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Abstract

Finite-time stability of nonlinear networked control systems is studied
in a stochastic and in a deterministic setting. Focusing on packet dropping, a de-
terministic model for networked control systems is realized by including the network
dynamics in such model. This links the fields of study in control of networks and

networked control systems.
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Chapter 1

Introduction

1.1 Introduction

In several recent works, the problem of networked control systems (NCS) has been
posed and partially investigated. This new problem deals with the possibility of con-
trolling a system remotely via a communication network and as such, instantaneous
and perfect signals between controller and plant are not achievable (see Figure 1.2).
This casts classical control problems into a setting that provides control solutions to
remotely located systems such as: assembling space structures, exploring hazardous

environment, executing tele-surgery, and many others.

Within this new setting we are able to overcome the necessity of collocated control
and processes, thus overcoming many of the spatial restrictions. Networked control
systems however, do not exist without new challenging sets of problems. In fact, the
networks introduce delays of time-varying and possibly random nature, packet losses
that degrade the performance of the system and possibly destabilize it, and limited
bandwidth that compromises our otherwise achievable control objective. Most of

classical control theory is based on the assumption that the controller, system, and
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Plant

Network

Controller

Figure 1.1: Networked Control System

sensors are collocated so the aforementioned problems were not apparent. A chal-
lenging aspect of the networked setting is that we need to compensate for the effects
of the network in order to retain stability and performance of the system under study.
Many models have been proposed to study the effects of the network, and in this
thesis we aim to provide a novel model that links the effects of the network to the

traditional control design.

Another novel aspect of this thesis is that, unlike the current trends that study the
Lyapunov stability of networked systems, we use the concept of finite-time stability
where specific bounds are desired on the performance of the system and the study is
restricted to a finite interval of time. This issue appears in several problems where
we are interested in the system’s behavior only over a specific, finite-time interval.
We also study how to control a system through a network which may subject the

system to the loss of data.
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1.2 Thesis Outline

The remainder of this thesis is divided as follows.

1.2.1 Chapter 2

Chapter two states the general problem and in particular describes the model used
to control a nonlinear plant, assuming a model of the original plant available on the
controller’s side of the network. The state of the plant is sent through the network
and is therefore subject to packet dropping. On the other side of the network, when
a state is received it is used to update the model and the controller, or else the state
provided by the model is used to update the controller. In both cases the controller
is attempting to stabilize the closed-loop plant. The stability of the plant depends
on the rate of packets lost, the accuracy of the model, and the initial conditions for
the model and the plant. We also define in this chapter a specific class of networked

control systems to study, and describe some of its properties.

1.2.2 Chapter 3

In this chapter we provide a model description of the networks used. For such models
we describe how packets are dropped, and thus complete our model of the networked
control system. In particular we describe two possible scenarios (stochastic and

deterministic) of packet loss and complete the dynamics of the overall network.

1.2.3 Chapter 4

In chapter four finite-time stability of a general control systems is detailed. We

focus in the first part on deterministic finite time stability, while in the second part
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Plant

Controller @

Model

Figure 1.2: Model-Based Networked Control System

stochastic finite-time stability is studied.

1.2.4 Chapter 5

Exploiting the tools provided in the previous chapters we study in this chapter finite-
time stochastic stability of the networked control system, in which the packet drop-

ping is modelled as a random variable.

1.2.5 Chapter 6

In chapter six the deterministic model for the packet dropping is considered, and the

deterministic finite-time stability is investigated for this case.
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1.3 Contributions

One major contribution of this thesis lies in applying finite-time stability theory to
a networked control system. Moreover, we provide a new link between two different
areas of study, namely control of networks and networked control systems. Several
efforts have been applied into the research of both areas [1]-[25], [34]-[38], and this
thesis proposes a method to bridge their gap. Other contributions may also be found

in extending model-based networked control systems into the nonlinear domain.



Chapter 2

Networked-Control-Systems

2.1 Introduction

In [1] a model for the networked control of linear time invariant systems was pro-
posed. The network is modelled as a sampler placed between the plant and sensors
on one side, and the controller on the other side of the network. Utilizing an ap-
proximate model of the process at the controller’s side, the controller may be able
to maintain stability while receiving only periodic updates of the actual state of the
plant. Whenever a new update is received, the model is initialized with the new
information. This idea was utilized in [2], where the system evolved in discrete-time,
and state updates were either received or dropped at each sampling time due to the
effects of the network. The characterization of such a dropout is achieved through the
use of a Markov chain that takes on values of 0 or 1 depending on whether a sample
was lost or received, respectively. Recently in [11], the model for a continuous-time
plant and a network modelled with a fixed rate sampler was extended to bounded,

yet random sample times driven by a Markov chain.

