ECE 537 - Foundations of Computing
Prof. Sen
Homework #8
Solutions

1. Problem 16.2-2 in the Cormen et. al text.
Solution: This problem has optimal substructure — Liebe the highest numbered item in an
optimal solutionS for W pounds and items..n. ThenS’ = S — {i} is an optimal solution for
W —w; pounds and items..i — 1, and the value of solutiof is v; plus the value of the solution
to subproblent’.

Definecli, w] to be the value of the solution for itenis: and maximum weighty. Then

0, ifi=00rw=0
cli,w] =< c[i — 1, w], if w; > w
max(v; + cli — 1, w —w;], c[i — 1L,w]), if ¢ >0andw > w;

That is, the value of the solution faritems either includes item) in which case it ig); plus a
subproblem solution for — 1 items and the weight excluding;, or it doesn’t include iten, in
which case it is a subproblem solution for- 1 items and the same weight. Thus, if the thief
takes itemy, he takes); value, and he can then choose from items— 1 up to the weight limit

s —w; to getefi — 1, w — w;| additional value. If he doesn't take itemhe still hasl..; — 1 items

to choose from, but with a weight limit af, and he gets[: — 1, w] value. The thief should make
the better of these two choices.

Algorithm—

0-1 Knapsack(, w,n, W)
1 forw «—0toW do
2 c0,w] <0

3 fori<—1tondo

4 [i,0] <0

5 forw — 1to W do

6 if w; < wthen

7 if v; +c[i — 1, w —w;] > c[i — 1,w] then
8 cli,w| —v; +cli — 1, w — w]
9 else

10 cli,w] «— c[i — 1, w]

11 else

12 cli,w] « cfi — 1, w]
Example—

Consider the following three items, and a knapsack that Ijatsunds:
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Item | value weight value/weight

1 12 3 4
2 10 2 5
3 6 1 6

The greedy strategy would take the highest value/weightsterst. That is item 3, then item 2,
then item 1. Note, however, that once items 3 and 2 are tatan, 1 won't fit since it weights
3 Ibs., but the knapsack can only hold 2 more Ibs. after gjatems 3 and 2. The total value of
this solution is $16, and it leaves 2 Ibs. unused.

The optimal solution, which is obtained using the dynamagpamming approach takes items 1
and 2, has a value of $22, and fully utilizes all 5 Ibs.

Dynamic programming solution —

c table:

w
i|0]1]2|3]4]5|
ojojojo|0|0/|O0
1/0(0| 0 |12|12]|12
2(0/0(10|12|12]| 22
3//0/6|10|16]| 16| 22

From this table we can determine which items should be talénstart at positior[n, W] and
trace the optimal values from that point.c[f, w] = c[i — 1, w], itemi is not part of the solution,
and we continue tracing wittji — 1, w]. Otherwise, iteri is part of the solution, and we continue
tracing withc[i — 1, w — w;].

The above algorithm take3(n V) time. Specifically®(n}/) time is needed to fill in the table
(there arén+1) x (W +1) entries, and each takex 1) time to compute). Next)(n) time is re-
quired to trace the solution, which starts at rewf the table, and moves up one row at each step.

. Problem 16.2-4 in the Cormen et. al text.

Solution: The optimal strategy is the obvious greedy one: Starting witull tank of gas, the
professor should to to the farthest gas station he can geittinw: miles of Newark. Fill up
there. Then to the the farthest gas station he can get tonwithiiles of where he filled up, and
fill up there, etc. Looking at this from another viewpointeach gas station the professor should
check whether or not he can make it to the next gas statiorutittopping at the current one. If
he can, he should skip the current one; if he cannot, he stidulig. Note that the professor does
not need to know ahead of time how much gas he has or how faettiestation is to implement
this strategy, since at each fillup he can determine the m&txds that he’ll need to stop at.

The problem has optimal substructure. To see this, suppese aren possible gas stations.
Consider an optimal solution withstations and whose first stop is at théhtgas station. Then
the rest of the optimal solution must be an optimal solutmihe subproblem of the remaining
m — k stations. Otherwise, if there were a better solution to thgpsoblem, i.e., one with fewer
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thans — 1 stops, we could use it to come up with a solution with fewenthatops for the full
problem, contradicting the assumed optimality of the oveution.

