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Dynamical Systems with Delays

Benefits and Detriments

I. INTRODUCTION

A feedback control system is composed of a process to be controlled, a set of sensors with access to information

signals from the plant, a controller which implements the control algorithms, and actuators that translate the outputs

of the controllers into inputs to the plant. Along the way, signals are processed, transformed and communicated, but

none of these activities occur instantaneously. The periods of time needed for sensing, information transmission,

and actuation are signatures of delay which accompanies the signal traveling around the control loop. Due to the

presence of delays, the feedback information received by the controller pertains to what the system has exhibited in

the past, and current information signals actually are not available to the controller. When a traditionally designed

controller processes the available but delayed (old) information, the system’s output may exhibit poor performance

or even become unstable.

Actuator

Controller

Plant Sensor

Delay Delay

Fig. 1. Delays in a control system may be appear due to sensing, actuation, decision-making, and material flows. The block diagram schematically

displays the various components of the feedback loop and delays.

In problems of engineering, biology, physics, operations research, and economics, physical constraints naturally

bring in delays while transmitting information, energizing an actuator, transporting supplies and making decisions.

For instance, modeling vehicular traffic flow requires us to consider a driver’s delayed reactions, [15], [41]. Such

physiological delays are a combination of sensing, perception, response, selection, and programming delays [8] and

their consideration is extremely critical in creating accurate driving models, studying traffic flow stability, congestion

and collisions, and designing adaptive cruise controllers [15], [120].

Material distribution and supply chains provide examples of interconnected supply-demand points [12] which

share products and information in order to minimize costs, regulate inventories, and to optimally respond to customer
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demand. There are primarily three different sources of delays in supply chains, Figure 2. Managers causing decision-

making delays, transportation lines inviting delivery delays, and manufacturing facilities that work with lead times

[96]. As covered in [114], delays are pervasive in such systems and they influence every stage of the supply-demand

chain.

In process control, delays model the mass transport phenomenon found in stirred tank reactors and flow-

temperature-composition control [18], [92]. In manufacturing, the open-loop dynamics of metal cutting is inherently

delayed. In milling [3], the flexibility of the cutting tool prevents a tooth from precisely machining the desired chip

thickness, and the following tooth encounters the uncut portion of this chip in the form of an additional force. The

delay in milling operation is the tooth-passing period, which is related to the spindle speed. When the spindle speed

is not chosen correctly, the well-known regenerative chatter occurs at the interface of the metal work-piece and

the cutting tool, causing increased tool wear, undesirable surface quality and reduced productivity. In biology and
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Fig. 2. There exists numerous studies modeling inventory regulation problems in supply chains, in which delays exist due to production (lead

time), transportation and decision making of managers. Inspired from [96].

population dynamics, delays naturally arise. Delays help in describing reaction chains [70], and a transport process

such as the breathing process in the physiological circuit controlling the carbon-dioxide level in the blood [122].

Delays also explain the process of storing nutrients or cell cycles in order to control the supply of nutrients to a

growing population of microorganisms in a chemostat [7], latency and short intercellular phases in epidemics such

as cell-to-cell spread models in the bloodstream [25], and the dynamics of chronic myelogenous leukemia [60], to

cite only a few. This list of dynamical systems with delays is far from complete, and additional examples are more

thoroughly discussed throughout the paper.
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In some cases, the presence of delays may be beneficial, while in others it may be detrimental no matter how

small the delay is [61], [74]. This duality may explain the more than five-decade of research in the stability and

control of delay systems, [13], [26], [44], [46], [57], [75], [110], [108]. The stabilizing nature of delays is a strong

motivation for designing robustly stable control systems, and duality can be seen in many real life examples. For

instance, appropriately adjusting the spindle speed is a way of tuning the delay in order to avoid chatter in metal

machining while purposely waiting and adding delays to decision-making allows supply chain managers to observe

consumers trends in order to make better decisions [114]. The presence of multiple delays may invite stability [10],

[68], [82] and when properly timed, waiting before executing a decision is a stabilizing control strategy [112].

Prolonging delays in the feedback loop may in some cased help to recover stability [88].

Despite the long-term investigations in the field of delays systems since 1960s, delays were either considered

too small to worry about or too complex to handle for many control applications. The interest in understanding

the effects of delays and designing stabilizing controllers accounting for delays has recently become increasingly

stronger as the demands and complexity of control systems has increased. For instance, the detrimental effects of

delays become more pronounced in coupled interconnected systems [77], where multiple sensors, actuators and

controllers bring about multiple, deterministic or stochastic delays. In some cases, the interconnection is supported

by the availability of shared communication networks (see Figure 3), such as the Internet and wireless IEEE 802.11

networks, which may additionally introduce package drops [REF], intermittency [86] and clock synchronization

problems [REF Pasachilidis]. Some applications with such complex nature are found in biology [58], tele-operation

[4], tele-surgery [107], coordination of unmanned vehicles [78], [90], [52], [86], decentralized and collaborative

control of multi-agents [9], [95], synchronization and haptics [21], adaptive combustion control [84], inventory

regulation of multiple products and effects of large delays due to outsourcing in supply chains [114], large scale

vehicular traffic flow [120] and sensor networks [?].

