuitive behavior of the system that was made previously.

The trajectories of a gradient system can only remain constant at an equilibrium point and
must move toward smaller values of V(x) at all other points. A recurrent trajectory is one that
returns to within an arbitrarily small neighborhood of its point at some later time. These two
statements imply that for a gradient system, only a trajectory started at an equilibrium point

is recurrent. Trajectories started at all other points will move away from those points and not



return. Theorem 2.3 identifies the possible recurrent trajectories in phase space. It is stated in
terms of the nonwandering set. Conceptually a nonwandering point lies on or near trajectories
which eventually return to within a specified distance of themselves. The set of all such points is
the nonwandering set. As given in [10], the mathematical definition of the nonwandering set is

the following.

Definition 2.1. A point q is nonwandering for the trajectory ¢,(xzy) = x(xo,t) if for every
neighborhood S of ¢ and T > 0 there exists ¢ > T such that {¢,(S)} N S # @. The set of all
such points for all &, € K where K C R” is the nonwandering set for {¢,(K)}.

Notice that {¢,(S)} is the set of all solution states at time ¢, denoted {z(xy, )}, which have initial
conditions such that &y € S. So the point g is a nonwandering point if at least one trajectory
started in the neighborhood S, returns to S at an arbitrarily large value of time. For example, if
q is a point on an unstable limit cycle, only one trajectory from any neighborhood of q returns to
that neighborhood, but this is sufficient to make g a nonwandering point. Definition 2.1 is used

in the following theorem.

Theorem 2.3. The nonwandering set for the system given by equation (2.1) contains only the

equilibrium points of the system.

The nonwandering set defines a weak concept of recurrence. So Theorem 2.3 states that eventually,
the only recurrent trajectories in the phase space are the equilibrium points. This theorem implies
that a gradient system has no periodic orbits, no homoclinic orbits (i.e. an orbit connecting a
saddle point to itself) or in fact any sort of periodic asymptotic behavior. Intuitively, all of these
behaviors would require that the system be able to move both up and down hill along V (z), or

remain constant at arbitrary values of V (z), neither of which can occur in a gradient system.

All trajectories of a gradient system must move downhill along V (z). Therefore all trajectories
must end at a stable equilibrium point or go to infinity. Likewise all trajectories must begin at
an unstable equilibrium point or at infinity. Theorem 2.4 identifies these asymptotic trajectories
in phase space as t — Zoo. This theorem is stated in terms of a-limit and w-limit sets. The
w-limit set is the set of points that all trajectories go to as ¢ — co. The a-limit set is the set of
points that all trajectories come from as t = —oo. From [11] the definition of the w-limit set is

as follows.

Definition 2.2. A point g is an w-limit point of the trajectory ¢,(xo) = x(xo,t) if there exists a
sequence t,, — oo such that limy, o ¢, (o) — q. The set of all such points for all , € K where
K C R" is the w-limit set for {¢,(K)}.



Letting the sequence be ¢, — —oco in the previous definition yields the definition of an a-limit
set. The point q is an w-limit point if the distance between q and at least one trajectory becomes
arbitrarily small at an arbitrarily large value of time. Definition 2.2 is used in the following

theorem.

Theorem 2.4. Let the point y be an a-limit point or an w-limit point of a trajectory of equa-

tion (2.1). Then y is an equilibrium point.

The a-limit and w-limit sets define a weak concept of repelling and attracting sets. The trajectories
approach these sets asymptotically. Therefore this theorem implies that if the equilibrium points
are isolated, then the solution state must either go to an equilibrium point or to infinity. Note

that infinity can not be a member of either the a-limit or w-limit sets.

For a gradient system the nonwandering set and the union of the a-limit and w-limit sets are
both equal to the same set, namely the set of equilibrium points. In general this is not the case.
The following example illustrates this and clarifies the difference between a nonwandering point

and a limit point.

Example 2.1. [24] Consider the system defined by the differential equations

F=rll=n), (2.2)

0 =sin?0+(1—r)°.
Clearly this system is defined in polar coordinates. The nonwandering set and the a-limit and
w-limit sets are most easily seen in the phase space of the system. This is shown in Figure 2.1. It
is important to note that once a trajectory reaches either the point (1,0) or (—1,0), it will remain
there indefinitely. In other words, none of the trajectories that started outside the circle can ever
cross the z-axis. The origin is the only a-limit point of the system because all points inside the
circle r = 1 lie on a trajectory which gets arbitrarily close to the origin after an arbitrarily long
negative time. The circle r = 1 is the w-limit set for every point in the plane, except the origin,
because all points lie on a trajectory which gets arbitrarily close to some portion of the circle
after an arbitrarily long positive time. The nonwandering set contains the points (0,0), (1,0)
and (—1,0) because only trajectories started at these three points will eventually return to these
points. The three black dots in Figure 2.1 mark the locations of the nonwandering points. So any
trajectory started on r = 1 will eventually leave the neighborhood of the starting point and not

return, with the exception of trajectories started at (1,0) and (—1,0).



Figure 2.1: Phase space of the system in Equation (2.2)

As this example shows the nonwandering set and the limit set (i.e. the union of the @-limit and
w-limit sets) do not have to contain the same elements. The fundamental difference between
limit points and nonwandering points is that while a limit point is a point which at least one
trajectory eventually becomes arbitrarily close to (for time running both forward and backward),
a nonwandering point is a point which at least one trajectory, started nearby, eventually becomes
arbitrarily close to (for time running forward only). No idea of recurrence is embodied in the

definition of a limit point, while it is fundamental to the definition of a nonwandering point.

The next theorem uses the idea of an isolated equilibrium point. This is defined as follows.
The equilibrium solutions of any equation & = f(x) may be of two types. One possibility is that
a solution of f(x) = 0 is a single point in R™. In this event the equilibrium solution is a point
and is said to be isolated. The other possibility is that a solution of f(x) = 0 is a relation which
represents a subspace of R”. In this case the solution set contains an infinite number of points
and the equilibrium solution is non-isolated. The following lemma, proved in [25] describes a way

to test whether an equilibrium point is isolated.

Lemma 2.1. Consider an equilibrium point & of the system in equation (2.1). Define the Jaco-

bian J.(Z) as

7@ = [22)]

If J.(z) is nonsingular then & is an isolated equilibrium point.

(2.3)

i



Note that for a gradient system J,(Z) is always a square matrix. Therefore J,(Z) is nonsingular
if it has no zero eigenvalues. Collectively the set of equilibrium solutions for any given system
may contain both isolated and non-isolated solutions. The next theorem states the conditions

under which all trajectories will go to some equilibrium point.

Theorem 2.5. Consider the dynamic system given by equation (2.1). Suppose that the set
M. ={zeR":V(x)<c} (2.4)

is compact (i.e. closed and bounded) for every ¢ € R. Then every solution of the system x(t) is
defined for all t > 0. Suppose that the system has a finite number of isolated equilibrium points
qi, G2, --- 5 Qm. Then for every solution x(t), the limit lim,_,, x(t) exists and equals one of the

equilibrium points.

There are many possible ways to constrain V(x) so that the set M, is compact. One way is
to make V(x) bounded below, V(z) > ¢ for all z € R and radially unbounded, V(z) — oo as

lz|| — oo.

Not only is the set of orbits which the trajectories can approach restricted but the way in which

those orbits are approached is also limited. This is shown in Theorem 2.6.

Theorem 2.6. At every equilibrium point & of equation (2.1), the linearized system & = [J;(x)]

has real eigenvalues. The Jacobian J(x) is

s@) =[] - 2 vve| . (25)

i

Furthermore Jo(Z) is diagonalizable and has eigenvectors which form a complete orthonormal

set.

