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Abstract— Many practical control problems are so complex
that traditional znalysis and design methods fail to solve.
Consequently, in recent years sampling methods that provide
approximate solutions to such difficult problems have emerged.
In this paper we address the deterministic quasi-Monte Carlo
method of sampling and attempt to impose bounds on the error
involved in the evaluation of the quality of performance of a
specific controller over the whole plant parameter uncertainty
space,

1. INTRODUCTION

Many control problems are so complex in natore that
analytic techniques fail to solve them. Furthermore, even
if analytic solutions are available, they generally result in
very high order compensators. It is for these reasons that
we accept approximate answers to provide us with certain
guarantees in such control problems. This is when sampling
methods come into the picture to try and remedy the “cost
of solution” problem by drawing samples from a sample
space, and providing an approximate answer. For many years,
random sampling has dominated the afore mentioned arena
[6], [7], [16]. Recently however, deterministic or quasi-Monte
Carlo (QMC) methods have proven superior to random meth-
ods in several applications such as the calculation of certain
integrals [10], financial derivatives [11] and motion planning
in robotics [2]. They have also been used for stability analysis
of high speed networks [1].

In a recent paper by the authors [4], a fairly self-contained
presentation of QMC methods was given, and the per-
formance was compared to classical random Monte Carlo
method, in a robust control design setting. In this paper, we
focus more on obtaining a bound on the error involved when
the decision function is sufficiently differentiable. The main
reason is that using a differentiable decision function with a
multivariate polynomial as argument, we can place a bound
on the value of the error involved in using samples from the
plant parameter space instead of evaluating the stability of a
certain controller over the whole plant parameter space.

The paper starts by formulating the robust control problem
in Section I1. Then we provide an abnidged presentation of
the main ideas involved in quasi-Monte Carlo sampling in
Section III. In Section 1I-C, we present a detailed description
of the notion of tetal variatior of a multi-variate function in a
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d-dimensional space. The variation will help us in bounding
the error involved in using gquasi-Monte Carlo sampling
methods to address the robust design problem. Finally, in
Section IV, we present a detailed example that helps illustrate
the theoretical notions introduced earlier in the paper.

II. PROBLEM STATEMENT

Consider the control problem shown in Fig L.

Problem 1: Given a real rational plant model G (s, p), with
uncertain parameter vector p = [p1  pe Pa) € I3,
does there exist a controller C(s,g) that can stabilize the
uncertain system, where ¢ = [1 g2 gm| € I7 is
the admissible controlier parameter vector.

J—*(F__—{ C(s,q) ] Gls,p)

Feedback Structure.

Fig. 1.

In Problem 1 above, I¥ is the unit i-dimensional hypercube
in R®. Without loss of generality the regions of plant un-
certainty and design parameters have been scaled to the

unit hypercubes I} and I7, respectively. Let 7'(s,p,q) =

HLCS(':_){%%’% be the closed-loop transfer function.

Problem 1 1s the robust stabilization problem, and requires
that the controller C'(s,g) stabilizes every plant inside the
uncertainty interval (I7). This problem is inherently hard to
solve in general, since we essentially have to check if all the
plants inside the uncertainty set I; are stabilizable, which is
virtually impossible in a limited time span, due the continuity
of the uncertainty interval. That is why we relax the problem
into an approximate one through sampling. The method of
solution is fairly simple nsing sampling and casting Problem
1 into an infegration setting,

While Problem 1 requires an exact solution for the robust
stabilization problem, the approximate solution requires the
use of an indicator function (¥), which provides answers, .
regarding stability, for discrete points of the plant parameter
uncertainty spectrum and admissible controller parameter
space.

Definition 1: An indicator function ¥ is a decision type
function that attains crisp values that belong to the discrete
set {0, 1} depending on the decision criteria used to evaluate
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the problem, at specific points of the sample space. Specif-
ically for our purposes, we propose the following indicator
function

1, T(s,p,q) is stable

qj(RsQJ) = { 0, otherwise )]

where F; and @J; are sampled vectors from the plant pa-
rameter space and admissible controller parameter space,
respectively.