Since delays play a critical role in determining the stability, bandwidth, synchronization, robustness and per-

formance of dynamical systems, we believe that delays must be explicitly accounted for in order to develop

analytical tools, effective control laws and tractable numerical implementations. Even when delays are absent,

the feedback control design for multi-input multi-output (MIMO) systems may be challenging due to the presence

of uncertainties, disturbances, and noise. When delays are included in such models, the closed-loop system becomes

infinite-dimensional. Consequently, a finite-dimensional controller designed for the finite-dimensional (original) plant

may no longer be functional, since one may not be able to stabilize the infinitely many dynamic modes of the

delayed system. These complexities also prevent one to propose computationally tractable analysis even for linear

time-invariant (LTI) control systems. In fact, in the presence of multiple delays (e.g. representing delays from

multiple sensors), it was proven that the complete stability analysis of LTI systems in the parameter space of

multiple delays is an NP-hard problem [119] and a generalized time-efficient numerical procedure to achieve the

stability computations does not exist.

The study of asymptotic stability of of time-delayed systems has focused since the 1970s on linear time-invariant

systems with constant delays. The main objective in such works was to reveal the necessary and sufficient conditions

Dec 1, 2008 DRAFT



4

Fig. 3. Controlling across a shared communications network is a challenging task due to the delays introduced by the communication medium.

Delays may manifest themselves in the control signals, in the measured signals, and in external inputs traveling from their source to their

destination through the links of the communication network.

of asymptotic stability of a delay system in the delay parameter space. Of particular interest was to identify the

maximum amount of delay, the so-called delay margin, that a control system may withstand without loosing

its stability. These efforts revealed that in some cases, the delay margin is finite making the control system’s

stability delay dependent, while in others, the delay margin is infinite indicating that the system’s stability is delay

independent. Expanding on this, one reveals a 2D map, the so-called stability map, on which the delay margin is

displayed with respect to a controller gain, Figure 4. The methodologies developed to extract stability maps similar

to Figure 4 fall within the scope of this paper.

Stability maps may also be extracted in the plane for two delays, where each delay represents the delay of a

different activity. As oppose to the 1D stability analysis along a single delay axis, the stability information in a 2D

delay plane is much richer. For instance, for a fixed ratio between two delays τ2/τ1, one may find stability that

is independent of the delays satisfying this ratio, but a small perturbation of the ratio may yield a finite number

of stability/instability reversals. Thesensitivity and existence of such special ratios would be of practical interest

when designing a controller. Furthermore, in some cases, increasing one of the delays may favor instability while

increasing the other may favor stability. The delay-coupling and interference phenomenon among delay parameters

are therefore critical. The underlying stability analysis techniques will be discussed, and the utility of stability maps

will be presented from both theoretical and experimental point-of-view.

The primary objectives of the paper are as follows. First, various problems and opportunities arising due to the

presence of delays in control systems are presented along with mathematical models, control design and stability
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Fig. 4. The stability maps of linear time-invariant control system with respect to a single controller gain and the delay parameter reveal rich

information regarding the effects of delay on stability and how one can tune the controller to avoid instability. In the figure a stability map is

partitioned into three regions; (a) stable independent of delay, (b) delay dependent stability, (c) instability.

analysis approaches. Next, the benefits, detriments, and limitations of delayed feedback strategies are discussed in

a control theoretic framework, highlighting the duality of delay effects and corresponding stability repercussions.

Furthermore, frequency domain techniques for mapping the stability features of delay systems in the form of

‘stability maps’ are presented, the benefits of these maps and their utilization are discussed, and finally the theory and

mechanisms of delay interference phenomenon are covered. In the scope of the paper, linear time-invariant systems,

chaos, synchronization and non-linear non-linear systems are covered with constant, time-varying or distributed

delays. With the existence of a tractable analytical techniques for non-delayed (delay-free) linear systems, some

important stability and control phenomena will be discussed for delayed LTI systems. While the modeling and

estimation of delays are not explicit goals of the current paper, such issues are implicitly discussed throughout the

paper.

The remainder of the paper is organized as follows: Section II presents models of dynamical systems with delays

selected from biology, networks, supply chains and vehicular traffic flow. Section III provides a basic overview of

duality mechanisms encountered in closed-loop systems with delays. Some limitations of the delayed feedback are

discussed in Section IV. Section V is devoted to presenting the cases when a delayed feedback may be beneficial.

Stabilizing controller designs are presented with illustrative examples in Section VI-A. Stability methodologies,

complexities, computational challenges in the presence of multiple delays are given in Section VII. In Section

VIII, a delay interference phenomenon and stability mechanisms in multiple delay parameter space are discussed

and existing challenges are highlighted. Finally, our conclusions are provided in section IX. Various examples are

scattered throughout the paper to guide the reader. In most cases, proofs of existing results are briefly outlined, but

always referenced.
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II. DELAYS AND DYNAMICS

Delays are present in various biological systems, and in naturally-built or engineered regulatory processes. The

dynamics of the corresponding systems are described using distributed-parameters over time intervals, areas, or

volumes. Focusing on the time-domain component of such dynamics (while neglecting their spatial distribution),

standard conservation laws (mass, energy, information) determine relations between the rate of changes of some

flow variables x at time t, and the balance between the corresponding inflow (production, reproduction) Uf (.) and

outflow rates (consumption, death, elimination) Yf (.). This may be described by,

ẋ(t) = Uf (xt)− Yf (xt), (1)

where xt denotes the translation operator xt(θ) = x(t + θ) over some non-empty but not necessarily bounded

(infinite memory) time-interval θ ∈ I ⊂ R−. In the case of a selective memory system, Yf and Uf may depend on

x evaluated at some discrete, past time instances, possibly including the present time, that is, x(t−τ0), x(t−τ1), . . .

x(t− τm), for τk ∈ R+, for all k = 0, . . . ,m. For the generic model in (1), the notion of state must be re-defined,

and the piece of trajectory notion, xt, as suggested by Krasovskii [57] in the1950s is more appropriate than the

traditional x(t). Throughout the paper, the functional differential equations framework (FDE) as given in [57], [13],

[46] is used to represent the dynamics of the systems in (1).

