ECE 537 - Foundations of Computing
Prof. Sen
Homework #2
Solutions

1. Draw the diagram of a DFA that can recognize these languaggs the alphabet = {a, b}:

(@) L ={a*b*a*}

(b) L = {w | w has at least thre€s and at least twd's }

(c) L ={w | w has an even length and an odd number’sf}
(d) L =>* — a*b*, which are the strings not ib*

(e) L = {w | every odd position is aa }
Answer: See attached DFA diagrams.

2. LetB, = {da* | wherek is a multiple ofn}. Show that for each > 1, the languagé,, is regular.

Answer: For eachn > 1, we can build a DFA with the: statesq, ¢4, ..., ¢,_1 to count the
number of consecutive a’'s modulcso far. For each “a” that is input the counter increments by 1
and jumps to the next state in M. If we get another symbol, themgo to a fail state from which
we never return. The machine accepts the string iff it stdgg.arhat means that the length of
the string consists of all a’'s and its length is a multiple:of

3. Suppose you have the “reverse” langudgdethat is defined as follow&? = {w | w® € L},
wherew?” is defined as the symbols of the string in reverse order/aisch regular language. For
example, ifw = 01011 thenw® = 11010. Is L a regular language? Show why or why not.

Answer: Yes, L is a regular language if is regular. We cannot simply reverse the arrows
in the DFA that recognize$, because there might be several accept states and so th®ues
naturally comes up as to where you actually begin. But you gamit into an NFA that runs

in reverse order, and we know that an NFA can be turned into A Bfénce L% is a regular
language.

4. Given languagé over alphabel = {0, 1} such that, = {w | w contains equal number of “01”
and “10”"}. For examplel01 € L because there is one “10” and one “01”, but 1010 is not (there
are two “10” and only one “01”). I4. a regular language? Show why or why not.

Answer: L is really the language of words that start and end with theessymbol, ie.0(0 U
1)*0uU 1(0 U 1)*1. This is obviously regular.

5. Prove that NFA's can be exponentially smaller in size th&A's by giving a family of languages
Ly that can be recognized with an NFA boftates but need a minimal DFA 0f2*) states.



Answer: Let L, to be the language of words over alphaket= {0, 1} where the(k — 1)th-
to-last symbol is a 1., can be recognized with an NFA with states as we showed in class.
But the minimal DFA forL, would have to have at leagt~! states. To see this, suppose that
andv differ somewhere in their lagt — 1 symbols. In that case, there is sope £ such that
the jth-to-last symbol of, is a 1 but a O irw. Then, ifw is of lengthk — j — 1, thenuw € L
butvw ¢ L, sou « v. Therefore, we need at leat ! equivalence classes one for each final
sequance of — 1 symbols.

. Suppose we modify the NFA definition so that it accepts drdyl the computation paths yield
an accept answer. Show that this new NFA recognizes exd@lyegular languages by demon-
strating how to convert the new NFA into a DFA that recognthessame language.

Answer: This is very simple and almost the same as the conversion &ratandard NFA to
a DFA. The only difference is that we change the definitionhaf &ccept stat¢’ to make sure
that all the states are accepting. Formally, we can writedhi”’ = {¢' € 29 : ¢/ C F'}.

. We showed that a DFA can be modified to accept the compleafentanguage. by simply
swapping its accepting and non-accepting states. Showadm@e that this is not true for NFA's.

Answer: This is very easy to show, because of the asymmetry thatseéttveen the accept
and reject condition of an NFA. An NFA acceptsaify of its resulting states are accept, not all
of them, but it will reject only if all of them reject. So takeaNFA which ends up in some
accept and some reject states, but accepts. Then reveraecdyating and rejecting states. The
new NFA still accepts the same input.

. Give two proofs (one using the pumping lemma and the otteivalence classes), that the lan-
guagel = {a*" | n € N} = {a, aa, aaaa, aaaaaaaa} is not regular.

Answer: Proof 1 (pumping lemma). Suppose that that pumping lemmdsifor L. Then there
exists gp such that for alkv € L with |w| > p, there would be some way to write = zyz with

ly| < p such thatry’z € L for all < > 0. This is a “unary” language in which the alphabet con-
stists of only one symbol. This means= o' andy = o* for somek < p, sozy’z = w!+-k,
Then the pumping lemma becomes the claim that fot &l p, if a'! € L, thena'tt-Dk ¢ [

for all i > 0, for somek < p. In particular, consideringy?z, the pumping lemma claims that
alt* ¢ L for somek < p.

Now suppose that > p anda' € L, let a™ be the next shortest word ih. For the pump-
ing lemma to be true, we need the gap in their lengths [ < p, otherwisery?z = a!** cannot

be in the language sinée- £ < [+ p < m. Therefore if the gaps in a unary language don't have
a constant upper bound (it has arbitrarily large gaps) ihoaibe regular.

For {a®" in particular, if the pumping lemma is true with some valueppfet w be a' where
[ is the smallest power of 2 greater thanThen the length of the gap betweenand the next
shortest word:i?’ is [ which is greater thap.
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Proof 1 (Equivalence classes). It turns out that none of thedsvin L are equivalent to each
other. To see this, let = a®™ andv = a?" for anym # n and letw = uv. Now uw = a?*" =
2™ e L, butow = a2™ + 2" ¢ L since the sum of two distinct powers of 2 is never a power
of 2. Thusu ¢ v for any distinctu, v € L, so there are an infinite number of equivalence classes.
HenceL is not regular.

For a regular language defineL, = {z | xy € L, such thaty| = |z|}. In other words L is
the first half of the words i, so for everyr € L%, there exists a string such thatry € L.
Prove thatL% regular.

Answer: The basic idea is to simulate two copies of the DFA in paratieke that moves for-
ward from the start of state by readingthe other that moves non-deterministically backwards
from an accepting state by guessingThen if both states are equal after reading the string
then we have met in the middle ang € L. Formally, letM = (Q, %, 6, qo, F') be a DFA for

L, and define a new NFA/I" = (Q', 3,0, ¢, F') as follows: Q' = @ x @ (corresponding to
the two copies of\/ running in parallel), let its start statg havee-transitions fromy;, to each of

¢ € {(q0,4s) | ¢r € F} (these are the accepting states\f, and define the transition functions
aso'((q1,q2),a) = {(8(q1,a),q3) | 3b : 6(g3,b) = ¢2}. Herebd is the next symbol of (read in
reverse) which we guess to move backwards figno ¢;. Finally, ' = {(¢,¢)}. ThenM’
recognizesL% .

What are the equivalence classes of languageer alphabelt = {a, b}, whereL = {w | w
contains the substringha }? Use these classes to draw the minimal DFAor

Answer: See attached solution and DFA diagram.
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