In this chapter, we extend the discrete-time result of [2] into a nonlinear setting,
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i.e. our plant and model used for state estimation are both nonlinear. We utilize the
same model of packets being dropped according to either a stochastic model, or a
deterministic one. In both cases we obtain results that guarantee finite-time stability

in a stochastic or deterministic setting respectively.

The chapter is organized as follows: in Section 2.2, we reformulate the model-
based networked control problem in the nonlinear discrete-time setting with generic
packet dropout. We then describe in Section 2.3 a particular class of NCS and

describe its properties. Finally Section 3.5 reports our conclusions.

2.2 Problem Formulation

In [2] a discrete-time model-based control with observation dropouts is proposed for
linear discrete-time systems. Our objective in this chapter is to propose a similar
framework in the case of nonlinear systems, and to study the finite-time stability of

the resulting closed-loop system.

We consider the nonlinear discrete time plant described by the following

Thp1 = f(zn) + g(@n)ur. (2.1)

where x;, € R", and f,g : R" — R" are two sufficiently smooth vector functions,

and u; € R is a scalar input.

As depicted in Figure 2.1, discrete-time model-based control contains a plant and
a model with the network residing between the sensors of the plant and the model

and actuators.

The network is modelled as a two-value variable sequence 6y, (assumed for now

to be generic), where a measurement is dropped if 0, = 0, and a measurement is



Chapter 2. Networked-Control-Systems

Tp4+1 = flog) + gler)uk Sensor

Tk

Network

Epp1 = F(@r) + 9(@r)up

Zp

Controller

up = K(&)

Figure 2.1: Model-Based NCS

received when 6, = 1. Due to our inability of receiving an update of the plant’s state
at each discrete instant of time, we use an inexact plant model on the controller side
to provide us with a state estimate when packets are dropped. Such a model is given

by

~

Thpr = f(Tn) + 9(Zn)ur. (2.2)

in which z; € R", and f , g are two smooth vector functions that map R" into R".

In order to carry out the analysis, we define the estimation error as e, = Ty — xy,
and augment the state vector x; with e, so that the closed-loop state vector is given

by 2z, = (a:;f, eZ)T, 2 € R*™. The closed-loop system evolves according to

I f(zr)
(f (k) = Faw) + (1= 06)((f () — F(d)))
N g(zr) K () (2.3)

(9(zr) — g(xx) ) K(2r) + (1 — 0x)(9(z1) — 9(2k))us
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In the above model ) € {0, 1} is a sequence (or equivalently, ¢y = 0y is a dropping
sequence) that indicates the reception (0 = 1) or the loss (0,=0) of the packet
containing the state measurement z. We assume that at each step time k a state
is sent across the network in one packet. If a packet is received, it is used as an
initial condition for the next time step in the model, otherwise the previous state of
the model is used. Note that uy = K(&) is a scalar state-feedback input. We then

classify the NCS errors as follows:

(I). Model structure errors

en(on) = floe) = flan) (2.4)
eq () = g(zr) — glan). (2.5)

These are the errors between the plant and the model evaluated at the plant’s

state, and are therefore dependent on the system’s structure.
(IT). State dependent errors
ep(tn,in) = flaw) — f(an) (2.6)

eg2(w, T) = g(ww) — §(2x). (2.7)

These represent the errors between the model evaluated at the plant’s state

and at its own state, i.e. the error introduced by the difference in the states.

(III). Structure and state dependent errors

ers(wn, &r) = flan) — f(@n) (2.8)

A

egs(@p, Tk) = g(zr) — (&), (2.9)

which include both model structure and state dependent errors.
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With the new notation, the system (2.3) becomes

f(xw) + g(zr)up

Rh+1 = R )
efl(ack) + egl(xk)uk + (1 — Hk)(efg(:ck, LUk) + 692($k, xk)uk)

Based on the value of 8, we have two possible situations:

1. for 6, = 1 the closed-loop system becomes

s — far) + g(an)ug (2.10)

€f1 (ZL‘k> + 691 (xk)uk

2. for 6, = 0, we have

ey = far) + g(zr)un (2.11)

ers(Tr, Tn) + g3y, Ti)ug

For the remainder of this work we use the following compact form to represent

the closed-loop system, and to highlight the fact that 8, represents packet dropouts,

with
Hl(zk) = F1<Zk) + Gl(zk)uk (213)
Hz(zk) = FQ(Zk;) + Gg(zk)uk (2.14)

10
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A = | T@ (2.15)
epi(@)

Fy(z) = eﬁ(;@) (2.16)

Gi(z) = e‘jl(z:) (2.17)

Golz) = 692(;@) (2.18)

in which H;, F;, G; € R*, i = 1,2, are vector functions that map R*" into R*".