The discussions pertaining to linear time-invariant systems will be studied using the following functional differ-

ential equation,

dx(t)
dt

=
N1∑
k=0

Akx(t− τk) +
N2∑
`=1

B`
dx(t− h`)

dt
+

N3∑
m=1

∫ −t̄m
−tm

Mm(θm)x(t+ θm)dθm, (2)

where x(t) is the n-dimensional state vector, matrices Ak and B` are n × n matrices with constant entries, the

kernel Mm(θm) is a sufficiently smooth function described in the interval [−tm, t̄m]. The delay τ0 = 0 shows the

contribution of the current states, while discrete delays τk > 0 and h` > 0 account for the effects of the past states.

Distributed delays expressed by the integral terms represent the effects of a continuous collection of data points

from the past. A discrete delay τ1 represents a shift operator which delays an inflow signal by τ1 and outputs

the lagged signal without further changes, Figure 5. This type of delay represents a first-in-first-out type of signal

modeling as found in sensing, information transmission and mass transport. Distributed delays on the other hand,

model the effect of mixing where first-in is not necessarily first-out. Distributed delays may be modeled through

the summation of past signals and their weighing through the kernels.Mm. For instance, a pressure distribution

with delayed effects can be integrated over a surface as a total force [113] appearing on the right hand side of (1).

In operations research, distributed delays may be used to model material deliveries which do not arrive to their

destinations all at once, but rather in a distributed fashion in time. An example is seen in mass mailing, which

can be modeled as a pulse and delivery of mail to various destinations thus they will exhibiting a delivery-time

distribution such as shown in Figure 6 as described in [114]. Furthermore a distribution function can exhibit a

dead-time h, which is a discrete delay after which deliveries start to arrive at their destinations.
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Fig. 6. In some applications, delays may not be in the form of first-in-first-out and a degree of mixing has to be considered. Erlang and gamma

functions can capture the mixing effects of delays. In the control field, these delays are distributed delays. The figure displays the effects of a

distributed delay on the output flow for an incoming flow.

When the effects of delay are ignored, the stability analysis and control design of the delay-free system may be

addresses using a host of approaches. Delays may then be seen as additional dimensions (degrees of freedom) that

should be consider when synthesizing controllers and analyzing closed-stability and performance. In many of the

applications considered in this paper, the states are delayed and this is considered by the first term on the right

hand-side of equation (2). The second term of equation (2) takes into account the effects of delayed derivatives of

the state. The delayed derivative often arises by man-made control design in which the highest order derivative of the

state is utilized for control law implementation. For instance, this may arise in vibration control where a feedback

control law is based on the acceleration readings of a sensor. From a practical point-of-view and depending on the

specific control application, acceleration feedback may be inevitable, but the presence of delays in the acceleration

readings imposes additional restrictions in choosing stabilizing feedback gains. Mathematically, the existence of

delayed state derivatives in (2) is also an appealing yet challenging problem from the stability robustness and

control point-of-view, as will be discussed later.

The linearized dynamics of numerous mathematical models arising in engineering, biology, physics and operations
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research, may be modeled using (2). Some models of delayed systems may be found in for instance, [42], [29],

[39], [70], [75], [80], [113] and the references therein. In the remainder of this section, several examples from

biology, networks, supply chains and vehicular traffic flow dynamics are presented along with their mathematical

models, approaches for stability analysis and complications pertaining to these analysis.

A. Examples From Biology

Cyclic biochemical feedback in cell regulatory networks. In [37], Goodwin introduced a low-order model of a

dynamical system that soon became the quintessential example of biochemical oscillator. The model is at the origin

of many feedback-based approaches for describing cell regulatory mechanisms (see, e.g. [38] and the references

therein).

Put Figure and define RNA

Consider the second-order system: ẋ1(t) = −λ1x1(t) + c1x2(t− τ1)

ẋ2(t) = −λ2x2(t) + g(x1(t− τ2)),
(3)

where x1 and x2 denote the concentrations of the mRNA (messenger RNA) and of the protein (end product), and

the rate dx/dt is defined by the balance between mRNA synthesis and the end product consumption. The variables

c1 ∈ R+ and λi ∈ R+ (i = 1, 2) describe the translation and degradation effects, respectively. The feedback

function g models the propagation effects among the components of the system such that one component predicts

a change (increase/decrease, inhibition/activation) in its own production rate specified by an appropriate monotone

function. Note that the delay τ1 (τ2) defines the time-lag between the initiation of the translation (transcription) and

the appearance of the mature protein (mRNA) 1.

Similar models are encountered in mitogen-activated protein kinase cascades [105] (reversible enzyme activation

based mechanisms) or in circadian rhythm generator [101] (feedback mechanism of protein products on the

transcription rate of their genes). Finally, a variation of model ( 3) with a single delay concentrating the translation

and the transcription time-lags was discussed by [14] in the case of Hes1-mRNA self-repression. To the best of

our knowledge, reference [67] was the first study to extend the classical model of Goodwin by incorporating a

time-delay representing the dependency of one chemical component on another.

