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Abstract

In this paper, we extend some recent results on
the stabilization of output feedback linearizable non-
linear systems. We show that these systems not only
cab be stabilized with a much simpler controller than
previously thought, but they can also be rendered
passive using the same output feedback controller.
Finally, we extend these results to the problem of si-
multaneous stabilization of a family of systems and
present simulations to demonstrate the effectiveness
of this method.

Key words: minimum phase, relative degree, out-
put feedback, passivity, simultaneous stabilization.

1. Introduction

For more than three decades, feedback stabiliza-
tion of nonlinear systems has occupied a major role in
the nonlinear system literature. The importance of
this issue is due to the fact that feedback stabilization
is a preliminary step in achieving additional control
objectives, e.g., asymptotic tracking, robustness, etc.
It may also bedesirable to render the system passive
via feedback. Motivated by the dissipation of energy
across resistors in an electric circuit, passivity has
been widely used in order to analyze the stability
of a general class of interconnected nonlinear sys-
tems(see [3, 7]). Thanks to these developments we
now know a complete answer to the question: when
is a finite dimensional nonlinear system passive, and
if is not, how can we render it passive? This ques-
tion has been answered in an elegant manner in the
nonlinear control literature.(see [5, 2] and references
there in).

Despite the fact that now we have a fairly com-
plete theory of stabilization and passivity of nonlin-
ear systems using state feedback, there are fewer re-
sults considering the same problem but using smooth
static output feedback instead. Results in [2] indi-
cate that a passive nonlinear system with positive
storage function can be rendered strictly passive, i.e,
asymptotically stable using smooth output feedback.
The authors in [6] have come up with conditions that
make a nonlinear system output-feedback lineariz-
able, and then proposed a control action that guar-
antees asymptotic stability.

In this paper, we extend the results given in [6]
for the output feedback stabilization of minimum
phase nonlinear systems of relative-degree one, and
prove that they satisfy the conditions of the non-
linear version of Meyer-Kalman-Yakubovich lemma.
Our output feedback controller is much simpler, and
can be used for simultaneous stabilization and pas-
sification of a family of these systems.

The structure of this paper is as follows:

Some known results regarding the necessary and suf-
ficient conditions on output feedback linearization
of nonlinear minimum phase systems with relative
degree one are presented in section 2. We show
that these systems can be rendered passive via out-
put feedback, i.e., that they satisfy the nonlinear
version of the celebrated Meyer-Kalman-Yakubovich
lemma[7, 2]. We also prove that a simple static
gain can be used to stabilize and passify, instead of
the controller presented in [6]. In section 3, we use
these results to render a family of nonlinear mini-
mum phase systems with relative degree one passive
using a single output feedback controller. In section



4, we present a simulation to indicate the effective-
ness of this approach. Our conclusions are given in
section 5.

2. Output feedback Linearization
In this section, we address the problem of design-
ing output feedback controllers to achieve asymptotic
stabilization for of the nonlinear SISO system de-
scribed by

& = f(z)+g@)u
y = h(=) (1)

where z € R™ is the state vector, u is the control
input, and h(z) is a smooth output function with
h(0) = 0, and f, g are smooth vector fields on R" .
The problem is of practical interest since in many sit-
uations the states are not available for measurement.
We know that a minimum phase relative degree one
LTT system can be rendered strictly passive using
pure output feedback [1]. It is logical to ask if the
same result holds for nonlinear systems having the
same properties. We will show that this is indeed
the case, and the same result holds for a class of
minimum-phase nonlinear systems with relative de-
gree one which are globally static output feedback
linearizable. These systems satisfy the conditions in
theorem (6.3.1) of [6], and can be written in the fol-
lowing form:

n = I'm+By+(y)y
g = emm+dy+yopy)+o(yu (2)

where 1) = I'y is the zero dynamics, § is a constant
vector, d is a scalar ¢(y) is a smooth function of
y with ¢(0) = 0, e; € R*™! is the first unit row
vector, and o(y) is nonzero, n € R®*~1*8~1 3 and
v(y) € R, y, u, d, a(y), and ¢(y) € R.

Remark 1 OQOutput feedback linearizable systems
that satisfy the conditions of theorem (6.3.1) in [6]
are minimum-phase, i.e., they have stable zero dy-
namics.

The control input as given in [6] is:

—o " (Wylo(y) +d+k
" (y)P*v(y) + BT P*p] 3)

u =

where k is a positive real constant and P is the
positive definite solution of the following Lyapunov
equation( I is a Hurwitz matrix since the system is
minimum phase).

r'p+pPr = -3I (4)

Considering the Lyapunov function candidate

1
n" Pn+ Sy? (5)

Viny) = 5

it was shown in [6] that the time derivative of this
Lyapunov function along the trajectory of the system
is negative definite. If we have a reference input w,

then the control input becomes
v = u+to H(yw (6)

which leads to the closed-loop system given by

[ Z ] = fny) +3n,y)w (7)
where
_ 0
gn,y) = [ 1 ] (8)
Finy) = [ I'n + By +v(y)y
’ ery + ky + " (y) P*y(y)y + BT P?By
A straightforward calculation shows that
Lf_V(nay) < 0 (9)
LiV(ny) =y

which are the required conditions for the nonlinear
version of the MKY lemma. Therefore, we have the
following theorem:

Theorem 1 The system (2) can be rendered passive
via static output feedback using the u given in 3.

Remark 2 This result guarantees more than just
stability and is a simple generalization of results in
[2] which guarantee passivity using state feedback.