In this paper, an improper node is defined as any equilibrium point where the Jacobian is not
diagonalizable. Since J.(z) is always diagonalizable, no improper nodes exist for a gradient
system. Because the eigenvalues of J,(x) are real, only three types of equilibrium points are
possible: a proper stable point (i.e. a sink), a proper unstable point (i.e. a source), or a saddle
point. Conceptually this means that within a small enough neighborhood of any equilibrium
point, the shape of any trajectory must be a hyperbola, a parabola, or a line. For a general

discussion of equilibrium point analysis in nonlinear systems see [24].

A vector field X is defined as the mapping X : R — R™. A vector field is structurally stable if
the significant features of the phase space remain unchanged by the addition of a sufficiently small

vector field. More specifically, the direction in which points flow along the trajectories as time



increases, and the way in which trajectories approach the equilibrium points and closed orbits,
remains the same in the presence of sufficiently small perturbations. For example, an equilibrium
point that trajectories are diverging from along a spiral path will remain so for a small enough
perturbation of the vector field. Hence a system having one equilibrium point of this type is

structurally stable.

Before studying the structural stability of gradient-like systems, it is useful to briefly review
the mathematical history of structural stability. It was proven in [19] that structural stability
was a generic property of systems on 2-dimensional manifolds. This means that a randomly
chosen 2-dimensional system has an infinitely small probability of not being structurally stable.
Therefore almost all 2-dimensional systems are structurally stable. This very convenient property
was shown not to extend to systems on manifolds with dimension > 3 in [17, 22]. An exception to
this was shown in [18], where it was demonstrated that almost all possible gradient systems are
structurally stable regardless of manifold dimension. Although structural stability is not generic
on manifolds with dimension > 3 , in [18] a class of vector fields was presented which are always

structurally stable. This class of vector fields, called Morse-Smale, is defined as follows.

Definition 2.3. Let M™ be a compact manifold of dimension n. Let X be a C" (i.e. continuously
differentiable to order r) vector field from the set of all such vector fields on M™. X is a Morse-

Smale vector field if

1. the critical elements (i.e. equilibrium solutions and closed orbits) of X are all hyperbolic,

and are finite in number;
2. if oy and o, are critical elements of X then W*(0) is transverse to W*(o3);

3. the nonwandering set Q(X) is equal to the union of the critical elements of X.

Conceptually a critical element is hyperbolic if all nearby trajectories either converge to or diverge
from the critical element at an exponential or greater rate. Two subspaces Z! and Z? of a third
space Z are transverse if their sum Z' + Z? is the entire space Z. This means that any point in
Z can be decomposed into a point in Z' and a point in Z2. For example, a line and a plane are
transverse in R® if they intersect at a nonzero angle. By contrast, two lines cannot be transverse
in R®. The stable manifold W?*(o,) is the subspace containing those trajectories which converge
to 0. The unstable manifold W*(o,) is the subspace containing those trajectories which diverge

from o,. The nonwandering set (X) is discussed in Definition 2.1.

The following theorem gives the conditions under which a gradient system is structurally stable.
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Theorem 2.7. A gradient system is structurally stable if and only if every equilibrium point of
equation (2.1) is hyperbolic (i.e. the Jacobian J, has no eigenvalues with zero real part) and if

all stable and unstable manifolds intersect transversally.

Conceptually requiring that every equilibrium point be hyperbolic means in a gradient system that
all equilibrium points are isolated. This is generally not the case. Notice that the two conditions
given are necessary and sufficient, hence every structurally stable gradient system must satisfy

the definition of a Morse-Smale system.

2.2 Properties of Gradient-Like Systems

Some of the useful properties of gradient systems are also possessed by a more general class of
dynamic systems, which will be referred to as gradient-like systems. Some properties of gradient-
like systems are discussed in [21], these results are extended in this paper. Gradient-like system

dynamics are described by the equation

¢ = —P(x)[V.V(z)] = g(),

ov ov ov
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where V(x) is the gradient potential function defined in equation (2.1). If the matrix P(x) is
symmetric and positive definite (i.e. y?"P(z)y > 0 V y # 0) for all values of x, then equa-
tion (2.6) will be called a gradient-like system. Notice that the gradient system in equation (2.1)

is a special case of equation (2.6) in which P(x) is the identity matrix.

The first theorem and its corollary are used to show the asymptotic stability of all isolated local

minima of V().

Theorem 2.8. Suppose that the matriz P(x) is positive definite. Then V() <0 for all x € U,
and V(x) = 0 if and only if « is an equilibrium point of equation (2.6) (i.e. & = 0).

Proof: Using the chain rule

Viz) = [V V(x)]" & = —[V.V(z)" P(x)[V.V(z)]. (2.7)
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Since P(x) is positive definite, by definition V (z) = 0 only when V,V () = 0, otherwise
V(x) < 0. The equilibrium points of equation (2.6) are the solutions of the equation

z=0=—P(x)[V.V(x)]. (2.8)

Since P(x) is invertible for all values of @, equation (2.8) implies that V.,V (z) = 0 <
z=0. ¢

Note that since P(x) is positive definite, it does not contribute any equilibrium points to the
system. LaSalle’s Theorem is required to prove Corollary 2.2. Following the form of [15] this

theorem is stated as follows.

Lemma 2.2 (LaSalle). Consider the system

& = g(@), (2.9)

where g : U — R™ is a locally Lipschitz mapping from U C R™ to R*. Let M be a compact set
such that every solution of equation (2.9) which starts in M remains in M for all future time.
Let V : M — R be a continuously differentiable function such that V(:z:) <0 in M. Let & be
the set of all points in M where V(a:) = 0. Let T be the largest invariant set in £. Then every

solution starting in M approaches T ast — oc.
LaSalle’s Theorem and Theorem 2.8 are used to prove the following corollary.

Corollary 2.2. If & is an isolated local minimum of V(x) then & is an asymptotically stable

equilibrium point of equation (2.6).

Proof: From calculus,  is a minimum of V() if V,V (Z) = 0 and V2V (Z) > 0. Since V,V(z) =
0 < & = 0, therefore every isolated local minimum of V() is an equilibrium point of
equation (2.6). Since Z is an isolated local minimum of V' (), there exists some neighborhood
W of x such that V(z) > V(&) for all z € W : & # &. In this neighborhood, a Lyapunov
function Z(x) can be defined as Z(xz) = V(z) — V(&). For all € € W, Z(x) > 0 unless
x = &, where Z(x) = 0. Since V(&) is a constant, its time derivative is zero. Hence the

time derivative of Z(x) is
Z(@) = ~[V.V(2)]" P(z)[V.V(2)], (2.10)

and by Theorem 2.8, Z(x) < 0 for all € W except at & = & where Z(x) = 0. Therefore
the point & is asymptotically stable by LaSalle’s Theorem. ¢

Again notice that not every equilibrium point of equation (2.6) is a local minimum of V(z). Since

P(x) does not contribute any equilibrium points to the system, it can not contribute any stable
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minima to the system. Recall that a trajectory started within some neighborhood of &, eventually

reaches .

The next two theorems describe the phase space behavior of a gradient-like system. Theorem 2.9
identifies the possible recurrent trajectories in phase space. This theorem is stated in terms of

the nonwandering set of points in phase space. Definition 2.1 is used in the following theorem.

Theorem 2.9. The nonwandering set for the system given by equation (2.6) contains only the

equilibrium points of the system.

Proof: V() describes the change in V() along the system trajectories. Since V(z) < 0 for the
system in equation (2.6), the solution state trajectories can only move toward smaller values
of V(x), or remain at the same value of V(). Since the trajectories cannot move toward
larger values of V(x), the only nonwandering points are those for which V(z) is constant,
in other words V() = 0. From Theorem 2.8, V() = 0 if and only if « is an equilibrium

point of equation (2.6). ¢

This theorem shows that for gradient-like systems, as for gradient systems, the only recurrent
trajectories,at large times, are the equilibrium points. So a gradient-like system has no periodic
trajectories, no homoclinic trajectories (i.e. a trajectory connecting a saddle point to itself), or

any sort of periodic asymptotic behavior.