Moreover, we assume that the control law u, = K (Zy) stabilizes, in some sense,

the plant in the case of full-state availability.

In the following we will refer to such networked-control-system (NCS) as a quadru-
ple (Plant, Model, Controller, Dropping Sequence {¢x}) and denote it as model-
based networked control system M B — NCS.

2.3 Bounded Networked Control System

Next we define a particular class of NCS for which we characterize the accuracy of the
model in representing the plant’s dynamics, and describe how the model discrepancy

affects the NCS structure.

Definition 2.1 Class Cg_ncg NCS

A MB-NCS of the form (2.12), belongs to a class Cp_ycs with the bounds
(Bf, By, Befiy Begis Br,), @ = 1,2 if for all k = 0,...,N, N € N and for all z}, € S,

11
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where S is a given subset of R", the system structure and error norms are bounded

as follows

|1/ (ze)|| < By (2.19)
lg(@r)u@e)|| < By(Z)
lles1(@e)ll < Bepy
lleg2(@r, Zo)|| < Bega(dn)
llegr (@r)u(Zn)|] < Beg1(24)
(

|lega(wr, T )u () || < Bega(2n)

where By, Bep1 are constant bounds and By(Zy), Bepa(Zk), Begi(Tk), Bega(Tr) are
bounds that depend on the model state. Such NCS are called bounded model-based
NCS (B-MB-NCS).

The above definition describes the class of NCS, for which it is possible to define
bounds on the plant and the NCS errors, and where such bounds depend only on

the model’s state.

Next we state a lemma that describes properties of class Cp_neg. In particular
the lemma describes how bounds on the norm of the B-MB-NCS errors imply bounds

on the weighted norm of the NCS dynamics, i.e. on ||zx||ar = 2{ M (k)z.

Lemma 2.1 Consider the NCS (2.12) and M (k) > 0, (2n x 2n) time-varying real-

valued matriz,

ma(k) | mo(k)
ma(k) | ma(k)

M(l{?) = s mz(k:) c Rnxn7 mg(k’)T = mg(k') (220)

12
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Also assume the system belongs to class Cg_ncs. Then the following bounds hold on

the norm of the NCS dynamics weighted by M (k) for

i,7=41,2},j#i,k=0,...,N, N €N and for all z}, € S, where S C R",

HIM(k+1)H; < By, ,(2x) (2.21)
HI M (k+1)H; < By, (i3,

and

Fl (2)M (k) Fi(2x) < Bri(iy) (2.22)
G (z)M (k)Gi(z) < Bei(x)
\EF (26) M (k)G (21,) |ur < Brici(3r)up,

where the bounds on the vector functions are related to the bounds on the errors as

follows:
By, (Zr) = (By + By(2k)) Mmaz(ma(k + 1)) + (Bes1 + Begt (2.23)
(@) ([Ims(k 4+ D] + [[ma(k + 1)) (By + By(&x))
+(Besr + Begi (2)) Amaz (ma(k + 1))
Bu,,(8r) = (Blpa(@k) + Blo(28)) Amaa (ma(k + 1)) (2.24)
B, (#x) = (Bept + Begi (Zk))([Ima(k + 1)[])(Begz + Bega(2)) (2.25)

(By + By(@r))([[ma(k + D) (Besz + Bega (1))

13
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and

Br (&r) = B} (Zk) Amaz(mi(k + 1)) + Begi(||ms(k + 1) + (2.26)
[ma(k + D) By (k) + BepitAmaa{ma(k + 1)}
Ba, (&r) = By(dr)Amaa{ma(k + 1)} + Bl (2)([Ims(k + 1)[| +

|[ma(k + D)) By(21) + Begt (2x) Amaz{ma(k + 1)}
(@) = Bepa(n)llma(k + 1)|| Bega ()
(@) = Bepa(@k) Amas{ma(k + 1)}
Bey(&r) = Bega(Zk) Amaz{ma(k + 1)}
(@x) = By (@)|lma(k + 1) Bega(2r) + Bepy (@x)|[ma(k + 1)|| Bega (i)
(@)