In order to study the local behavior of system (3), we linearize the dynamical equations around an equilibrium

point x = (x1 x2)T . The characteristic equation of the linearized version is given by:

(s+ λ1)(s+ λ2) + ke−sτ = 0, (4)

where k = −c1g′(x1), and τ = τ1 + τ2 represents the total delay (translation+transcription). Equation (4) may

be interpreted as the closed-loop characteristic equation of a second-order LTI system subject to a delayed output

1See [33], [98] for he use of delays in describing chemical or biochemical kinetics [35].
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feedback.

Put Figure-Block Diagram

Using a simple geometric argument (see also Sections III, VI-A), we will prove that the overall delay τ does

not affect the asymptotic stability of (4) if | k |≤ λ1λ2. The limitations of delayed feedback controllers will be

presented in Section IV.

There is much recent interest in Goodwin-like oscillators and their dynamics in the context of monotone

systems [5] (see also [32]). In fact, the characteristic equation of the linearized version of the biochemical system

in [32] is described by:

(s+ λ1) . . . (s+ λm) + ke−sτ = 0, (5)

for some m ∈ N, m ≥ 2. Note that if, instead of the selective memory model in (3), delays were described using

a γ-distribution law (as suggested and discussed by [70]), the resulting model is similar to the original delay-free

Goodwin oscillatory system [37], but with an increased number of dimensions. Finally, note that combining positive

and negative feedbacks, with time-delays may generate oscillations and complex behaviors in simple dynamical

systems [111] as will be illustrated in Section ??.

Population dynamics, epidemics and dynamical diseases. Understanding the underlying mechanisms of biological

processes and epidemics represents a serious challenge for health workers engaged in designing clinically-relevant

treatment strategies. Considering epidemics and diseases as dynamical processes allows for using the powerful

analysis tools of mathematical modeling, mathematical systems, and control theory as described next.

Consider first an example from hematology. As suggested by Foley and Mackey [36], circulating cell populations

in one compartment may be schematically described by the following differential equation:

ẋ(t) = −λx(t) +G(x(t− τ)), (6)

where x represents the circulating cell population, λ the loss cell rate, and the monotone (typically decreasing)

function G denotes the flux of cells from the previous compartment, and describes a feedback mechanism.

Put Figure-Block Diagram

The delay τ represents the average-time required to go through the compartment. Model (6) is standard in

population dynamics, where the delay generally represents a maturing period (see also [58] for further insights on

such models).

It is worth mentioning that the mechanism regulating the production of blood cells is not completely understood,

and there exists a large class of mathematical models representing such a feedback mechanism. Consider next the

regulation process of hematopoiesis (production of blood cells). Let z(t, a) be the cell density at time t and age a,

and assume that the cells die at a rate λ(t, a). If we consider that a cell enters (leaves) a compartment at age a = 0
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(a = T ), and that the aging-velocity in the compartment is v(t), then the reaction-convection dynamical evolution

of z(t, a) is given by:
∂z

∂t
+ v(t)

∂z

∂a
= −λ(t, a)z, t > 0, a ∈ [0, T ]. (7)

New cells enter the compartment as defined by the boundary condition z(t, 0) = Fb(t), and for completeness, the

initial condition x(0, a) must be specified. Under appropriate assumptions (for example, constant aging velocity

v(t) = V , and constant rate λ), the method of characteristic eliminates the need of the age-structured population

leading to a delay differential system for the total mature population as described by:

ẋ(t) = −λx(t) + V
[
Fb(t)− Fb(t− τ)e−λτ

]
(8)

where τ = T/V , and

x(t) =
∫ T

0

z(t, a)da

denotes the total number of cells. In the case of an age-structured model for erythropoiesis (production of erythro-

cytes) based on precursor cells (as suggested by [71]) controlled by the hormone EPO E(t), we are able reduce

the PDEs to FDEs if the aging-velocity for the precursor cells is constant (for instance, V = 1). Given that the

precursor cells grow exponentially for a given period, then stop dividing, the corresponding set of PDEs may be

written as: 
∂z1

∂t
+
∂z1

∂a1
= β(a1, E)z1

∂z2

∂t
+
∂z2

∂a2
= −λz2,

(9)

under appropriate boundary and initial conditions. Here β represents the birth rate for proliferating precursor cells.

The concentration of EPO is governed by a standard production/degradation differential equation:

dE

dt
= f

(∫ T2(t)

0

z2(t, a1)da1

)
− λEE(t),

where f represents the rate of production (feedback action), the integral argument describes the total population

of erythrocytes on the corresponding time-horizon [0, T2], and finally, λE models the degradation effect. After

linearization around the equilibrium, the corresponding characteristic equation has the form:

(s+ λ)
[
(s+ λ)(s+ λE) + ke−sτ

]
= 0. (10)

for some appropriate k that depends on the equilibrium point and on f ′. It is important to note that equation (10)

may be analyzed in a similar fashion as equation (4) since λ and λE are both positive.

Among the diseases encountered in hematology, we cite anemia and leukemia. In the case of chronic myelogenous

leukemia (CML)2), there exist many dynamical delay models as pointed out by [28] (and the references therein),

with most of them including more than one delay. For instance, reference [28] introduces and discusses a model

that includes 4 delays of various sizes. It is of biological interest to see how large delays (1 to 8 days) interact with

2Leukemia represents a cancer of the blood cells characterized by an abnormal proliferation of leucocytes
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small ones (1 to 5 minutes) (see, for instance, [83] for such an analysis on some model of reduced-order). Finally,

time-delays frequently appear in epidemic models due to incubation times, as first mentioned a century ago (see,

for instance, [70], [58]).

