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Abrtract 

In this paper, we provide algebraic tests to determine whether a 
linear singlc-Input-Si~e-output (sIso) system, is stabilisable 
with a constant output feedback. 

1 Introduction 
The problem of output stabilisability of lineu systems remains 
one of the mort challenging problems in syrtanr  theory. While 
it is true that many techniques udst to stabilise system using 
only output m e a " e n t s ,  the fundamental question of t 4  a- 
istence of such controllers is still open. In other words, given 
a linear, time-invariant aystem (LTI), the airtancc of a con- 
dant output feedback that will stsbilire the system can not in 
general be anrwered, short of uaing a root-locur or Nyquist a p  
prosch that will actually anawer the existence question by find- 
ing mcb a rtabili8hg controller. One might argue that with 
the advent of graphing software, the question is moot since one 
am answer the question graphically for aImost any LTI, SISO 
system. It is however important to obtain an algebraic answer 
to the stabilizability question for many naaona. First, a con- 
stant output feedback is the simplest member of the hierarchy 
of fixed-structure controllers, and an oswer to the conntant out- 
put fadback sbbilirability might provide an answer to the more 
general fixed-structure controllers, where a graphical approach is 
not available. Second, the algebraic conditions may provide the 
derignv with a negative anawer to the stabifinability question 
without actually lolving the problem. Finally, there conditions 
will provide an alternate vim to the mot-locus md Nyquist 
methods of analysis which may be extended to the robust s tk  
bilisability problem. We call the attention of the d e r  to the 
paper [I] for a related approach. 

This paper ii organid sr follows: The problem is stated in 
&ion 2, our main multo are given in iection 3, while our con- 
clusions are given in section 4. 

2 Problem Statement 
We consider the problem of stabilising the SISO continuous- 
time, linear, timainvariant system dercribcd by the t r ade r  
function 

connected in the rtandud feedback configuration, with the out- 
put feedback compensator U = -ky + +, so that the dosed-loop 
system ir dauibed by 
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when p(s, b) = 4 s )  + ka(d). Let us dccampors A s ,  k), a( s) and 
b(u) into their even and odd parts 

p(3, k )  = P&', k )  + sp.(s', k )  
4 3 )  = 8&')+sao(s') 

a(#) = b.(d)+sb.(~') (3) 
The approach we consider is to determine h t  the jw axis cram- 
ings wi of the roots of p ( ~ ,  k), solve for the corresponding gains 

and then determine whether a particular crooring is from the 
Left-Hd-Plane (LHP) to the Right-HaU-Plane (RHP) or vice 
vena. By keeping track of the number and the direction of 
crossings, we will be able to wawa the itabilisability quertion 
for a given c(d).  

3 Main Results 
Let us then consider the closed-loop characteristic equation 0 = 
As, k) ,  which becomes along the jw Utir 

0 = a(jw)+kb(jw) (4) 
= a.( -tu') + iw.( -tu') + kIC( -tu') + j w 4 (  -w')] 
= [a.(-w') + kb.(-d)] + jw[h(-w')  + kb.(-w')] 
= [aR( -w') + kbR( - 4 1  + j[ar( -3) t kbr( -U')] 

when ZR(~W) = a.(jv) m d  zl( jw) = WZ.(~W). Therefm, 
retting both d and imaginary parts to ero,  we can eliminate 
k and obtain 

Y(-w') = aR(-w')br(-w') - ar(-Wa)bR(-wa) = 0 (5) 

The positive d rootr of this equation tu;, i = I,... ,m rep 
resent the positive j w  axin crorungr. We can then find the 
corresponding gains sr in [a] 

L = -a(jwi)/b(jw& i = 1, - ,m 
= -ar(-w!)/b,(-4); i= l,...,m (6) 
= -aR(-wi)/bR(-w!); i = l,...,m 

and order them m k1 < 4 < < L. Let w M S ~ C  that a(r )  
has at least one root in RHP. Othd l l e ,  a s m d l  enough value of 
k which stabiliaa p(s, k )  always udrts. The dosed-loop sylkm 
will be stabilized if, at lome k, d n rook are in the LHP. We 
then have the following results. 

Lemma 1 Thc output st46ilbbiEity problem ir rolvabk if and 
only if at h t  one of the m polywmiah AS, k,) is stable, &re 
k, is any d u e  which r-ea k - 1 ~  k. < t; i= l , . - . , m .  

Proof: Obvious. m 

Lemma 2 Suppose thot p(s) h a  a si* root at s = jw; - e, 
for a amdl rcCrl c > 0. men the angk ofp(jw) is a strict& 
inmcraingfindion ojw at wi, i.e.,& ar&(p(jw)} I,,,-> 0. 

Proof: The proof can be obtained by witting po'w) = (jw + 
e - jwi)R(jw), R(jw; - e) # 0 and daiving its argument. 
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We will next present a lemma and its proof for the special case 
where only one branch of the root locus c r o s l ~  the j w  axis at a 
particular ki. The more general case where g roots cross the j w  
axis admits an indentid test and its proof may be found in [3]. 
Lemma 3 A complez txmjugate pair maaes the j w  a& 

1. h the LHP to the RHP at kjw; if and only if 
8 - &[y(-41 I-> 0 

$2. h the RHP to the LHP at Ajwi if 4nd only if 

Finally, the mots st4y in one Mf-plane if 

ProoT: We will only prove case 1 )  for the case where one branch 
of the root locus crosses the j w  axis at k = k. At k = ki - e, 
for a smd c > 0, we have a pair of complex conjugate roots in 
the LHP, but close to the j w  axis. Then, by Lemma 2, 

Lemma 4 A complcz conjugate pair m ~ a  the j w  a& from 
the LHP to the RHP 4t k j w i  if 4nd only if 

8 

Proof: Consider 

8 

k i ~ ~ ~ g { b ( l w ) / ~ ( j w ) )  I-< 0 

kiz [4tS(b( l . l ) /4 ( j41  I-< 0 

In the following, we drop the explicit dependence on w and wi, 
to obtain 

but using (6), 

( 7 )  

therefore, (7 )  is satisfied if an only 

(broR - bRar)' < 0 (8) 

which is condition 1 )  in Lemma 3. Therefore, the lemma is 
proven. 

4 Conclusions 
In this paper we have provided algebraic conditions for the sta- 
bilieability of SISO systems with constant gains. The conditions 
are simple, testable, and may be extended to the robust stabi- 
lieability problem as will be reported on in a future paper. 
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