Having defined the indicator function ¥, we can easily
cast Problem 1 into a sampling context as follows:

Problem 2: Consider Problem 1. Find vector Q* =
[ ¢3-..qn) € I which stabilizes the uncertain plant
with a high level of confidence, that is, Q@* maximizes

. N
for Py = {(P,Q) = L L URQ) @
i=1

where f is called the counting function, and N is a large
number.
Problem 2 gets rid of solving the problem over a continuous
plant parameter space through sampling that space, and
counting those samples that resnlt in U = 1, ie. a stable
combination of FP; and ;. The second step is to pick
@* = Q; that produces the largest answer for fo(P), the
counting function. The function fo(P) can be interpreted
as the average performance of the uncertain system with
respect to a certain ‘controller (;, in other words it is an
approximation of the intégration of the performance function
over the plant parameter space. Hence, our problem is cast
into an integration setting. o

The main objective in this paper is to employ a differ-
entiable indicator function. Hence we propose the following
scaled indicator function

1+ tanh (45524}
2

where ©{.) is a multivariate polynomial. that meets our
requirements duoe to the following reasons:

o tanh(uv(.)) is a differentiable function as long as the v{.)
is differentiable, which is satisfied in our case since v(.)

- is a multivariate polynomial.

o tanh(.) € [-1,1], however according to our proposed
function in (3), ¥(.) € [0,1] which satisfies the defini-
tion of the indicator function.

» § determines how steep our indicator function is around
the decision point 0. Figure 2 shows the indicator
function ¥ for various values of 4. As & decreases, ¥
becomes very steep and mimics the behavior of a crisp
function with retention of differentiability.

Ui(P, Q) = (3)

IH. QUASI-MONTE CARLO METHODS

In this section we review the basic definitions involved
in gausi-Monte Carlo (QMC) methods and state the basic

Plot of ﬁ-&;ﬁﬁr_} for different values of &

Fig. 2.

inequalities governing the quality of the approximation of
integrals using deterministic sampling methods.

The main idea in QMC methods is to evaluate an integrand
at specific points and approximate the integral by the average
of the results obtained at these specific points.

A. Discrepancy

The discrepancy is a measure of the ‘regularity in distribu-
tion’ of a set of points in the sample space. In order to define
it mathematically, we need to define the following counting
function:

N
A(B;P) =Y _In(X;) @)

=1

‘where B ¢ 1% is an arbitrary set, P = (Xy,...,Xn) is a
-point set, NV is the number of points, and Iy is an indicator

function.

Deﬁﬁirion 2: The general formula for the evaluation of the
discrepancy is given by
A(B, P)
N

where Az(B) is the d-dimensional Lebesgue measure of the

arbitrary set B and B is the family of all lebesgue measurable
subsets B of I¢.

Dn(B,P) = sup —~ Aa(B) &)

_ Definition 2 can be specialized into the following two cases:

o The star discrepancy Dy, (Xy,...,Xy) is obtained by
letting 13 in (5) be defined as follows

B = {YB:B= f[[O,ui)}

i.e. the set of all d-dimensional subsets of I? that have
a vertex at the origin, and u;’s being arbitrary points in
the corresponding 1-dimensional space.

» The extreme discrepancy Dn(Xy,..., Xy) is obtained
by letting B in (5) be defined as follows B = {VB : B =
Hle[fvi,ui)}, where v;’s and u;’s are both arbitrary
points in the corresponding 1-dimensional space.

The star discrepancy and extreme discrepancy are related
through the following inequality D3 (P) < Dy(P) <
2¢D3,(P).
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B. Point Sets Generation

In this section we briefly describe how to generate quasi-
Monte Carle low discrepancy points in an d-dimensional
sample space. Since the points result from a deterministic
method of generation, they possess a certain regularity prop-
erty of distribution in the sample space described by their
discrepancy.

For brevity, we are not going to present the various
methods used in the generation of the sample points. Instead,
we refer the reader to [4] for a compact presentation and [9]
for a more involved one, and present the basic methods that
we are going to utilize in Section IV-A.

1) Van Der Corput: The van der Corput sequence in base
b, where b > 2 € N, is a one dimensional sequence of points
that possesses the property of having a low discrepancy in
the unit interval | = [0, 1] C R. The main idea is to express
every integer n € N in base b and then reflect the expansion
into the unit interval 1. This is done as follows:

1) Let R, = {0,1,...
b
2) Any integer n > 0 can be expanded in base b as, n =
Y orep ak(n)ok, where ax(n) € Ry, Vk.
3) Finally, we get the sequence {X,.} through X, =
du(n) =¥ pr g ax(n)b=i—1.
As will be seen, the van der Corput sequence will be
used to generate higher dimensional vector samples, with
the variation of the expansion base b. Finally, the star
discrepancy of the van der Corput sequence is given by:
D}(Xy,...,Xn) = O(N"log(NN)), with a constant de-
pending on the base of expansion.