This problem also has the greedy-choice property. Thatugpase there aré gas stations
beyond the start that are withinmiles of the start. The greedy solution choosesktifiestation

as the first stop. No station beyond thién works as a first stop, since the professor runs out
of gas before getting to those stations. If he chooses @statk £ as the first stop, then the
professor could choose th#h station instead, having at least as much gas when he It¢ea/h
station as if he had chosen tligh station. Therefore, he would get at least as far witholindil

up again if he had chosen thh station.

Since there are: gas stations on the map, the running time of this greedy igthgois O(m).

. Generalize Strassen’s matrix multiplication algorithsnwve discussed in class to square matrices
whose sizes are not a power of 2. Describe how the generaligedthm works, and provide an
analysis of its running time.

Solution: We have seen that the running time of Strassen’s algorithredgfoare matrices whose
sizes are a power of 2 is given by:

n

T(n) = 7T (2

) +em?),
which yields a closed form of
T(n) = ©(n*"7).

One simple way of generalizing Strassen’s algorithm to power-of-2 matrices involves “padding”
the matrix with zeros until its dimensions become that napgést power of 2. Note that this will
not change the result, as the final matrix will just contaimeaeros that should be ignored.

Does this change the running time of the algorithm? Well, rinening time will change by
the amount of time that it takes to perform the padding, alaith any additional operations
performed on these added elements. In the worst case, thefdlze matrices are nearly doubled
by the padding. Specifically, if the matrix dimensions are greater than some power of two,
i.e., 2?7 + 1, then each matrix must be padded so that its dimensions lee2orh Thus, we
can upper bound the running time of the generalized the idthgoby 27'(n) = ©(2n*807) =

O (n87),

. Inthe traveling salesman problem (TSP) we are given ehgrapat consists of a set afvertices
V ={uv,...v,} that correspond to cities, along with a set of nonnegatige eightst, where
e;; corresponds to the distance between ejtandv;. The goal is to find a tour that visits all
cities, returning to the starting city, and has minimal tdiatance. Assume that; = 0, and that
e;; = oo if there is no edge connecting citesandv;.

(a) Develop a brute-force algorithm that will always solkestproblem optimally. What is the
time complexity of your algorithm?
Solution: The brute force solution to this problem involves enumaraéll possible tours,
and calculating the length of each of these in order to findramal tour. Since for cities
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(b)

(©)

there aren! possible tours, the running time of the brute force algamiik ©(n!) and the
space required by this algorithm@x1).

Show that this problem has optimal substructure, and tevelop an algorithm that at-
tempts to solve this problem by constructing a tour usingeady strategy that always adds
the next closest city to the tour. What is the time complexityaur algorithm? Give an
example in which your greedy algorithm does not produce dimapsolution.

Solution: Consider an optimal tour, which corresponds to some perioataf the vertex
set. To see that this problem has optimal substructurerassswithout loss of generality,
that this optimal tour begins and ends at vertex Thus the tour includes the edgg;,

j # 1, followed by a pathp* from vertexv; back to vertexy; that passes exactly once
through each vertex i — {e;;}. If the tour is optimal (as short as possible), as we have
assumed, then it must also be the case that theypathas short as possible. To see why,
assume there exists shorter patfrom vertexv; back to vertex, that passes exactly once
through each vertex i’ — {e;;}. By appending:; to p’, we create a tour whose length
is less than that of the optimal tour, which is a contradictidhis contradiction establishes
the fact that the problem has optimal substructure.

For the greedy algorithm, assume we're at ¢jtthen the algorithm must scan ravef the

E matrix (ignoring location in this row) in order to find the closest city that has not been
visited yet. Since we must visit cities, i.e.,i = 1,...,n and there arex — 1 cities to
scan on the row associated with each of these, the runnirgydirthis greedy algorithm is
O(n?).

In order to show that it does not always produce an optimaitswi, consider the following
graph:

An optimal tour on the graph that startsuatvisits the cities in the order;, vy, v3, v4, With
a total cost of 16; however, the greedy algorithm will visien in the ordep, vs, vo, vy,
with a total cost of 21.