Theorem 2.10 identifies the asymptotic trajectories in phase space as ¢ — Foo. This theorem

is stated in terms of a-limit and w-limit sets. Definition 2.2 is used in the following theorem.

Theorem 2.10. Let y be an a-limit point or an w-limit point of the system in equation (2.6).

Then y is an equilibrium point of the system.

Proof: Let y be an w-limit point. Then by definition the point y is an element of the set

L- {yeu:tnli_rgo(j)tn(wo) —>y}. (2.11)

Define the positively invariant set P such that ¢,(x,) € P for all 0 < ¢ < co. Since V(x)
is continuously differentiable, therefore it is continuous. Since V(z) < 0 for all z € P,
therefore V(x) = & where ¢ is the greatest lower bound of the set {V (¢,(xo)) : t > 0}. Since
every point of £ is a limit of points in P, and P is closed in U it follows that L C P. Ify € L,
then ¢,(y) is defined for all £ > 0 because P is positively invariant. Since ¢, (o) = y
and t; < ty < ..., therefore ¢,(y) is defined for all t € [—¢,,0],n = 1,2,.... Because
—t, = —00, ¢,(y) is defined for all t < 0. If ¢, (zo) — y then ¢, , (xo) = ¢,(y) for
all s € R. Since t, — oo both y and ¢,(y) must be contained in £ for all ¢ € R. Hence
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V(y) = ¢ for all y € £. This implies that V(y) = 0 for all y € £. By Theorem 2.8 all y € £

are equilibrium points. An analogous proof applies to a-limit points. ¢

So this theorem shows that for a gradient-like system the union of the asymptotically repelling
and attracting sets is simply the set of equilibrium points, again in analogy to a gradient system.
So if the equilibrium points are isolated, then the solution state must either go to an equilibrium

point or to infinity.

The next theorem states a restriction on V(&) that insures that every solution state must go
to one of the equilibrium points. The proof of this theorem requires the following two lemmas,

which are proved in [12].
Lemma 2.3. Let g(x) be locally Lipschitz on a domain U C R™, and let M be a compact subset
of U. Let ¢y € M and suppose that every solution of

z=g(x), =(0) =z (2.12)

lies entirely in M. Then there is a unique solution x(t) that is defined for all t > 0.

It is also shown in [12] that a function g() which is continuously differentiable on a domain i is

locally Lipschitz on that domain.

Lemma 2.4. Let the set Z in LaSalle’s Theorem consist of a finite number of isolated equilibrium

points. Then lim;_,x(t) exists and equals one of the equilibrium points.
Lemma 2.3 and Lemma 2.4 are used to prove the following theorem.

Theorem 2.11. Consider the dynamic system given by equation (2.6). Suppose that the set
M.={zeR":V(x) <c} (2.13)

is compact (i.e. closed and bounded) for every ¢ € R. Then every solution of the system x(t) is
defined for all t > 0. Suppose that the system has a finite number of isolated equilibrium points
a1, @2, --- 5 Qm. Then for every solution x(t), the limit lim,_, ., x(t) exists and equals one of the

equilibrium points.

Proof: Since c is allowed to take on any real value, every value of « for which V(x) is defined is
contained by some M,. Therefore every solution starts in a set M, with V(x¢) < c. Since

V(z) <0 in M, the solution x(t) remains in M, for all ¢ > 0. Since M. is compact, by
Lemma 2.3, z(t) is unique and defined for all ¢t > 0.

Let £ be the set of all points in M, where V (z) = 0. By Theorem 2.8, £ contains only the

equilibrium points of the system. A set D is invariant if for each x, in D, ¢,(x) = z(x0, )
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is defined and in D for all ¢ € R. Hence the largest invariant set Z in £ consists of all
equilibrium points of the system. By LaSalle’s Theorem, x(t) — Z as ¢t — oo. Since the

equilibrium points are isolated, by Lemma 2.4, x(t) — g; for some q; € Z. ¢

One condition that guarantees that M, is bounded for all values of ¢, is to make V(x) radially

unbounded, V(x) — oo as ||z|| — co. This will not insure that M, is closed.

Theorem 2.12 identifies how the asymptotic solution states are approached. It shows that the
behavior of a gradient-like system near an equilibrium point is well-defined. The following lemma,

proved in [5], is needed to prove the theorem.
Lemma 2.5. Given two real valued, symmetric matrices A and B, where B is also positive
definite. The eigenvalue equation

|A—AB|=0 (2.14)
has only real roots. Furthermore, the matriz D = B! A has three properties: real eigenvalues, a
complete set of orthonormal eigenvectors, and diagonalizability.

Conceptually this lemma defines a class of non-symmetric matrices D, which are normal [23] and

possess real eigenvalues. This lemma is now used to prove the following theorem.

Theorem 2.12. At every equilibrium point & of equation (2.6), the linearized system & = [J.(&)] x

has real eigenvalues, where the Jacobian matriz J.(x) is defined as

5@ ={ 2=

(2.15)

i

Furthermore J.(x) is diagonalizable and has eigenvectors which form a complete orthonormal

set.

Proof: The Jacobian of a gradient-like system can be written as

8[VEV(m)]] .\ [BP(:c)

. = ] VmV(m)} (2.16)

5(@) ={ P)

i

The term 0 [V,V (x)] /0x|s is the Jacobian of the gradient system given by equation (2.1).
It will be denoted by J.(&) hereafter. Notice that the term [0P(x)/0z] V.V (x) is a
matrix, and that the quantity 0P (x)/0x is a tensor. Since the quantity V.V (x) is zero at
any equilibrium point of equation (2.6), the matrix [0P(x)/0z] V.V (x) is always the zero

matrix at these points. Therefore the Jacobian of the linearized system is always given by
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J. () = P(x)Js(x) |,. Since P(x) is positive definite, its inverse P~'(x) is also positive

definite. Therefore the eigenvalues of J, are given by the roots of
|P(3)]|J4(3) — AP '(&)| = 0. (2.17)

The determinant |P(&)| is some positive quantity which will not affect the eigenvalues of
the system. Note that P~!(&Z) is positive definite and J;(Z) is symmetric. Therefore by

Lemma 2.5, J,(Z) has the properties in the theorem statement. ¢

Since J. (&) is always diagonalizable, no improper nodes exist for a gradient-like system. Because
the eigenvalues of J,(Z) are real, only three types of equilibrium points are possible: a proper
stable point (i.e. a sink), a proper unstable point (i.e. a source), or a saddle point. This is

identical to the result for gradient systems.

The next theorem establishes the conditions for which a gradient-like system is structurally
stable. To prove the structural stability of gradient-like systems the following theorem, proved in
[18], is needed.

Lemma 2.6 (Palis-Smale). Given that the number of equilibrium points and closed orbits is

finite, then the vector field X is structurally stable if and only if it is Morse-Smale.
This theorem can be used to prove the following result.

Theorem 2.13. The system of equation (2.6) is structurally stable if and only if every equilibrium

point is hyperbolic and all stable and unstable manifolds intersect transversally.

Proof: From Theorem 2.9, the nonwandering set of equation (2.6) contains only the equilibrium
points of the system. For any structurally stable system on a compact manifold, all equi-
librium solutions are hyperbolic [16]. On a compact manifold, the number of hyperbolic
points must be finite. Hence there are only a finite number of equilibrium solutions for
any structurally stable systems in the form of equation (2.6). Therefore by Lemma 2.6 all

gradient-like systems are structurally stable if and only if they are Morse-Smale. ¢

Conceptually, requiring that every equilibrium point be hyperbolic means in a gradient-like system
that all equilibrium points are isolated. This is not generally the case. Notice that the two
conditions given are necessary and sufficient, hence every structurally stable gradient-like system
must satisfy the definition of a Morse-Smale system. It remains to show that the set of structurally
stable gradient-like systems is an open and dense subset of the set of all gradient-like systems.

