ECE 537 - Foundations of Computing
Prof. Sen
Homework #7
Solutions

The last problem from Homework 6 was re-assigned as Homework

1. Use generating functions to find closed forms for the il sums:

(@ >, a
Solution: First we need to put this sum into a form that we can work withatfTis, let us
rewrite the sum as a recurrence relation:

n—1
t, = Zai +a" =t,_1 +a".
=0
Now let’s apply the four step procedure to solve this requresusing generating functions.

Step 1: This step was already completed above when we reth®t®um as a recurrence
relation.

Step 2: Transform to the domain, and solve fof(z).

G(z) = i tizt = itilzi + i alzt
=0 =0 i=0

Notice that the last term in the equation above is in Tableh& (ifth entry up from the
bottom), and it's the generating function for the sequeheg has a closed form given by
1/(1 — az). Thus, we can write

G(z) = zG(z) . —1az
Step 3: Solve fo7(z):
G(z) = 2G(2)+ . —1az
B 1
(1= 2)(1—a2)

Step 4: Determing"|G(z). Using partial fraction expansion we get
1 A B

G(z) = (1—2)(1—az) - (1-2) + (1 —az)
where
A = [1-2)G(2)],., = 1 —1(12 1 i a
1 1 a
B = [(1-a2)G(2)].1/, 1—2lmia 1-1 a—1



Thus,
(=) . (@)
G _ l—a a—1 .
(2) (1—2) + (1—az)
The first term on the LHS corresponds to the third entry in &dblwhile the second term
on the LHS corresponds to the fifth entry up from the bottomadfl& 1. Therefore,

t L + ¢ "
n - +a
l—a a-—1
-1 an+1
 a—1 a-—1
n+1_1
- ¢ - a#1
a—1

(b) > iy ia’

Solution (hard way): Rewriting the sum as a recurrence relation we get:

n—1
t, = Ziai +na” =t,_1 +na”.
i=0
Then

G(z) = itizi
i=0

e’} 00
= E ti,lzl + E 1a'zt.
=0 i=0

The first term on the RHS is no problem, it’s the second entnainld 2 withm = 1, so we

can writezG(z) as the generating function for that term. The second termeter, requires
some generating function manipulations in order to gett i form that we can use.
Specifically, we need to derive a generating functiontfor ia’. Recall that differentiation

is used to bring a factor afdown into the coefficient. That is, the sixth entry in Table 2
haszG'(z) = >, ig;2". This matches the second term on the RHS of the above equftion i
we choosey; = a’, and the generating function for the sequerce, a',d?, ... > is .
Finally, since

i 1 B a
dz [1—az| (1—az)?
we have that

, . az
2G'(z) = A=
So now we can write the generating function fpras
az
G(z) = ZG(Z) + m
az A Bz+C

T (-2l —az)? (1—z)+(1_az)2' 1)

2



Using partial fraction expansion, we get

az a
A= (1—az)?l.=1  (1—a)?
and -
Bzt 0= (1 —2) lz=1y2
which leads to
B =-2(a+C).

In order to resolve the unknown constaftandC' in this equation, we can use Equation (1)
to write

az = A(a*2* —2az+ 1)+ (Bz+C)(1 - 2)
= (a*A)2? +(—20A+B - C)z+ (A+C) (2)

Evaluating Equation (2) at = 0 leads toA = —C', so we have

—a
C=——.
(1—a)
Now we only need to determinB. We start by evaluating Equation (2) at= 1, but this
leads toa = A(a — 1)%, 0r A = T which doesn’t help us, and is in fact something

we already knew, so we need to try something else. Let’s tyuating Equation (2) at
z = —1. This leads to the equationa = A(1 + a)> — 2B + 2C, and solving forB we

obtainB = A(le)Q + C + a. Finally, substituting the values we have already caleaddor

A andC' into this equation and simplifying leads to:

a3

(1-a)*

Now we use the values we have calculated4o3, andC' in Equation (1) to write

B =

3z

(l—aa)2 (1a—a)2 - (l—aa)2
G =
(2) 1—=2 - (1 —az)?
a az a®
B e A A @)

l1—2 (1—a2)? (1—a2)?
All that is left to do is to determine the-th coefficient ofG(z), and we can do this term by
term. Then-th coefficient of the first term on the RHS of Equation (3) is
_
(1—a)*
The third term on the RHS of Equation (3) can be rewritten as

—a

_ (1-a)?
(1 —x)?



with x = az. This allows us to use the seventh entry in Table 2 to writenttle term for
this generating function as

(1 — CL)2 ' (n + 1)1,71 = - : (az)n7

which means that the coefficient of this term is

(n+1)a™*
(1—a)?

Finally, then-th term of the second term on the RHS of Equation (3) can berdeted by
using the previous result, along with the second entry inerabThis yields

a(n+1)

@(n+1) a’(n+1)a”
(1—-a)

(1—a)

(a)" -z = et

which means that the-th coefficient for this term must be

a(n)a™!  ana™!

1—a? (1—ap

Putting these terms together and simplifying, we get the §okation:

N ana™™  (n+1)a"™
(1—ap? (1-ap  (1-a)?
(an —n —1)a" +a

= (1= a) a # 1.

t, =

Alternative Solution (easy way): By taking the derivative with respect toof the solution
from part (a) we get:

n

i 1=(n+1a"+na"t!
S -
(1—-a)?

=0
Now, multiplying through by: gets us the proper form:

"N . a—(n+1Da"?t + na"t?
Zza = e a # 1.

=0