= Beps(@n)|[ma(k + DI Bg(@r) + Bepa(@e)|Ima(k + 1)[| Begr ()

Proof. We will only prove the statement for H{ (2;)M(k + 1)H,(z;) in (2.21), as

the proof for all other inequalities is similar. Consider the vector function
HI ()M (k + 1)H (2, 2 € R*™ (2.27)

Expanding (2.27) using the NCS errors bounds and the fact that 27 Mz < X\ { M}
and 2T My < ||2T]|||M||||y||, we obtain

By + By(&k)) Mmaz(ma(k + 1)) + (Bes1 + Begt
) ([lms(k + D[] + [[ma(k + 1)[|) (B + By(2x))
+(Bef1 + Begl(fk)))\max(m4(k + 1)) = BH1 (QAT]C) (228)

14
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which completes the proof.

The above lemma states that if in a NCS the norms of the plant and of the NCS
errors are bounded by constants, or by a model’s state bound in the finite interval
of time [0, N], see (2.19), then there exists a bound on the weighted norm of the
NCS dynamics in the interval of time [0, N], and moreover this bound depends on
the errors bounds. Assuming the NCS is such that the above bounds on the errors
hold, then it is possible to bound the weighted norm defined by the matrix M of
the B-MB-NCS dynamics. In particular bounds defined on the vector function H;
do not depend on packet dropping, whereas those on H, do, see equations (2.21).
Also, going into more details, the H; can be decomposed into a part F;, i = 1,2,
independent of the input, and one dependent on the input, G;, 7 = 1,2 both of
which may be bounded, see (2.22).

Lemma 2.2 Consider the NCS (2.12) and M (k) > 0 matriz, and denote || x ||p=
2T Mz, then for all z, € S C R",Vk=0,...,N

[|26l[ar = Amin { M} B-(2) (2.29)

Also assume the system belongs to class Cg_ncs then for all x;, € S C R" and

Euclidian norm ||.||

k|l = By + By(#r) = Ba(2) (2.30)
llerll = Begi + Begi (k) + Bepa(@k) + Bega (1) = Be(%) (2.31)
|2e]] = Ba(#) + Be(2) = B.(%) (2.32)

Proof.

15
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For the first part of the lemma observe that

12kl[ar = Amin{ M} |28 ]| = Amind MY ([ |l + [lexl]) =
Amzn{M}(Bx(i) + Be(i‘)) = )‘mm{M}Bz(j) (233)

The second part trivially follows from the system definition.

2.4 Conclusion

Nonlinear networked control systems have been introduced by extending the model
based approach proposed in [1] to a nonlinear setting, and focusing on the packets

dropping aspect.

The model for packet dropping remains for the time being unspecified, but will

be defined in the next chapter by including the network dynamics.

Also a class of such NCS, namely B-MB-NCS with bounded errors between the

model and the plant has been introduced and its properties have been explored.

16



Chapter 3

Network Control and Models for
Packets Dropout

3.1 Introduction

Communication networks and their complex dynamics have been studied by several
researchers, see, for example, [34, 35, 36]. Due to the Internet growth in size and
complexity, and with the advent of industrial networks, an understanding of the

organization and efficiency of communication networks has become necessary.

As communication between two systems takes place across a network, several
problems arise such as delays and loss of information due to limited bandwidth and
congestion. Considering the bandwidth as a fixed resource, in order to avoid the loss
of information and delays, an efficient use of such resources is required. Congestion
control represents an important aspect of the problem. As an example, in [34] the
network is modelled as a dynamical system and the congestion control problem is
reformulated as an optimization problem. Two main aspects of congestion control

are highlighted; first the characterization of the equilibrium conditions from the
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point of view of fairness, efficiency in resource usage, the dependence on network
parameters, etc. Second the stability of the postulated equilibria is studied in terms
of performance metrics such as speed of convergence, capacity tracking, etc. In the
present chapter we define and model a simplified network. In chapter 2 we described
a model for the NCS with the dropping sequence 6, considered generic. Here, using
the network model we aim to model the dropping sequence using either random or

deterministic packet dropouts.