2} Halton Sequence : The Halton sequence is a gener-
alization of the van der Corput sequence given in Section
I1I-B.1 to span an d-dimensional sample space. The main
idea is to generate d l-dimensional sequences and form
the corresponding d-dimensional vector sample points. Let
by, ba,. .., by be the corresponding expansion bases for each
dimension, preferably relatively prime'. Let ¢y, dp,, - .. , Pp,
be the corresponding reflected expansions according to the
corresponding  bases. Then the d-dimensional sequences
{X¢} are formed as follows:

,b—1} be the remainder set modulo

Xn=(¢b1!¢,b21"'1¢bd)€1[d (6)

Assume that the bases for the expansion are relatively prime,
then the star discrepancy is given by (see [9])

d 1 b+ 1
Dy (X, ... —+—= : .

i=1

)

!Choosing the expansion bases relatively prime reduces the discrepancy,
hence the error bound

C. Total Variation

The problem of bounding the error involved in evaluating
the integral of a function using QMC methods depends on
our ability to obtain the value of total variation of the function
under consideration, as will be seen in the next section.
Consequently, in this section we will concentrate on defining
several notions of variation of a function defined on an
interval [0, 1j¢.

Definition 3: [3] A finite function f(z) defined on and
interval [0,1] is said to have ‘bounded variation’ if there
exists a number Af, such that for any partition p of the
interval [0,1]

n

vy = 3 1F(Xay = F(Xima)) < M.

i=1
Moreover, the ‘total variarion’ of f(x) on [0,1] is defined
as V(f) = sup,ep (vp), where P is the set of all partitions
on [0,1].
Notice that Definition 3 pertains to functions of a single
variable and does not require that the function be continuous.
However, the function has to have a countable number of
discontinuities on the interval under study. If it is further
assumed that the function f(z) is differentiable on {0,1],
then the total variation is dcﬁned as follows:

Vif)= ®

Note I: The total variation of a function can be under-
stood as the sum of ali the heights of monotone segments.
That is why we integrate over the absolute value of the
gradient in (8).

The total variation of a function f defined on a one-
dimensional unit interval T = [0, 1] is fairly easy to calculate.
However, if f is defined on I¢ the problem of calculating
V{@(f) (the d-dimensional total variation) is more involved -
(see [5], {9]). In what follows we only present the defini-
tions of the total variation for continuous and differentiable
functions.

Definition 4: The total variation of a function f defined
on ¢ in the sense of Vitali is defined as

5 f

V(d) —
Fman, .. Ona

dmdnp...dng.  (9)

whenever the indicated partial derivative is continuous on I¢.
If V(@ < +00, then the function f is said to have a ‘bounded
total variation in the sense of Vitali’.
Note that the Definition 4 only measures the variation of
S over all the variables at once. However, indicated partial
derivative in (9) might be zero, but still the variation over
the domain is not equal to zero as illustrated in the following
example.

Example I Let f(zq,22) = 31 + 22 = %IL = (¥ and
the total variation as defined in (9} is equal to zero. However,
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Fig. 3.

Plot of f(z1,T2) = x1 + 22

when we plot the function f(z1,z2), it is varying over the
interval [0,1)? as seen in Figure 3.

The problem encountered in the Definition 4 can be
remedied via the following enhanced definition of the total
variation.

Definition 5: [8], [9] Let f be a function defined on I¢
with bounded variation in the sense of Vitali. Suppose that
the restriction of f to each face F of I¢ of dimension
k=1,2,...,d—1 is also of bounded variation on F' in the
sense of Vitali. Then the function § is said to be of ‘bounded
variation in the sense of Hardy and Krause'.

Note 2: The restriction of the function f to the face F in
definition 5 is athieved through setting the d — k variables
equal to 1.

Definition 5 overcomes the difficulties we encountered with
Definition 4 as seen in the following example.