B. Examples From Networks

Load balancing algorithms for parallel computation. We concentrate now on a different set of problems,

namely those arising in parallel computation, and computer networking problems. A standard feature of distributed

computing architectures is to utilize a networked set of computation elements to achieve performance levels that

are not attainable by a single element. One common distributed architecture is a cluster of otherwise independent

computers communicating through a shared network (see, e.g. [22] and the references therein). In this context, the

distribution of the computational load across available resources is referred to as load balancing .

Consider a computing network consisting of n computers (nodes) all of which can communicate with each other.

At start up, the computers are assigned an equal number of tasks. The change of load at each computer will lead

to load imbalance, as some nodes may operate faster than others. In addition, when a node executes a particular

task, it may in turn generate more tasks, so that the loads on various nodes become unequal. To balance the loads,

each computer in the network sends its queue size qj(t) to all other computers in the network. A node i receives

this information from node j delayed by a finite amount of time τij ; that is, it receives qj(t − τij). Each node

i then uses this information to compute its local estimate of the average number of tasks in the queues of the

n computers in the network. The simple estimator
(∑n

j=1 qj(t− τij)
)
/n, (τii = 0) which is based on the most

recent observations is used. Node i then compares its queue size qi(t) with its estimate of the network average as(
qi(t)−

(∑n
j=1 qj(t− τij)

)
/n
)

and, if this is greater than zero or some positive threshold, the node sends some

of its tasks to the other nodes. If it is less than zero, no tasks are sent. Further, the tasks sent by node i are received

by node j with a delay hij . The task transfer delay hij depends on the number of tasks to be transferred and is

much greater than the communication delay τij . The controller (load balancing algorithm) decides how often and

fast to do load balancing (transfer tasks among the nodes) and how many tasks are to be sent to each node.

As just explained, each node controller (load balancing algorithm) has only delayed values of the queue lengths

of the other nodes, and each transfer of data from one node to another is received only after a finite time delay.

An important issue considered here is the effect of these delays on system performance. Specifically, the model

developed here represents our effort to capture the effect of the delays in load balancing techniques as well as the

processor constraints so that system theoretic methods could be used to analyze them.
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The mathematical model of a given computing node is given by

dxi(t)
dt

= λi − µi + ui(t)−
∑
j 6=i

pijuj(t− hij)

yi(t) = xi(t)−
∑n
j=1 xj(t− τij)

n
(11)

ui(t) = −Kiyi

where

xi(t) = Expected waiting time experienced by a task inserted into the queue of the ith node.

qi = Number of tasks in the ith node.

tpi
= Average time needed to process a task on the ith node (xi(t) = qitpi

).

λi = Rate of generation of new tasks on the ith node (rate of increase in xi).

µi = Rate of service of tasks at the ith node (µi ≡
1× tpi

tpi

= 1 for all i).

ui(t) = Rate of removal (transfer) of the tasks from node i at time t by load balancing at node i.

pij = Fraction of uj(t) that node j allocates to node i at time t;
n∑
i=1

pij = 1, (pjj = 0)

pijuj(t− hij) = Rate of removal (transfer) of tasks at time t from node j by (to) node i.

hij = Time delay for task transfer from node j to node i. (hii = 0)

τij = Time delay for communicating the node waiting time xj to node i (τii = 0).

n = Number of nodes

All rates are in units of the rate of change of expected waiting time (time/time, which is dimensionless). In what

follows, ui(t) < 0 means tasks are being sent to other nodes while ui(t) > 0 means the ith node is receiving

tasks from other nodes. A delay is experienced by transmitted tasks before they are received at the other node.

Model (11) depicts the behavior of a parallel computing environment when ui(t) < 0, but not when ui(t) > 0. In

particular, with ui(t) > 0 the increase in tasks for the ith node is seen immediately, but the decreases in the other

nodes where these tasks originated are delayed due to communication times. For the purposes of this analysis, this

modeling inaccuracy is considered acceptable since the actual behavior is nonlinear.

The control law ui(t) = −Kiyi simply states that if the ith node output xi(t) is above the local average(∑n
j=1 xj(t− τij)

)
/n then send data to the other nodes, while if it is less than the local average, accept data from

the other nodes. Often, the pij are functions of the state xi so as to send a higher fraction of the data to those nodes

that have less tasks. However, this is left out in this model to retain linearity of the system so that a stability analysis

can be carried out. To study the stability of the model, three nodes (n = 3) are considered with K1 = K2 = K3 = K,

pij = 1/2, for all i, j, τij = h for i 6= j, τii = 0, hij = 2h for i 6= j, hii = 0. The transfer function from the inputs
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d1 = λ1 − µ1, d2 = λ2 − µ2, d3 = λ3 − µ3 to the output y1(s) , x1(s)−
(
x1(s) + e−hsx2(s) + e−hsx3(s)

)
/3 is

(z = e−hs)

y1(s) = −1
3

z(s+ K
3 z(−2 + z + z2))

(s+ K
6 (4 + 2z + 2z2 + z3)(s+ 2K

3 (z − 1)2(z + 1))
(d2 + d3)

+
2
3

s+ K
6 (4− 2z − 4z2 + z3 + z4)

(s+ K
6 (4 + 2z + 2z2 + z3)(s+ 2K

3 (z − 1)2(z + 1))
d1

= −1
3
zb1(s, z)
a(s, z)

(d2 + d3) +
2
3
b2(s, z)
a(s, z)

d1

where b1(s, z) = s+ K
3 z(−2 + z+ z2), b2(s, z) = s+ K

6 (4− 2z− 4z2 + z3 + z4). The denominator can be written

as a(s, z) = a1(s, z)a2(s, z) where a1(s, z) = (s + K
6 (4 + 2z + 2z2 + z3), a2(s, z) = (s + 2K

3 (z − 1)2(z + 1)).