The chapter is organized as follows: in Section 3.2, we describe a simplified version
of a communication network and model its dynamics. Then in Section 3.3 we present
two stochastic models for the packet dropout. In the first model the packet dropout
is modelled as an homogeneous Markov chain, while in the second an independent
Markov chain, i.e. a process of i.i.d. random variables, is used. Then in Section
3.4 a deterministic model for packet dropout is proposed. Finally in Section 3.5, we

present our conclusions.

3.2 A Simple Model for Communication Networks

The problem studied in NCS is a stability problem, with the added complication that
the plant is being controlled across a network. On the other hand, congestion control
studies the problem of multiple users sharing a common resource on the network.

Congestion control can also be interpreted as a stability problem, see [34].

In NCS, delays and packet drops are viewed as network effects affecting the
capability to control and therefore the stability of the plant. Those effects are studied
without paying any attention to their causes. In a congestion control framework,
delays and packet drops need to be reduced or eventually eliminated by acting on
their causes such as congestion, sources rates, and so on. In both arenas we note

an interplay between networks and control. Our goal is to merge those two areas of
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study, i.e. to define a simplified network model and, focusing on packets dropping, to
model the loss of packets directly in terms of their cause, i.e. the network dynamics

such as sources rates and channel capacity. In order to explore the causes of packet

Network section or path

s01 /iy
506/ Sig
@)
S02/ siy {/ 505 /si
\ 5/ S5
§ @
503 /st S04/ iy

Figure 3.1: Undirected or bidirectional Network, nodes are sources and sinks.

dropping we start by defining the network setting in which the packet drops take

place and exploring some of their properties.

Among several models and descriptions of communication networks provided in

the literature, we choose to redefine the network in a simpler framework.

Definition 3.1 Network

A network is a couple (L,S), where L is a set of ny links, and S is a set of
ng nodes that can potentially perform as sources or sinks of traffic. Each link is
a transmission medium whose capacity, also referred to as bandwidth or data rate,
1s measured in packets per second, where a packet is the information carrier. Each

source so; has an associated rate r;(k) that is a function of time, and denotes the
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number of packets per second sent to the sink si;.

In Figure 3.1 a communication network is depicted: in particular the network
may be bidirectional or undirected, and the nodes can be either sources or sinks, i.e.

they can send or receive packets.

Definition 3.2 Network’s Section

Consider a network (L, S), a couple (Lg, Ss), in which Ly C L, Sy C S is called
a network section of the network (L, S). Moreover Ly is called a path and is a set of

ng links, and S is a set of ng nodes that access the path.

A
Consider a network (L, S) composed of ny, links I;, 7 = 1,...,n; in which ng
sources access sending information to ny, sinks. Each source so;, © = 1,...,n, sends

information to the sink si; encoded in packets trough the network with time rate
ri(k), k=0,1,2,...,. Also each link /; has an associated a fixed bandwidth capacity
C; and at each time k we have a corresponding left over capacity ¢;(k), 0 < ¢;(k) < C;
that represents the amount of packets per second it can support. Let each link [;
be used by n, sources, each sending at a rate r;(k) and therefore the global rate
at the i — th link is G;(k) = 7" r;(k). We are interested in the section network
(Ls;, Ssi) that is being used by the system. Where Ly; is the path, or set of n;; links,
associated with each source-sink (so;, si;). We define the following possible state for

the network.

Definition 3.3 Congested Link
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A link l; is congested at time k if the amount of packets sent through it exceed its

leftover capacity, 1.e.

Gi(k) > ¢i(k), fork € N (3.1)

Definition 3.4 Congested Network Section

A network section (Lg, Ss) is congested at time k if at least one link is congested

If a link is congested then it starts dropping packets. After a certain period of
time, the congestion disappears as a consequence of the sources reducing their rate
so that ¢;(k) > G;(k). A sink does not receive packets as a consequence of congestion

in one of the links in the path associated with it.

3.3 Stochastic Model for Packet Dropout

The packet dropout is caused by network congestion, so it is mainly related to the
network dynamics. We assume the network model is not exactly known, but only
its target values of performance,(such as stochastic limits on the packet drops) are

known.

In order to explore possible stochastic models for packet dropping, we briefly

recall some Markov chains concepts.
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3.3.1 Markov Chains

Since we are interested in modelling random packet dropouts, we observe first that
a packet dropout is a stochastic process. Among random processes, Markov chains
are relatively simple because the random variable is discrete and so is time. More
importantly, Markov chains (and for that matter Markov processes in general) have
the basic property that their future evolution is determine by their current state
and does not depend on their past. We would like to use this property, with some
additional restrictions, to represent the fact that dropping a packet at each time k
does not depend on whether or not there was a prior packet drop. We next proceed

with some standard definitions [30]-[33].