This would imply that almost all gradient-like systems are structurally stable.
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Intuitively the trajectories of the systems in equations (2.1) and (2.6) both move downhill along
the surface described by V(x). In equation (2.1) the “laws of motion” state that the trajectories
must follow the line of steepest descent along V(x). In equation (2.6) the matrix P(x) specifies
the “laws of motion” for the trajectories. Stipulating that P(x) be positive definite means that the
trajectories must still move downbhill along V' (). So the trajectories of the system in equation (2.6)
are a smooth distortion of those in equation (2.1) with P(x) specifying the transformation. These
properties can be used to analyze any system whose dynamics can be expressed in gradient-like
form. In the next section a general class of neural networks that allow for weight update will be

cast in the form of gradient-like systems.
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Chapter 3

Neural Networks

The central idea of this section is to show that many neural network models from the literature
can be framed as gradient-like systems. First the results of [3] for fully connected networks with
constant weights will be reviewed. Then it will be shown that such networks can be written as
gradient-like systems. This result will then be extended to show that fully connected networks
with weight update are also gradient-like systems. It will then be shown that networks with
Hebbian weight update, anti-Hebbian weight update, and differential Hebbian weight update are
special cases of this result. Lastly it will be demonstrated that this formalism can be extended to
include networks which are not fully connected, such as multilayer networks, and networks which

provide higher order components in the output and correlation terms.

3.1 Review of Lyapunov Function Results

In this section the results of [3] will be reviewed. Consider a fully connected network containing
p nodes, where no weight update (i.e learning) occurs. It has been shown in [3] that if the network

can be written in the form

&; = a;i(z;) [bz(ivz) - Zcijdj(xj)] ; (3.1)

then there exists a Lyapunov function

Z [ n@odicdc + LSS ey a), (3.2)

11]1
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if the following conditions hold:
1. The matrix C is symmetric and all ¢;; > 0.

2. (a) The function a;(§) is continuous V £ > 0.

(b) The function b;(£) is continuous V & > 0.

3. (a) The function a;(§) >0 V & > 0.
(b) The function d;(¢§) >0 V £ € R

4. The function d;() is differentiable and monotonically non-decreasing V & > 0.
—00

6. Either
(a) lim b;(¢) = oo;

£—0+

or

¢ d
(b) Jimbi() < oo while /0 Wé)

Consider a closed and bounded set M of the activities & such that conditions 1 - 6 hold. The

= oo for some € > 0.

Lyapunov function of equation (3.2) can be shown to apply everywhere in the bounded region

specified by M because in that set

V(w) = [VmV(w)]T:i: = —iai(xi)di’(:vi) [bz(x,) — icijdj(a:j)] <0. (3.3)

Assuming that the stated conditions 1 - 6 hold, the above result is always true for any overall
activation x in M. LaSalle’s Theorem can then be used to show that all trajectories within M

asymptotically converge to the largest invariant set Z contained in the set
E={zec®R: V@) =0V z>0}. (3.4)

If the functions d;(z;) are strictly increasing then the set £ consists of only the equilibrium
points of equation (3.1). In this case LaSalle’s Theorem shows that the equilibrium points are

asymptotically stable because V() = 0 only when & = 0 elsewhere V(z) < 0.

Some of the conditions imposed in this analysis are rather difficult to understand. Probably
the most difficult are the restriction that c¢;; > 0, and conditions 5 and 6. These conditions are

used to prove that z; is both lower and upper bounded and that the lower bound is zero. This
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result is then used to prove that a;(z;) is always positive for all possible system states z;. Since
z; can only be positive, condition 3a guarantees this. It is also used to show that the Lyapunov
function in equation (3.2) is bounded. The integral term is bounded because the z; is bounded,
and the scalar product term is bounded because the functions d;(z;) are continuous functions of

bounded variables.

3.2 Gradient-Like Formulation of the Constant Weight Case

Now it will be shown that a fully connected network with constant weights can be written as
a gradient-like system. For later convenience, the notation presented in [14] will be used for the
remainder of the paper. In this notation, the dynamics of a fully connected network of p nodes

with no weight update are
P
;= —ai(x;) | bi(x:) — D cijd;(z;) ]| - (3:5)
Jj=1

For these dynamics the negative of the Lyapunov function in equation (3.2) satisfies the conditions
for a gradient potential function. Observation of equation (3.3) shows that V, [—V(x)] is given
by

oV (z1) di (1) |ba(21) = Y cryd; ()
0z, - = .
AV () ™ o) L oo d (g
Tn | = dy(z5) _bz( 2) J; 25 ( ])_ (3.6)
8V&-Tp) i : P 1
oz, d!(z,) bp(m,,)—Zcpjdj(xj)

From equation (3.6) it is apparent that the system of equation (3.5) can be written as the
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gradient-like system

aq (.Tl) p T
i) O U] i) [bien) = X eudi(e)
j"l (4] (.’1)’2) _ ! :
. 0 ; . 0 p
33.2 _ d2 (152) dé (LEQ) _bz(xz) — lzzl C2idi(l‘i)- ’ (37)
o ay(®) | | d!(z,) -bp(wp) Y Cpidi(z )—
o a1(ay) o) = 2 o)
& = —P(z)[V.V(z)]. (3.8)

The matrix P(x) is a (p X p) diagonal matrix. It is positive definite if a;(z;) is positive definite
(i.e. a;(z;) > 0 for all z; > 0 and a;(z;) = 0 only if z; = 0) and d/(z;) is monotonically increasing

In [2, 9] two general forms for node activation dynamics are reviewed. They are referred to as
additive and multiplicative node dynmaics. In the next two sections it will be demonstrated that
constant weight networks possessing either type of node activation dynamics can be formulated

as gradient-like systems.

3.2.1 Application to an Additive Network

First consider the case of additive node dynamics. A network with p nodes whose activities are

governed by an additive equation and where no learning takes place is described by the general

equation
1 p P
. _ + —

In this equation the term —A;z; is passive decay which causes z; to go to zero if the other two terms
are zero. The constant A; determines the rate of decay. The term B;[I; +Y0_, Fi; Zk;(x;)] is the
positive (e.g. excitatory) feedback which tries to increase z;. Finally C;[J; + >°%_, Gi;Z;;1;(x;)] is
the negative (e.g. inhibitory) feedback which tries to decrease z;. The excitatory and inhibitory
connection weights to the ith node from the jth node are given by Z;;- and Z;; respectively. All
of the connection weights incident to a specific node do not have to be given equal consideration.

For instance, the connections from nodes that are physically closer to the given node may be
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considered more important than those from nodes which are farther away. If all of the connection
weights into a node are viewed as a field of values in weight space, then this field is sampled by
some function. The sample values applied to the excitatory and inhibitory connections to the ith

node from the jth node are given by F;; and G;; respectively.