Not that a general description of the closed-loop polynomial of such systems is given by:

(s+ λ1)(s+ λ2) +
N∑
i=1

aie
−ihs

Delays in converging flow problems When multiple systems communicate through a high-speed network without

any explicit resource reservation, the destination node may become overloaded. This problem is known as the

converging flows problem [97] and may be solved by using an appropriate feedback control mechanism that increases

or decreases the sending rate by the sources. One of the simplest cases of the converging flow problem is represented

by a network containing one destination node and two source nodes, modeled as queueing systems as shown in

Figure xx

Queuing System Figure

As described in [91], these are FIFO (”first-in first-out”) G/D/1/bi queues with buffer size bi, arrival rates xi,

queue lengths ni, and service rates di(t), for i = 1, 2. Let τ the propagation delay through the connection, and

assume that it has the same value in both directions τ/2 (symmetric connections). Thus,

yi(t) = ei(t− τ/2), di(t) = ui(t− τ/2), i = 1, 2,

where yi represents the (output) load information stored at the destination, ei the percentage of the buffer being used,

ui the service rate (amount of bandwidth allocated to each source), for i = 1, 2. Consider now the control algorithm

suggested by [91] (a modified version of [97]) proposed under the assumption that the sources are connected to

some high-speed network without any bandwidth limitation. This algorithms consists in the following three steps:

(1) computation of the explicit amount of bandwidth available β(t) at the destination for a given time value t; (2)

estimation of the fraction σi(t) of available bandwidth to be allocated to the ith source such that σ1(t)+σ2(t) = 1;

(3) finally, define the service rate ui(t) as ui(t) = β(t)σi(t), for i = 1, 2. If σi is chosen as

σi(t) =
e−k(1−yi(t))

e−k(1−y1(t)) + e−k(1−y2(t))
, i = 1, 2,
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for some k > 0, then for some asymptotic buffer occupancy rate r, the explicit bound available β(t) can be defined

as:

β(t) = h(r − e0(t)) + d0(t),

where d0 is the departure rate from the destination, and e0 being the percentage of the buffer being used at the

destination. Now, under the assumption that the source buffer sizes are equal for both sources b1(t) = b2(t), then

we arrive to [91]:  b0ė0(t) + he0(t− τ) = hr

bė(t) + (h(r − e0(t− τ)) + d0)tanh(ke(t− τ)/2) = p,
(12)

where d0 and p are assumed to be constant (for fluid approximation models in converging flows problem, see, for

instance, [?]).

Consider now the case of modeling a single random early detection (RED) controller queue interacting with several

TCP sources in the idealized case (infinite buffers, sources respecting the rules of additive increasing, multiplicative

decreasing) [?]. Roughly speaking, such an algorithm takes into account the probability of some packets being lost

during the transmission process to actively manage the queue. To complete the discussion, we need a model of the

queue dynamics as presented in [?]. Once the model is completed, the corresponding characteristic equation of its

linearized version is given by:

(s+ α1)(s+ α2) + α0e
−sτ = 0,

where τ denotes the round trip time, and constants αi (i = 0, 1, 2) are obtained by linearizing the nonlinear system

of FDEs with respect to the variables λ(t), s(t) and q(t), which represent the expectations of the TCP throughput

λ(t), the instantaneous queue length q(t) and the corresponding exponentially averaged queue length s(t). Note

that once again, we end up with a second-order system with positive coefficients, and one delay value.

C. Examples from Operations Research

Various mathematical models for continuous-time deterministic supply chains (SC) are presented in[115], [96].

The main components of the supply chain that play important roles in the development of these models are

inventories, the communication medium, decision-making (human-in-the-loop dynamics), production/supplies, and

the transportation medium. Among these components, transportation, decision-making and production/manufacturing

(lead time) may introduce delays as shown in Figure 2. The control objective is to maintain a constant inventory

(safety stock) while responding to dynamically changing customer demand and receiving additional supplies which

may not be instantaneously reflected in the inventories due to delays. Delays may eventually cause excessive or

lack of inventories, if the manager is not able to carefully place orders to the manufacturer.

Among various models in the literature [49], [?], we focus on a simplified version of Sterman’s stock acquisition

model [115]. This model carries all the key components of the SC and proposes a heuristic ordering policy that the

supply chain manager may exploit in order to stabilize the inventory levels. The ordering policy is an end-result of

numerous experiments conducted by Sterman with students collaboratively playing the beer-distribution simulation
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Acquisition rate 

Loss rate 
Supply line Inventory 

Order rate Desired inventory 
Desired supply line 
Desired loss rate 

Decision-making 

Fig. 7. Stock (inventory) acquisition model proposed by [115].

game. The ordering policy is also appealing as it can be implemented in the Laplace domain and the inventory

regulation problem can be analyzed and optimized by exploiting theoretical advancements in the field of delay

systems. Sterman utilizes two sequential bowls representing the supply line SL and the inventory (or stock), S,

respectively. The rate at which supplies being delivered from SL to S is the acquisition rate, A, and the rate at

which supplies leaving S is called the loss rate or customer demand rate, L. With this, the products accumulating

in SL and S are expressed as,

S(t) =
∫ t

t0

(A(κ)− L(κ))dκ+ S(t0), (13)

SL(t) =
∫ t

t0

(O(κ)−A(κ))dκ+ SL(t0). (14)

where O(κ) is the order rate, that is the rate at which the manager places orders to maintain a sufficient number

of products in the supply line SL. Maintaining a sufficient number of products may easily be accomplished in

absence of delays since whatever the managers desire to compensate for, may be instantaneously made available

in the SL. With delays however, the objective is no longer a trivial task. The heuristic ordering rate is designed to

compensate for the discrepancies between the desired supply line SL∗ and SL, and between the desired inventory

S∗ and S. Furthermore, one needs to take into account the expected loss rate L̂ (expected customer demand rate).