Example 2: Let us revisit the same function in example
1. Using definition 5 we get the following formula for the
total variation of this second order function

2
V(Q)(f) = ] / 852?5;22) dzidzy
Af(z1,1) 5f(1 T3)
+ ,/0 3‘1‘1 ‘ 0 axg dz 2
(10}

Substituting and performing the necessary partial differenti-
ation and integration we get V(P (f) = 2.

The second order total variation has been used in [14], [15],
and the following intuitive bound on the variation on (10)
was suggested in [14]

9% f(z1,22)

{2) o iR S Rl

V) s e oo

+ max —m——af(ml’l)’+max ___Gf(l.,wz) . (1D
T3 3:121 X2 6322

D. Error in Quasi-Monte Carlo

The error in quasi-Monte Carlo methods integration over
the unit hypercube for N samples is defined as fellows,

1 N
e = /ld flmdn— % g::]f(xn)

The following two theorems provide bounds on the error
(12), for the cases of I1-dimensional and d-dimensional inte-
gration, respectively.

Theorem 1: Koksma's Inequality [9]

Let f(.) be a function defined on I = [0, 1] of bounded total
variation V'(f)

1 N
\ [ foin = 5 3= 70x)

(12)

S V(DN (X, XN)
(13)

Theorem 2: Koksma-Hlawka Inequality {9]
Let f(.) be a function defined on 1% of bounded variation in
the sense of Hardy and Krause .

’/,df(”)d

Basically, Theorems 1 and 2 state that the magnitude of
the error depends on the total variation (defined in Section
I1-C) of the function and the star discrepancy-of the point set
chosen. That is why we are always after low star discrepancy
point sets in quasi-Monte Carlo methods. It is also worth
mentioning that the error bounds are conservative, i.e. if the
variation of the function is large, we get a large bound on
the error, although the actual error might be small.

< V(d)(f)DF\’(Xlr' - :XN)
(14)

1 N
- .I—V— Zf(Xn)
i=1

IV. EXAMPLE

In this section we consider an old problem first intro-
duced by Truxal in [18], and recently revisited in [4]. The
main idea is having a hypercube-like parameter space (I™)
with a hypersphere-like region {B7(0, p)) of instability. The
problem becomes challenging when the radius instability
becomes close to the boundary of the sampling space. Refer

to Figure 1 with the plant transfer function G(s,p,r) =
5 +s+(3+2p1 +2p2) and the

83+ (1+pi+p2)s” H{1+p1+pp)s+(0.25+p%+3p; +3p2+2ppa)

simple gain controller C(s,q) = g, with g € {0,1], py € [0, 1]

and ps € [0,1]. The resulting closed-loop characteristic

polynomial is

p(s) = s+ (1+p1+p2 +Q)82 +(1+p+p2 +f1)3
+(0.25 + p* 4 3p1 + 3p2 -+ 3¢
+2p1p2 + 2p1g + 2p20).

Using Maxwell’s criterion for 3"¢-order polynomials, we
obtain the following multivariate-polynomial inequalities

(15)
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{MPIs) that guarantee the stability of (13),

v1(p1,P2,9) I+pr+p2+g>0 {16)
vz(p1,p2,q) = 0.25+p2+3p1+3p2

+3q + 2pip2 + 2p1g + 2p2g > 0
vs(p1,p2,0) = Pi+pi+qd —p1—p2-q+075-p° >0

It is easily seen that the first and second inequalities in (16}
are always satisfied for the ranges of uncertainties and design
regions given. However, the third inequality requires a closer
look to establish the stability regions for the closed-loop
system. Through completing the squares, the third inequality
could be written as

v3(p1, 2, 9) = (P1—0.5)+(p2—0.5)" +(g—0.5)* - p* > 0
amn
It is easily seen that {17) equated to zero results in the
equation of a sphere centered at (0.5,0.5,0.5) and radius p.
Therefore, our instability region is defined by the intersection
of the unit 3-dimensional hypercube and the spherical region
given in (17). Consequently, the problem is restated as
follows

Qsat = {g€l0,1):¥pe[0,1],r €10,1),ps(p,q,7) >0
Apo(p,q,7r) > 0 A ps(p,g,r) > 0}

(18)

Usually solution regions for proeblems such as the one pre-
sented in (18) are hard to obtain analytically. However, in
our case the solution is fairly simple: Quy = {[0,0.5 —p)U
(0.5 -+ p, 11}. For p = 0.499 we have Q,, = {[0,0.001) U
(0.999,1]}.