In this paradigm the constants A;, B;, and C;, the sampling values F;; and G;, the inputs J;

ijs
and J;, and the connection weights Ziy and Z;; are always required to be positive. Furthermore
the functions k;(z;) and [;(z;) must yield positive values for all values of z;. Each node in
the network has two sections, one to process the excitatory signals and the other to process the
inhibitory signals. Actually there is no loss of generality in writing equation (3.9) with only
one set of sampling values. This can be seen by writing the inhibitory connection weights as

Z;,Gi;/Fij = Z;;. Hence equation (3.9) can be rewritten as

(;) i = —Asw; + [BI; — CiJ] + i (B:Z k() — CiZi51;(w5)| Fiy. (3.10)

% j=1
If each node is restricted to having only one output function h;(z;) for both excitatory and

inhibitory signals then the resulting equation is

1Y) . 5
The form of equation (3.11) can be simplified if it is written with respect to a single set of inputs
K; = B;I; — C;J; and a single set of connection weights W;; = F}; [BiZ;; — CZZZ;] both of which

can take positive or negative values. So the final form of the additive node activation dynamics is

1\ . 4
K2 j:1

In this equation —A;z; is a passive decay term which causes z; to go to zero if the remaining

terms are zero. The constant A; determines the rate of decay. The function h;(z;) is the output

function of the jth node, and the input to the ith node is K;. The connection weight to the

ith node from the jth node is W;;. In equation (3.12) the inputs K; and the connection weights

W;; may both take positive or negative values. Equation (3.12) can be written in the form of
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equation (3.7) by using the substitutions

ai(z;) = €,
bi(z;) = Aiz; — K;
cij = Wij,
d;(z;) = h;(z;). (3.13)

It is obvious from equation (3.13) that a;(z;) is positive for any value of z;. This formulation makes
it clear that any additive network can be written as the gradient-like system of equation (3.23)
by imposing two conditions: the matrix [W;;] must be symmetric, and the function h;(z;) must

be twice continuously differentiable as well as monotonically increasing (i.e. h/(z;) > 0).

3.2.2 Application to a Multiplicative Network

Next consider the case of multiplicative node dynmaics. A one layer network with p nodes
whose activities are governed by a multiplicative equation and where no learning takes place is

described by the equation

p p
Li+) FyZ kj(wj)] — (Ci + &) [Ji +>°Gi; 251 (xj)] (3.14)
j=1

Jj=1

The parameters in equation (3.14) are the same as in equation (3.9). For any system in the form
of equation(3.14) the activation levels & of all of the nodes must belong to the bounded set
Gi B, .
M:{xiER:—ngiSEVz:l,...,p}. (3.15)

This bound is only valid if the initial value of the activation () is also contained in the set M.

Noticing that the activation z; is bounded below by —C;/&; and that the function a;(z;) must

be positive for all positive z; suggests the variable change
vi=Ci+ &z = Y= &y (3.16)

Using this transformation the multiplicative network of equation (3.14) can be written in the
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general form given by equation (3.5) where a;(z;), b;(z;), ¢;;, and d;(z;) are given by

1
ai(z;) = z (Ci + &) ,
1 p
% [5ad Jj=1
p p
+ |Ai + Dili + &J; — D; Z Fy;Z51i(z5) — & Z GijZijki(z;) |
j=1 j=1

1] g 7

dj(z;) = kj(z;) + 1 (z;)- (3.17)

In order to cast this system into the form of a gradient-like system, the function a;(x;) must
be positive for all permissible values of z; to insure that the matrix P(x) is positive definite in
equation (3.8). One way to insure this is to require that all 6 conditions in section 3.1 are satisfied.
These conditions can be satisfied by imposing the following constraints.
1. (a) The matrices Z* and Z~ are symmetric and all elements are Z;; >0, Z; > 0.
(b) The matrices F' and G are symmetric and all elements are F;; <0, G;; <0.
(C) Dl :DQ = :Dp;
51 252 = :gp.
2. (a) The inputs I; and J; are continuous.

(b) The functions k;(z;) and [;(z;) are differentiable (= continuous).
3. (a) The initial activation & must be in the set M.

(b) The functions k;(z;) and [;(z;) are given by k;(z;) >0, l;(z;) >0 V z; € R.
4. The functions k;(z;) and [;(z;) are differentiable and monotone increasing V z; > 0.

5. (a) The inputs I; and J; are I; >0, J; > 0.

(b) Eventually the slopes are k;(z;) <1, l;(z;) <1 and they remain that way (i.e. the

increase in k;(z;) and [;(z;) becomes slower than linear for large values of z;).

6. (a) If the functions k;(z;) and [;(z;) do not go to zero as x; goes to zero or if they go to

zero slower than linearly, then (a) holds.

(b) If the functions k;(z;) and I;(z;) go to zero faster than linearly then (b) holds.

Notice that condition 6 is true no matter how the functions k;(z;) and [;(z;) are selected. The

restrictions on D; and &; in condition 1 can be explained intuitively in the following way. The
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activation z; of the ith node is upper and lower bounded by B;/D; and —C;/E; respectively. The
time constants, which determine the speed at which z; approaches these upper and lower bounds,
are given by 1/D; and 1/&; respectively. Hence condition 1 states that the rate, at which a node
approaches the upper or lower bound of its activation, is identical for all nodes in the network.
Notice that the rate at which the upper and lower bounds are approached may be different.
Also each node may have a different upper and lower activation bound, since B; and C; may be
set differently for every node. It should be noted that multiplication of the inputs, I; and J;,
and the functions, k;(z;) and [;(z;), by appropriate constants will remove this restriction. The
restriction imposed on the slopes of k;(z;) and [;(z;) by condition 5 can not be removed if the
system described by equation (3.14) is to be a stable system. However, given the computational
advantages of choosing a sigmoidal output function proven in [8], this hardly seems a serious

limitation.

3.3 Gradient-Like Formulation of the Updated Weight Case

This section will demonstrate that a fully connected network with weight update can be for-
mulated as a gradient-like system. Consider a fully connected network of p nodes with a general
weight update rule. In other words, a given node is connected to every other node including itself.

Following the form in [14] the dynamics of such a network can be written as

p
& = —a;(z;) lbz(iﬂz) - Zcijdj(%')] , t=1,...,p,
j=1
¢i; = fij(Ti, x5,¢55), 4,5 =1, ... ,p. (3.18)
Equation (3.18) can then be written in a more compact matrix-vector form
& = —A(x) [b(z) - Cd(z)],
C =F(z,C). (3.19)
In this equation x is the p dimensional vector of node activities, A(x) is a (p X p) dimensional
diagonal matrix, b(x) is a p dimensional vector, C is the (p X p) dimensional matrix of connection
weights, and d(z) is the p dimensional vector of node output functions. In the weight matrix C,

the row number of a given entry denotes the node that the connection is incident fo while the

column entry indicates the node that the connection is incident from. In order to cast the system
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of equation (3.19) into the form of a gradient-like system, choose the gradient potential function

V(@,0) = —d(e)! Cd(z) + [ > [ dicom(c dck] +L(C). (320)

In this equation L(C) is a scalar function which determines part of the weight update rule.
Since V(x, C) must be twice continuously differentiable, L(C) must also be twice continuously
differentiable. Specific choices for L(C') will be given in the following sections. At this point it is

useful to define the vector
T
u = [wla -’52; -’53, ey :L.pa clla 0127 613’ LI} cpp] . (321)

Notice that u contains (p + p?) elements. Using this notation in equation (3.20), the gradient
V.V (u) becomes

p
oV (u) di(z1) |bi(z1) = Y c1jdi(z;)
8.’1;'1 | Jj=1 |
IV (u) [ P 1
oz, dgl; ('Tp) bp($p) - Z Cpjd, (.TJ)
V.V (u) = = i =1 ] (3.22)
OV (u) | OL(C)
8C:11 _Edl(xl)dl(fvl) + 8611
OV (u) ! OL(C)
Ocpp —5dp(zp)dy(2p) + “oc,,
Note that C must be symmetric in order to obtain this result. The notation Afhi1, haz, ... , hypl

will be used to denote a (p x p) diagonal matrix with the listed elements along the diagonal. Using

this notation the entire system can be written as the gradient-like system

o ay(z,) ap(zp) u
u=-A dl’(ml)"“’d’(mp)’Q"“’Q V.V (u)]. (3.23)

p

The diagonal matrix A[-] is P(u). The notation means that the first p diagonal elements of P (u)
are a;(x;)/d;(z;) where i =1, ... , p, and the remaining p* diagonal elements are the constant
2. By identifying equation (3.23) with equation (3.18) it can be shown that the weight update

dynamics are

+ di(w:)d; (). (3.24)
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Notice that the second term in this equation is the correlation term of the Hebbian learning rule.
This means that a proper choice of L(C) allows the commonly used Hebbian weight update rule
to be instantiated. The next five sections demonstrate that a number of neural network paradigms

can be written as gradient-like systems.