Remark 3 If we apply this result to the case of
MIMQO LTI systems, we obtain the same results as
in [1]. In other words the results in this paper are a
generalization of output feedback SPR design in [1]
to the case of output feedback linearizable nonlinear
systems.



Although the controller in (3) guarantees the
negative definiteness of the Lyapunov function can-
didate in (5), it is not easy to implement. In the fol-
lowing theorem we propose a simpler controller that
will also guarantee passivity of the closed-loop sys-
tem.

Theorem 2 The output feedback linearizable system
(2) can be rendered passive using the following output
feedback controller if v(y) is a bounded function.

u=—0""(yylply) +d+k+r] (10)

where r is the reference input.

Proof: we use the same Lyapunov function candi-
date as in (5), written in its matrix form

V(ny) =[n" yT][IOD ?HZ] (11)

using the control input in (10), we can rewrite the
closed-loop system as

HE

y = [0

A | 1] +atnr

] [2)
1][y] (12

To guarantee the stability of the unforced sys-
tem, the time derivative of Lyapunov function along
the system trajectory has to be negative definite, i.e.,

Vo= [ yT](|:eI; ﬁ+_’7];(y)]T[103 ?]
oo plle b

(13)

for this to be true for all values of 1 and y, we
should have

rTp+pPr
er+ (B+7(y)TP

ef +P(B+(y))

ok <0 (14)

using the LMI lemma [4], the above inequality is true
if and only if the following two conditions hold:

0 > P+ PT
0 > FTP+PF+—[€1 + P(B+v(y))]
[el + P(B+~vy)]"

the first condition is already satisfied, since we know
that the system is minimum phase. For the second
condition to be true, we first find P > 0 such that

(15)

1
I'P+ PT = —51 (16)

then replacing (16) in (15) and multiplying both sides
of the inequality by 2k (k > 0)

—kI+2(y)z(y)T <0 (17)
where z is defined as
2(y) = le] + P(B+(v))] (18)

for (17) to be true we have to make sure that k is
large enough so that

T2(y)  (19)

k > max{eiglz(y)z(y) "]} = maxz(y)
given that v(y) is bounded. If (19) is satisfied, (13)
will be guaranteed and therefore the system in (12) is
asymptotically stable. Using the same argument as
before the system also satisfies the conditions in (9)
and therefore by the nonlinear version of the MKY
lemma, it is passive.

3. Passivity and Simultaneous
Output Feedback Stabilization

Next, we consider the problem of stabilization
and passivity of a family of the nonlinear output feed-
back linearizable systems. For simplicity we assume
that all of the systems are already in the form of
equation (2). Consider the following family of plants

n = Tin+Biy+7yy
g = em+dy+ydi(y)+olyu  (20)
where i = 1,...,p and p is the number of plants, and

o(y) is the same for all p systems.



Theorem 3 (Simultaneous output feedback stabi-
lization): Consider the p plants in (20) where ~v;(y)
are bounded functions. Then, there exists a single
control action u which makes the whole family of sys-
tems passive and stable.

Proof: consider the following control input

u=—0""(Y)ylo;(y) +d; + k]

where j is the index of the plant chosen to be fed
back to all others. Let V; be the Lyapunov function
candidate for each system as follows

Vi) =[n" " ] [ i? ? ] [ Z ] (21)

where each P; satisfies the following Lyapunov equa-
tions:

FZTPZ' + PT; = —%I (22)
the closed-loop systems become
n Lin + Biy +vi(y)y
gy = en—[(di—d;)+(¢i(y) — 6 () + kly+r
(23)
If we pick k large enough such that
[(di —dj) + (di(y) — ¢ (y)) + k] =K' >0 (24)

then using the same argument as in proof of the-
orem (2), to guarantee that the derivative of (21)
is negative definite, we have to satisfy the following
conditions

—kI+ zi(y)zi(y)"
Zz(y) =

< 0Vi=1,..p (25)
{el + P[Bi +7i ()]}

which results in

k > maxmaxz] (y)zi(y) Yi=1,...p
iy

(26)

so if (24) and (26) are satisfied, using the proof in
theorem (2), all of the p plants will be asymptoti-
cally stable. Moreover since (9) is satisfied for every
subsystem, they are also passive.

4. Simulation Results
To show the effectiveness of our method, we
present a simple numerical example. Consider the
system ( where 6 is an unknown parameter)

.7.1’1 = xTo+u
Ty = Gx? +u
y = 1 (27)

it can be shown [6] that this system satisfies the con-
ditions in theorem (6.3.1) given in [6],therefore after
transforming it to the normal form we have:

0= —n-y+0y’°
y = ntytu

assuming the following initial conditions:

EINGEQNE

the control action
u = —2.5y

will stabilize the system for all values of 8 in the
interval [-10,5.5]. When 6 is zero, the system turns
into a linear one. For # > 5.5 , the condition in (19)
is violated and a larger control action is needed, but
for any range of 8 , there exists an output feedback
gain that would stabilize the system.

The initial condition response is plotted in fig-
ures (1) and (2) for different values of 6.

5. Conclusion

In this note we extended some recent results in
[2, 6] concerning the stabilization and passification
of nonlinear minimum-phase systems with relative
degree one. The controller that we propose is much
simpler than the one in [6]. We have also shown
that this controller makes the system passive with a
positive definite storage function. Simulation results
were presented to illustrate this method.
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Figure 1: Time response of x1(t) for different values
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