Show that this problem has overlapping subproblems tlagr use dynamic programming
to develop an algorithm that will always solve this probleptimally. Demonstrate how
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your solution operates on the problem:

0 10 15 20
5 0 9 10
E=16 13 0 12
8 8 9 0

What are the time and space complexities of your algorithm?

Solution: To show that this problem has overlapping subproblems nassuthout loss of
generality that a tour starts at and consider a subset of the vertices. V' — {v;}, and a
vertexv; € V — S, with j = 1 only in the case that = V' — {v; }. Next, letc(v;, S) be the
length of the shortest path from to v, that passes exactly once through each vertex in
Given this definitiong(vy, V — {v,}) is the length of an optimal tour, and according to the
discussion above, this can be calculated using

C(’Ul, V- {Ul}) = le,inn (elj + C(Uj, V- {Uh Uj}))

J<

Thus, the calculation af(v,, V' — {v; }) can be accomplished once we have calculated the
n — 1 values ofc(v;, V — {v1, v;}), and each of these will require the calculatiomof 2
differentc values, etc., until we reach

c(vi,@):eil, 7::2,3,...,717

where() is the empty set. Notice that there are many repeated cttmganvolved in what
we have just described. Specifically, if we start from thessetls, = () and we add one
vertex at each step of the calculations until we reégh, = V' — {v;}, then at thek-th
step we must consider all possible paths through the veriticall possible subsets;, and
these paths will include the lengths of subpaths that weseigusly calculated when we
considered all possible subsetsSip ;.

Let us demonstrate this dynamic programming algorithm anftlur-node graph given
above. At the first steg; = 0, we initialize

c(2,0) =5, ¢(3,0)=6, c(4,0)=S8.
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Next, at steps = 1, we obtain

c(2,{3}) = e +¢(3,0)

= 15

c(2,{4}) = ea+¢(4,0)
= 18

c(3,{2}) = ez +¢(2,0)
= 18

c(3,{4}) = ez +c(4,0)
= 20

c(4,{2}) = ewn+c(2,0)
= 13

c(4,{3}) = es+c(3,0)
= 15.

At stepk = 2 we have

c(2,{3,4}) = min (ess + c(3,{4}), €21 + c(4,{3}))
= min(29, 25)
= 25
(3,{2,4}) = min (s + (2, {4}), e + (4, {2}))
= min(31,25)
= 25
¢(4,{2,3}) = min (es + (2, {3}), a3 + (3, {2}))
= min(23,27)
23.

Finally, at stepk = 3 we obtain

c(1,{2,3,4}) = min (e2 +¢(2,{3,4}), e15 + ¢(3,{2,4}), e1a + (4, {2,3}))
= min(35,40,43)
= 35,

so the minimal length tour has length 35.
The total time required by these computations can be brogenta three parts:

i. Ittakesn — 1 time to fill in thec(v;, 0) values, sincg = 2,...,n.

ii. To calculate all of the:(j, Si) values,1 < k < n — 2, first note that each step (i.e.,
for each value of:) there will always bgn — 1) ways to choose,. Next we have to
consider all possible subsets of sizéhat can make up th&, subset. There aré;z)
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such subsets. Finally, for each of these subsets there sl &ddition operations
inside the minimum function. So the total number of addgiagiven by

(n—1)(”;2)k

and the total space required to store the intermediatetsasul

(n—1)(”;2)k

iii. There aren — 1 additions required to computél, V' — {v; }).
The total computation time is bounded by the second partt ifha

T(n) — @(nf(n— 1)/{(”;2))

k=1
= O(n*2")
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sinced_;" , m(’}) = m2™~!. The space requirements a&bén2").

To get an idea as to how much this saves us over the brute-&mmeach, consider the
following table:

Time: Time: Space:
Brute Force| Dynamic Prog.| Dynamic Prog.
n n! n22n n2"
5 120 800 160
10 || 3,628,800 102,400 10,240
15 || 1.31 x 10'2 7,372,800 491,520
20 | 2.43 x 10'® | 419,430,400 | 20,971,520