3.3.1 Application to Multilayer Networks

This formalism can be used to describe layered networks. Typically the nodes in a given layer
are connected to those nodes in the layers immediately above and below the given layer. Also the
nodes within a given layer may be connected to one another. This structure can be formulated

by decomposing the activation vector & and the connection weight matrix C into

R1—>1 E2—>1 0 O

Uy
E1—>2 R2—>2 E3—>2 O
Ch]
z=lw | €= o E; 3| Ry 3 | Eyos (3.25)
Vy
o o O | E, | Riyy

The vector v; represents the node activation in the kth layer. The submatrix R;_,; denotes
the connection weights between nodes within the kth layer, while E; ,; denotes the connection
weights from the [th layer to the kth layer. Note that E;_,; does not have to be square. Since C
must be symmetric, therefore Ry, = R} ,, and E,_,, = EL,,. If R;_,; is a matrix of constants,
then the connection weights between nodes within the kth layer are fixed, they are not part of
the network dynamics. If Rj_.; is the zero matrix O, then the nodes within layer k£ are not
connected. Because a layered network is not fully connected, the vector w will contain less than

(p + p?) elements in this case.

In formulating a multilayer network, blocks of the connection matrix C' were set to zero to
represent nodes that were not connected to one another and to constant matrices to represent

nodes that had static connections to one another. This same idea can be applied to individual pairs
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of opposing connection weights (i.e. ¢;; and ¢;;). Any pair of opposing weights can be removed
by setting the desired connection weight values, ¢;; and c;;, to zero. The same connections can be
made fixed by setting the weight values to the desired constant weight. In either case, the weights

¢;; and c¢;; must also be removed from the state vector u.

3.3.2 Application to Hebbian Learning

The use of the Hebbian weight update rule in neural network models has been widely studied.
Some of the properties of networks using Hebbian dynamics are presented in [1, 7, 13]. This choice
of weight update rule can be shown to fit into the gradient-like dynamics formalism. Following

the form in [14], these networks have dynamics described by the differential equations

bi(z;) — icijdj(mj)] i=1,...,0p, (3.26a)

—Yijcij + Aijdi(zi)d;(z;) 4, j=1, ..., p. (3.26b)

The term —v;;c;; is a passive decay term where +;; is a constant which determines the decay rate.
The constant \;; determines the growth rate of the connection weight c;; if the nodes at both ends
of the connection are active. The matrices containing all such constants are I' and A respectively.
In order to instantiate the Hebbian learning rule into the gradient-like system of equation (3.23),

let the gradient potential function be given by

Z [ o) @

V(u) = —%d( TCcd(z + 117’ [r oA toCo C] (3.27)

In equation (3.27) note that 1 is a p dimensional vector whose elements are all 1. Also the
operation o denotes the Schur product which is defined as [A o B];; = a;;b;;. Choose the diagonal
matrix P(u) to be

a1 (z1) ap(zp)
P(u)=A 2A11, 2X12, 2Mi3, oaey 22, - 2

(“) ldl'(xl)’ gl T P B S (529
In order for P(u) to be positive definite, the matrix A must contain strictly positive values. Also
note that the last term in equation (3.27) is the function L(C). Additionally, the weight matrix

C learned by the Hebbian rule must be symmetric. The necessary conditions for this to occur
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can be found by solving for the equilibrium values of the weights ¢;; and cj;:
) Aij
Cij = —VijCij + Aijdi(7:)dj(x5) = 0 = ¢ = —~di(zi)d;(;),
ij

Cji = —7Y;iCji + /\jidj (.Z'J)d,(l'z) =0= Cj; = —de (.’E])dz((E,) (329)

ji

Clearly if the matrices I' and A are symmetric, then the equilibrium values of ¢;; and ¢;; are
identical. Strictly speaking the weight matrix must be symmetric at all points along the trajec-
tories in order for equation (3.23) to hold. Given that I' and A are symmetric, this will be true
if the initial conditions of ¢;; and c¢;; are the same. A reasonable physical interpretation of this
situation is that there is a single bidirectional link between any two different nodes, rather than

two unidirectional ones.

3.3.3 Application to Anti-Hebbian Learning

In some applications it is desirable for the outputs of nodes in the same layer to be as uncor-
related as possible. Conceptually this allows each node to code roughly independent features of
the input. To decorrelate two nodes, have the weight connecting them decrease when both nodes

are active simultaneously. This is referred to as anti-Hebbian learning and can be written as
Cij = —Vijci; — Aigdi(@i)d;(z;) 4, 5=1, ..., p. (3.30)

A feedforward network employing this learning rule was investigated in [4]. In this case the output
layer nodes where connected to one another by weights which where updated by the anti-Hebbian
learning rule. The output layer was fully connected to the input layer via weights updated by the
Hebbian rule. It is shown in [4] that such a network with linear output functions d;(z;) performs
a principle component analysis on the input. The equilibrium value of the connection weight c;;

in equation (3.30) is given by

Aij g eVl (s
oy di(z:)d;(z;). (3.31)

Cij = —
The same equilibrium point can be obtained using the alternate weight update rule
Cij = Vijcij + Aidi(zi)di(z;) i, j=1, ..., p. (3.32)

A feedback network using the version of the anti-Hebbian learning rule given by equation (3.32) can
be implemented in the present formalism. Recall from equation (3.25) that the overall connection

matrix C' can be decomposed into blocks where R, _,; represents the intralayer connections in



29

the kth layer and E,_,; represents the interlayer connections between the /th and kth layers. The
matrix I' can be similarly decomposed into the form
FR

1—1

F2E—>1 O

E R E
F1—>2 F2—>2 F3—>2

r= . (3.33)

O | Iy, | I,

The submatrices I'y,, are the parts of I' which multiply the portions of C which contain the
intralayer weights. The anti-Hebbian rule in equation (3.32) can be implemented by making the

R .
components of I",”,, negative.

3.3.4 Application to Differential Hebbian Learning

In [14], networks which respond to the rate of change of the node output are introduced. The

dynamics of such networks can be written as

P
.’ti = —a Zcz]d] Zczg ] 1= ]-a sy Py (3343‘)

J=1

—YijCij + Nijdi (2 d]( ) + pizd ('Tz)dj(xj) GhLi=1,...,p (3.34b)

This network can not be written as a gradient system, but a network with similar qualitative

behavior can be established. Consider the gradient potential function

Z / 1 (C)bi(C) dck]

+ 317’ [FoaocoC]1. (3.35)

V(m,C):—%d(:c)TCd(m) ;d( )" Cd(x

Choosing the same matrix P(u) as in equation (3.28) yields dynamics given by

&; = —a(x;) | bi(z;) — Z_:Cijdj(l‘j) - (Z{EZD - Cz’jdj(ﬂcj)] i=1 ..., p (3.36a)
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Clearly the connection weight dynamics of equations (3.34b) and (3.36b) are virtually identical.
The behavior of the third term in the activation dynamics is not the same. The bracketed (-)
portion of the third term in equation (3.36a) can be rewritten as

o) [dhled], o

Conceptually the quantity d!'(z;)/d!(z;) can be viewed as a measure of the radius of the circle
needed to approximate d;(z;) in the neighborhood of z;. So this quantity will be zero at points of
inflection, where the curvature of d;(z;) changes direction. Its magnitude will be greatest where
d;(z;) is flattest since the curvature is smallest in these regions. Assuming that the functions
d;(z;) are sigmoidal, then the third term in equation (3.36a) will have the greatest effect on the
node activation z; when the magnitude of z; is large (i.e. d;(z;) is near saturation) or when z; is

changing rapidly (i.e. Z; is large).