These comparisons and customer demand tracking are performed to re-formulate the order rate O(t) in a way to

correct the actual SL and S towards maintaining steady SL∗ and S∗ while responding to customers. The order

rate strategy is formulated as,

O(t) = max(0, IO(t)), (15)

IO(t) = L̂+AS(t) +ASL(t), (16)

AS(t) = αS(S∗(t)− S(t)), (17)

ASL(t) = αSL(SL∗(t)− SL(t)), (18)

where IO(t) is the indicated order rate, and the maximum operation assures that O(t) is nonnegative. The positive

constant αS is the stock adjustment parameter, the positive constant αSL is the fractional adjustment rate for the

supply line, while AS is the actual stock value and ASL is the actual supply line. Furthermore, the desired supply
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line SL∗(t) in (18) requires an adaptation, which depends on the desired throughput Φ∗ and an expected delay τ̂

as given by SL∗(t) = Φ∗τ̂ . The model indicates that if a retailer wants to receive 100 items of a product per day

and the delivery takes 5 days, then 500 items should always be on order so that the retailer does not experience

any interruption of deliveries at the desired rate, [115].

At this point, we may cite the work in [96], where the authors suggest a simple tracking (forecasting) of the

demand rate as

L̂ =
1
T

∫ t

t−T
L(κ)dκ, (19)

where T is a user-defined period of time. The above equation suggests that the expected loss rate is the average of

loss rates over the period T . In [96], the authors use the same equations (15)-(18) that Sterman used except that

they assume that a supply line does not exist, i.e. SL = 0 and that there exists only one inventory S where products

accumulate. Furthermore, in the cited work the delay h is considered to model production lead times by replacing

A(t) in (13) with A(t− h). Finally, the following balance equation describes the dynamics of the inventory levels,

dS(t)
dt

= A(t)− L(t). (20)

Assuming linearity and considering equations (13), (15)-(18) and (20), we obtain the following delay-differential

equation,

dO(t)
dt

= −αSLO(t)− (αS − αSL)O(t− h) +
1
T

(αSLτ̂ + 1 + αST )L(t)− 1
T

(αSLτ̂ + 1)L(t− T ). (21)

Expanding on this model, one can incorporate additional delays by including the transportation time (with delay h3)

and decision-making delays (with h1), ??. Letting the lead time be h2, the homogeneous part of the characteristic

equation of 21 is given by

f(s, h1, h2, h3) = s+ αSL(e−h1s − e−(h1+h2)s) + αSe
−(h1+h2+h3)s = 0, (22)

as displayed graphically in Figure 8.
 

 

αSL

αS 

Fig. 8. Block diagram of the homogeneous part of (21) considering three different delays; h1 decision-making, h2 lead time, h3 transportation

time.
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TABLE I

REACTION DELAYS OF HUMAN DRIVERS IN RESPONSE TO VARIOUS STIMULI

Measure of time delay [sec] Reference

0.496 [?]

0.73 [?]

0.7 [?]

1.16 [?]

1.13 [?]

0.75 - 1.0 [?], [?]

1.2 - 1.35 [?]

1.1 [?], [120]

0.70 - 0.75 [?]

D. Examples from Microscopic Vehicular Traffic Flow

According to recent research published by the National Highway Traffic Safety Administration (NHTSA) [?],

motor vehicle crashes were the leading cause for death in the US in 2002 for the ages between 3 and 33. This

study certainly justifies why traffic behavior has been a research focus since the 1930s [?], with increasing interest

in recent years, primarily due to the additional undesirable impacts on the environment and energy conservation

concerns [?]. As a consequence, numerous mathematical models have been developed [?], [?], [?], [?], [?], [120]

via macroscopic and microscopic approaches. Based on the degree of detail and the physics aimed to be captured,

these approaches can incorporate various parameters of the traffic flow including single/multiple lanes, on/off ramps,

lane changes, traffic lights and their synchronization, and roundabouts [?].

The presence of human drivers in vehicular traffic flow makes flow dynamics models inherently delayed, since a

driver requires a finite period of time to become conscious about external events, make proper decisions and execute

them (accelerate/decelerate). This time period is the reaction delay that varies under different physical conditions

and stimuli, and with the drivers’ cognitive and physiological states. Some reaction delays of drivers measured with

simulators and in real traffic are provided in Table I.

Although complete (but complicated) mathematical models to describe vehicular traffic flow exist, simpler yet

reliable models allow us to capture analytically tractable results without loosing physical insights. From this

perspective, it is quite convenient to model highway traffic flows by assuming that vehicles follow each other

in a single lane without changing lanes, Figure 9. These models are at at a microscopic level and enable us

to explicitly incorporate the human reaction delays. Despite the simplicity and reliability of such models, there

remains numerous questions which may impact the modeling. Such questions include a thorough understanding

of how drivers make decisions, what governs drivers’ decisions and how delays are precisely represented in the

governing dynamics. In the following, we present three conceptual follow-the-leader type models that have been

proposed in the literature.
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Vehicle k Vehicle k + 1 

xk 

xk+1 

lk δk 

… … 

Δk Flow direction 

Dk(s) 

Hk(s) Kk(s,τ) 
Xk(s) 

Xk+1(s) 
+ 

− 

− 

Fig. 9. Platoon of vehicles, inspired from [?].