In what follows, we address the same the problem using
QMC sampling. The indicator function is defined as follows

=V, ,Q)) = (1 + tanh (—”3(p"p2’Qf)))

)

(19
where p;,p» are the plant parameter variables, and
va(p1, p2, Q) is defined for a specific controller ; sampled
from the admissible control parameter space. The main cbjec-
tive is to upper-bound the error involved between the actual
evaluation of the indicator function f; over the whole region
of plant uncertainty space 12 and the empirical evaluation
based to samples taken over the same space, i.e.

1 1 N
1
ALW(Pl,PQ,Qj)dpldpz——NE ¥(p1:, p2is Q5)

i=1
‘ (20)

Let us first calculate the total variation of ¥,. The partial
derivatives involved in the calculation of the total variation

6j=

of ¥; are,
P 0= 0.5} —0.5)
dp16pa 52
« tanh (US(pI:p%Qj))
)
x [1 - ta.nh2 (Us(Plag’zan))] (21)
Q:I,___T:_ _ (pl - 0'5) _ 2 v3(p1111 QJ)
) = e [1 tanh (—5
9%; (p2—-09) [, 2 {(v3(1.p2,Q;)
p2 8 [1 tanh ( 8

The corresponding error e; in (20) is upper-bounded by
V(z)(ll‘j)DR,(Pl,...,PN) through the use the Koksima-
Hlawka inequality given in Theorem 2 and total variation
on a 2-dimensional space obtained by substituting (21) in
(10) and integrating.

A. Simulation

We generated using Matlab a Halton sequence of 1000
samples from the plant uncertainty space P = (P =
[P11:P21]5-- - Ploco = [P1,1000, P2,1000]). And from the
controller parameter space we generated a van der Corput
sequence of 700 samples. Applying a crisp indicator function
(sgn{v3(p1i, p2i, Q;)) as in [4), we obtain U3 = 100%
stabilization with respect to the sampled plants for the
controller Q7 == 0.00032 € Q-

Now, we utilize the indicator function provided in (3) with
& = 0.1. For the same controller @3 = 0.00032 we obtain
v = 99.95%. The various differentials (in absolute value)
in (21) are derived for the corresponding controller.

o fo |2 dpy = fy| 2 ap, = 001,
using the definite integration function on Matlab.
1 p1 32‘1"2(171,;02) dp\d — 2 <
. fg fo Bp1 002 P14p2 = =
62‘1"-(221,2.‘2) . -
MaXp, p, |~ghigm—| = 0-354, using numerical

approximation for the integral®.

Then the total variation is bounded by V) (¥3) < 2 x
0.0131 4 2 == 2.0262. The error involved in the integration
using quasi-Monte Carlo method for the optimal controller
Q7 = 0.00032 is bounded as follows,

€} < V(2)(T3)D}(P) < 2.0262 x 0.0557 = 0.1128 (22)
where D3, (P) was calculated using (7).

B. Discussion

Several notes are in order regarding the results obtained
in Section IV-A.

2We bounded the integral of the absoluie value of the second panial
derivative by the maximum value in order to stress the imporiance of the
bound introduced in (11) when the calculation of the integral is hard.
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o The value of the final error in (22) says that our indicator
function ¥ = 99.95% could have an approximation
error of £11.28%.

o It should be noted that whenever the value of & used
in the indicator function decreases, the value ‘IJ; tends
more to the value obtained when using crisp indicator
function, i.e. 100%.

o Also as 4 decreases the peak values in the graph for the
absolute value of the second partial derivative of ¥,
shown in Figure 4, increases tremendously due to the
large variation around the origin.
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Fig. 4. Plot of absolute value of partial derivatives in (21} and
indicator surface (W}) for J; = 0.00032 and ¢ = 0.1.

V. CONCLUSION

In this paper we utilized deterministic sampling to address
the robust control design problem in an approximate manner.
We considered the notion of total variation of a function on
a d-dimensional space and utilized it in bounding the error
generated through the use of quasi-Monte Carlo sampling.
It is. fairly easy to calculate the error involved when the
indicator function is differentiable. Hence, using a smooth
indicator function allowed us to derive bounds on the error
based on the value of the total vanation of the indicator
function.
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