3.3.5 Application to Higher Order Networks

Networks of the type given by equation (3.26) provide only a linear expansion of the vector
d(zx). This is due to the >-%_, ¢;;d;(x;) term in the node activation dynamics. Also simple Hebbian
learning can only capture first order correlations with the \;;d;(z;)d;(z;) learning term. In [6] and
[20] networks that allow higher order expansions and correlations are discussed. The dynamics of

a quadratic example of these networks can be expressed as

P 14 P
iz = —0,1 .’L', Zc”dj ZZe“kd](.’L'J)dk(mk) 1= 1, cee 3Dy (338&)

j=1 j=1 k=1
—Yijcij + Aijdi(@i)d;(z;) 4, =1, ... ,p, (3.38b)
éijk = —kireije + pigpdi(i)d(z;)di(ze) 4, 5, k=1, ... ,p. (3.38¢)

In order to put this network in the form of the gradient-like system in equation (3.23), select the

gradient potential function

V(z,C,E) = —% iiczjdz‘(l‘i)dj(%) - % Epj EPJEP) eijrdi(zi)d;(z;)dy, (T)

i=1 j=1 i=1 j=1 k=1
P ez 1AV LI B

+ / bi(Ci)d; (¢:)dC + ~ 4 Z Icij + 6 Z Z Z — Cijko (3-39)
i=1 70 i=1 j=1 "\iJ i1 j=1 k=1 Miik

define the state vector u as

_ T
u = [-Tl, T2y, T3y --- 5 Tpy C11, C125, C135 --- 5, Cppy €111, €112, €113y --- , eppp] ) (3-40)
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and let the matrix P(u) be

a;(z,) ap(zp)
P =A . 2\ 2\ 2 ooy 2)
(u) dll(-'If'l)’ ) d;(.’L‘p)’ 11 125 135 ’ PP
Bpt111, 3112, 3113y -+ 5 Sfhppp| - (3-41)

This same formalism can be extended to systems with this form of any order.
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Chapter 4

An Example Simulation

This section provides a simulation of a very simple neural network. The simulations will be
used to illustrate the way in which the various properties of gradient-like systems appear in the
dynamical behavior of a neural network. The example network, illustrated in Figure 4.1, consists of

two nodes, two weights and an external input. The system uses additive node activation dynamics
Ca
\_/
Ci2

Figure 4.1: Configuration of example network

K,

and Hebbian weight update dynamics as discussed in Sections 3.3.2 and 3.2.1. Equations (3.12)
and (3.26b) describe the dynamics of such a network in general. The dynamic equations for this

particular example are

Ii)l = —€ (.’L‘l — Kl) + €1C12 tanh (ggl'g) s
.’1"/'2 = —€3T9 + €9Co1 tanh (g]_.'L']_) ; (4 1)
élg = —Cy2 + tanh (glzl) tanh (gg.'L'Q) y

0.21 = —C91 + tanh (gzxg) tanh (gl.’L'l) ;
where G; and G, are constants used to specify the steepness of the output function. The larger

the values of G; and G, the closer the output function becomes to a binary thresholding function.

As shown in Sections 3.3.2 and 3.2.1, this network has gradient-like dynamics. For the simulation
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results which follow, the values of the constants and the input are

g1 = 3, g2 = 3, €1 = ].O, €y = 10, K1 = 50. (42)

For the values given in Equation (4.2), there are three equilibrium points for the network.

These equilibrium solutions are given in Table 4.1. An example of the way in which a trajectory

state variables
I | T2 | C12 | Co1
Equilibrium #1 | 50.9899 | 0.994902 | 0.994902 | 0.994902
Equilibrium #2 | 50.9899 | —0.994902 | —0.994902 | —0.994902
Equilibrium #3 50 0 0 0

Table 4.1: Equilibrium solutions for K; = 50

approaches these points with respect to time is shown in Figure 4.2. In this figure the plot labeled

state val ue

60 |

40 +

201

\ : . . e
\ 1 p—————— s T L

B — node with input

-20(4°
—_ = node wit hout input

40t

Figure 4.2: Change of the state variables over time

“node with input” represents the node activation values for z;, the plot labeled “node without
input” shows the node activations for z,, and the plot labeled “weight” can be either ¢;5 or cs;.
The way in which the trajectories approach these points with respect to one another can be seen
in a phase space diagram. Since this network has gradient-like dynamics, by Theorem 2.9 and
Theorem 2.10 the phase space cannot contain any periodic orbits. All trajectories must go to one
of the three equilibrium points or to infinity. Unfortunately, the phase space of this system is
4-dimensional, which can not be drawn. However because the weights, ¢;» and c,;, are identical

at all points in time, a 3-dimensional section of the phase space will show most of the relevant
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0
220 -10

node without input

Figure 4.3: 3-dimensional section of the phase space

features. Such a 3-dimensional section is shown in Figure 4.3. In this figure, the three black dots
clustered together in a triangular pattern mark the locations of the three equilibrium points. The
two points that are approached by the trajectories running along the top and bottom surfaces
of the cube are equilibrium points #1 and #2 respectively. The point in between them which is
approached by the trajectories running through the middle of the cube is equilibrium point #3.

Notice that the three equilibrium points are coplanar.

It appears from Figure 4.3 that the trajectories change directions rather abruptly at some
points, and that all of the trajectories leading to equilibria #1 and #2 merge before going to these
equilibria. These phenomena can be seen more clearly in the 2-dimensional sections of the phase
space shown in Figure 4.4. This figure shows the phase space projected onto the two dimensions
representing the node activation values. The top part of the figure shows the trajectories which
converge to equilibrium #1, which was calculated with the weight values c;5 and co; fixed at
20. Similarly the bottom part, which shows trajectories that converge to equilibrium #2, was
calculated with the weights fixed at —20. The black dots in the upper and lower part of the
figure,mark the locations of equilibrium #1 and #2, respectively. Notice that the directions of
the trajectories change when either of the axes are crossed. This is due to the sign change of
the derivative at this point. Although this change looks discontinuous in the figure, in fact the
trajectories are still differentiable at these points. Decreasing the value of G; and G, makes these

transitions more gradual.
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Figure 4.4: 2-dimensional section of the node activation phase space

If the input K, is negative (e.g. —50) then the phase space diagram is identical to Figure 4.3,
except the signs of the numbers on the “node with input” and “node without input” axes are

reversed. The equilibrium locations for this system are given in Table 4.2. Note that the three

state variables

1 | Ta | C12 | Ca1
Equilibrium #1 || —50.9899 | —0.994902 | 0.994902 | 0.994902
Equilibrium #2 || -50.9899 | 0.994902 | —0.994902 | -0.994902
Equilibrium #3 -50 0 0 0

Table 4.2: Equilibrium solutions for K; = —50

equilibria for K; = —50 do not lie on the same plane as those for K; = 50; in fact the two planes
are perpendicular. It was observed that smaller values of G; and G, caused equilibria #1 and
#2 to move closer to equilibrium #3. In the limit as G; = G — 0, only equilibrium #3 exists.
Making the values larger has the opposite effect, however the equilibrium values of z,, ¢;5, and

o1 at equilibria #1 and #2 are limited to |zo| = |c12| = |ca1| ~ 1 as G; = Gy — oc.