Chandler’s model, 1958. To the best of our knowledge, the first model to incorporate time delay was proposed in

[?], building upon Reuschel’s [?], [?] delay-free model which was published in 1950. The time-delayed model is

given by:

ẍk(t) = κ (ẋk+1(t− τ)− ẋk(t− τ)) , k = 1, . . . n. (23)

In the above equation, the time delay τ represents the time a driver senses and acts (in the way of accelerating

or decelerating his vehicle) to the velocity difference between his car and the velocity of the car it is following.

The variable xk measures the distance of car k from the origin along the flow direction. Despite its simplicity, the

model was shown to predict closely the experimental results obtained in human car-following tests [?] and a recent

report in 2004 from the University of Southern California [?] also deployed this model to simulate the behavior of

trucks in a vehicular traffic flow scenario.

Multiple vehicle following. Vehicular traffic flow models also consider multiple vehicle following strategies. This

is a natural consequence of human behavior which tends to anticipate the traffic by observing multiple vehicles. It

is therefore possible to extend the car following idea in (23) to the multiple vehicle following [?], [120] case as

described by,

ẍk(t) =
Nk∑
p=1

κp,k (ẋk+p(t− τp,k)− ẋk(t− τp,k)) , k = 1, . . . n (24)

where κp,k is the constant penalizing the velocity differences between the kth and the (k + p)th vehicle measured

τp,k time ago, and Nk > 1 is the number of vehicles being followed by the kth vehicle.

Optimal Velocity Function (OVF) Based Models. Three years after introducing the optimal velocity model (OVM)

[?], Bando investigated the effect of time delay τ on this model [?] as given by

ẍk(t+ τ) = κ (V (∆k(t))− ẋk(t)) , k = 1, . . . n, (25)

where τ is the driver’s delay, ∆k(t) = xk+1(t)−xk(t) is the headway and V (∆k) is the optimal velocity function

(OVF), which in general is a nonlinear hyperbolic function defining the desired velocity of the drivers as a function
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of headway ∆k(t). The choice of OVF is ad-hoc and different OVF including those obtained from experiments

may be found in ??[?]. In [?], for instance, the OVF is given by

V (∆x(t)) = ϑmaxΘ(∆x(t)− d) (26)

where d > 0 is a constant and Θ is the Heaviside step function. The above OVF requires that a vehicle stops when

the headway is less than d, otherwise the vehicle accelerates until the maximum allowed speed ϑmax is reached.

In [?], the OVF is given by,

V (h) =

 0, if 0 ≤ h ≤ 1

υ0 (h−1)3

1+(h−1)3 , if h > 1,
(27)

where υ0 is the desired speed and h is the normalized headway.

Asymptotic Stability and String Stability. There are two critical types of analyses that need to be performed when

considering traffic flow dynamics: asymptotic stability (AS) and string stability (SS). AS refers to the exponential

decay of the response of the system states (acceleration, velocity and position of vehicles) in the time domain

against impulsive perturbations, whereas SS indicates the attenuation of periodic perturbations (excitations) arising

in the acceleration, velocity and position errors between consecutive vehicles, and propagating from one vehicle to

another. Despite the simplicity of the mathematical models, the assessment of AS and SS are not be trivial tasks

when delays are considered.

E. Mathematical Models

Single Integrator The simplest example for which delays may be destabilizing is that of an integrator Hyu(s) = 1/s,

subject to a proportional control law u(t) = −ky(t − τ), with k > 0. The stability of the closed-loop system is

determined by the location of the zeros of the characteristic equation: s+ ke−sτ = 0, which is a quasipolynomial

equation. Since a quasipolynomial is transcendental, it has an infinite number of roots. It is therefore important

to know how the roots behave with respect to the parameters (e.g. whether standard continuity properties hold).

Intuitively, the continuous dependence of the roots of the characteristic equation on the delay should hold (the

easiest argument is given using Rouché’s lemma [2]). The only technical problem seems to be that when increasing

the delay τ from its zero value to a small τ = ε > 0 we suddenly encounter an infinite number of roots (coming

from −∞) having started with a single root located at s = −k.

Multiple Integrators
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[76] Morărescu, C.-I., Niculescu, S.-I. and Gu, K.: On the geometry of stability regions of Smith predictors subject to delay uncertainty. IMA

J. Math. Contr. Information 24 (2007) 411-423.

[77] Murray, R.M., Control in an Information Rich World: Report of the Panel on Future Directions in Control, Dynamics, and Systems,

Society for Industrial & Applied Mathematics, Philadelphia, PA, July 2003.

[78] Murray, R.M., “Recent Research in Cooperative Control of Multivehicle Systems”, ASME Journal of Dynamic Systems, Measurement

and Control, 129, 571-583, 2007.

[79] Neimark, J.: D-subdivisions and spaces of quasi-polynomials. Prikl. Mat. Meh., 13 (1949) 349-380.

[80] Niculescu, S.-I.: Delay Effects on Stability: A Robust Control Approach. Springer-Verlag: Heidelberg, LNCIS, vol. 269, 2001.

[81] Niculescu, S.-I.: On delay robustness analysis of a simple control algorithm in high-speed networks. Automatica, 38 (2002) 885-889.

[82] Niculescu, S.-I., and Michiels, W.: Stabilizing a chain of integrators using multiple delays. IEEE Trans. Automatic Contrl., vol. 49 (2004)

802-807.
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