As discussed in [24], the type of equilibrium point may be determined by finding the eigenvalues
of the Jacobian of the system evaluated at each equilibrium point. Because the system is gradient-
like, Theorem 2.12 shows that the eigenvalues of the Jacobian at every equilibrium point must

be real valued. Further, the Jacobian must be diagonalizable at each equilibrium point. For this
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system the Jacobian is given by

—-10 30c;, sech” (3z,) 10 tanh (3z,) 0
30c,; sech? (3z,) —10 0 10 tanh (3z;)
Js = ) ) . (4.3)
3sech” (3z;) tanh (3z,) 3sech” (3z,) tanh (3z;) -1 0
3sech® (3z,) tanh (3z,) 3sech’® (3z,) tanh (3z;) 0 -1

The eigenvalues of the Jacobian at each of the three equilibrium points are given in Table 4.3.

Since all of the eigenvalues of the Jacobian are negative at equilibrium points #1 and #2, both of

eigenvalues
Y R R Y
Equilibrium #1 || -10 | -0.966224 | —10.0338 -1
Equilibrium #2 || -10 | -0.966224 | -10.0338 -1
Equilibrium #3 | -1 -10 1.58872 | —12.5887

Table 4.3: Eigenvalues of the Jacobian at the equilibrium points

these points are stable equilibria. Since the eigenvalues of the Jacobian at equilibrium #3 are both
positive and negative, this equilibria is a saddle point. Notice that the eigenvalues of the Jacobian
are in fact real valued. Further, since the eigenvalues are distinct, the Jacobian is diagonalizable
at each equilibrium point. Note that the eigenvalues of the Jacobian at each equilibrium point

are all nonzero, which implies that all three equilibrium points are isolated [25].

The gradient potential function V(u), and associated matrix P(u), which lead to these dynam-
ics are given by Equations (3.27) and (3.28) respectively. In this example the gradient potential
V(u) is

1
Viu)=—- [tanh (3z1) €12 tanh (3z5) + tanh (3z3) coy tanh (3z,)]

+/ 3(¢ — Ky) sech? (3¢1) dC1+/ 3¢5 sech’ (3¢2) do + ! [012+021]> (4.4)

and the matrix P(u) is given by

10
. 0 0 0
3sech” (3z,)
0 10 0 0
P(u) = 3sech® (3z) ) (4.5)
0 0 2 0
0 0 0 2

with the state vector u = [z, 3, ¢, CZI]T. Graphing V(u) with respect to the state variables
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gives the surface along which the trajectories are constrained to move. Unfortunately in this
example that surface is 5-dimensional. For a gradient-like system, Theorem 2.8 proves that the
value of V(u) can only decrease or remain constant with time for any trajectory. Figure 4.5
shows the variation of V(u) over time for one of the trajectories which approaches equilibrium

#1. Different trajectories, all ending at equilibrium #1, have different initial values of V(u), but

potenti al

125
100
75}
50 |
25

time

-25F

-50 }+

Figure 4.5: Change of the gradient potential over time

obviously must have the same final value of V' (u). The same is true of trajectories ending at equi-
librium #2. Interestingly, the final values of V(u) at both equilibrium #1 and #2 are identical.
In a gradient-like system, Corollary 2.2 shows that all local minima of V(u) are asymptotically
stable equilibrium points. From calculus, 4 is a minimum of V(u) if V,,V (@) = 0 and ViV (4)
is positive definite. Evidently, for all three equilibrium points in this example V, V(@) = 0. For

this system the Hessian of V(u) is

3sech?(3z1) ( )
—18(=50 + 1) —4.5(c12 + 21 2 2
sec?(3r) tanh(321) st (o) O a1
+ 9 (c12 + ¢21) sech2(3m1) sech2(3$2) 2 2
tanh(3z1) tanh(3z2)
3sech?(3x2)
—4.5
9 sechz((?f.wli)+ ca1) — 18z sech?(3x2) tanh(3x2) — 1.5sech?(3z2) — 1.5sech?(3z2)
VuV(u) = sech2(3w2) +9 (012 + 021) sech2(3:1:2) tanh(?’l‘l) tanh(3;c1) . (46)
tanh(3z1) tanh(3z2)
— 1.5sech?(3z1) — 1.5sech?(3x>) 0.5 0
tanh(3z2) tanh(3z1) )
— 1.5sech?(3z1) — 1.5sech?(3x>) 0 0.5
tanh(3z2) tanh(3z1) :

The value of V(u) and the eigenvalues of V2V (u), at each equilibrium point, are shown in
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Table 4.4. Since V2V (u) is symmetric and since its eigenvalues at equilibria #1 and #2 are

potential eigenvalues

V(u) A1 | A2 | A3 | A4
Equilibrium #1 || =50.0387 | 0 < \; < 107% | 0.500989 | 0.0295233 0.5
Equilibrium #2 || -50.0387 | 0 < A; < 107 | 0.500989 | 0.0295233 0.5
Equilibrium #3 || -49.769 | 0< A\, < 107% | 4.21221 0.5 —0.712214

Table 4.4: Potential value and eigenvalues of the Hessian, at the equilibrium points

all positive, these two points are minima of V' (u). This means that equilibria #1 and #2 are
approached asymptotically by any trajectory started in their respective regions of attraction. The
extremely small size of one of the eigenvalues at both of these points can be explained as follows.
Notice that each of the elements in the first row and column of Equation (4.6) contains the term
sech? (3z;). The large value of z; at equilibria #1 and #2 makes this term quite small, however
it is never zero or negative. This in turn causes every entry in row and column one to be very
small but positive. So the size of the eigenvalue is not due to numerical error. This explanation is
supported by the fact that the difference between the values of V(u) at equilibrium #1 or #2 and
equilibrium #3 is very small. Conceptually all of this implies that V' (u) is very flat along certain

directions. This phenomena is illustrated in Figure 4.6. This figure shows four cross sections of
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Figure 4.6: Change in the gradient potential with the state variables at equilibrium #1

the graph of the potential V' (u) with respect to the states. For each of the sections, the state
values that are not displayed are set to their values at equilibrium #1. The cross sections with
respect to the two node activation values, ; and x,, are clearly quite flat. Since the equilibrium

of z; is approximately equal to the value of the input, making the input smaller will make V' (u)
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more curved in the neighborhood of the equilibria. In fact, this was observed to be the case in

simulation. It is clear from the top two panels of Figure 4.6 that the set
Ne={ueR":V(u) <c} (4.7)

is neither bounded nor closed in this example. Therefore the conditions of Theorem 2.11 are
violated, and the system is not guaranteed to converge to one of the equilibrium for every set of
initial conditions. In spite of this, no set of initial conditions has yet been found that does not

converge to one of the three equilibria.

This analysis can be used to study more complex networks. The number of state variables in a
fully connected network with p nodes is p* + p. This means that the number of dimensions in the
state space increases rapidly with increasing network size. This increase causes the phase space
and potential cross sections to have a much more complex structure. However this formalism is

still an extremely useful one for analyzing high dimensional networks.
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Chapter 5

Conclusion

The behavior of a neural network that can be written in the form of equation (3.23) is described
by the theorems in Section 2.2. Conceptually the node activation and connection weight values
must, if possible, move downhill along the surface of the function V' (u) defined in equation (3.20).
If they can no longer move downhill in one or more directions, then they must remain in place. This
is shown by Theorem 2.8 and Corollary 2.2. The activations and weights of the neural network
cannot cycle periodically, their values must go asymptotically either to an equilibrium point or
to infinity. This is shown by Theorems 2.9 and 2.10. A restriction on the gradient potential
function V(u) is provided in Theorem 2.11 which guarantees that the activations and weights
must go to one of their equilibrium values no matter where the system is started. An example
of a gradient potential function which satisfies this restriction is one which is bounded below and
radially unbounded. Close to any equilibrium point the trajectories will be in the shape of either
a hyperbola, parabola or a line. Theorem 2.12 shows this. The most important direction of future
research is extending this treatment to systems which have asymmetric connection matrices. This
can be accomplished by decomposing the network dynamics into the sum of a gradient-like system
and a non-gradient-like system. A less restrictive way to incorporate multiplicative dynamics into

this formalism will also be investigated.
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