Definition 3.5 (Markov Chain)

Consider the probability space (Q, F, P), in which § is the sample space, F is a
o-algebra of subsets of Q, and P the probability measure defined on F. Let {0k }ren
be a sequence of random wvariables that take values on S then, the sequence is a

homogeneous Markov chain with state space S, transition probability matriz P =

(p(i,4)) , if for every k € N
P{Opi1 = j10k = 0,051 = i5_1,....00 = io} = P{Osr = j|0h = i} = pli,5) (3.2)

forall (§,i,ix_1,...,i0) € S¥*2 and Vk, where p(i, j) is the transition probability from

state 1 to state j.

In other words, the state of the Markov chain depends only on the previous state,

and not on the whole history of the chain.

The first identity in equation (3.2), which is also called “Markov property”, defines

the “memory” or “order” of the chain. In the case of equation (3.2), the order equals
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one since the transition probabilities are entirely determined by the preceding state.
The second identity in (3.2) is called the homogeneity condition. It assures that the

transition probabilities do not vary with the time k, i.e. they are stationary.

Let P = [p(4, j)]i jes denote the transition probability matrix of a Markov chain
{6,,}. To complete the construction of a Markov chain we need to specify an initial

distribution. Let us denote by Dg the set of discrete distributions on .5,

Ds={P=(P)ics: P,>0,> P =1} (3.3)
€S

We call Py = (FPoi)ics € Dg the initial distribution of the chain {0} if P{0y =i} =
Py; for all states i € S.

Definition 3.6 (Independent chain)

Let P = (P, ..., P,) € Dg and define an m-state Markov chain with transition
matriz P = (p; j)ijes given by p;j = Pj, 1 € S, and arbitrary initial distribution Py.

Then for all k € N

P{Ok1 = jlOk = 4,001 =ik-1,...,00 = io} = P{Op1 = j} = P (3.4)

We call this the “independent chain” with respect to P.

Corollary 1 In an independent chain the sequence of states is a sequence of inde-

pendent random variables.

Independent chains have no memory and they are also called zero-order Markov

chains.
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3.3.2 Packets Dropout Models

In this first part of packets dropout modelling, we recall the independent Markov
chain model proposed in [2] and extend it to the case of dependent Markov chains.
Both resulting models are stochastic and do not directly involve the network dynam-

ics.

In the first place we consider the case in which partial information is available
about the network, and therefore we can reduce the level of uncertainty. Assume
that the loss of packets is not completely unknown, but depends for example, on
congestion in the network that occur with a known frequency. Also assume the time
needed to eliminate the congestion is known. In this case if a packet is dropped at
time k as a consequence of network congestion, it is likely to be dropped at the next
time k + 1. Therefore packets dropping can be modelled as a dependent-elements

stochastic process and {¢x} becomes a two-state Markov chain defined as follows:

{(Pk}esz{oal}?(pkzl_ek

P (0k+1 =0[0x =0) = poo
POy =00,=1) = pn
P (0r1 =1|0x=0) = pio
POks1 =100 =1) = pu

and the transition probability matrix is

Poo P
p= "™ (3.5)
Pio Pu
Also assuming that the loss of packets depends on the network congestion and that
as soon as congestion takes place, the network starts dropping packets for a certain

time, we have that the probability of dropping a packet at time k is larger if a packet

has been dropped at the previous time k — 1, i.e. pgo > po1, P11 > P1o-
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For the second model, we assume that the event of congestion is completely
random and happens with a certain probability ¢. Also assume the time for a link
to eliminate congestion is not known, therefore the event of dropping a packet is
random with probability g. We can then model the packet dropping through the
independent Markov chain ¢ = (1 — 6;) ( independent sequence of i.i.d. random
variable ) with a binary phase space S = {0, 1}, governed by the following transition
probabilities

P(Okt1=0) =P(Or41 =0[0x =0) = P(Ox1=0[0r=1)=p

that is, at each time k the probability of getting or not getting a packet is independent
whether or not a packet was received before. Then the state transition probability

matrix is given by

p—| P 7 (3.7)
l—=p 1—=p

which is not block diagonal, and hence the chain is said to be irreducible(for a defi-

nition of irreducible Markov chain and associated properties see [32]), i.e. the proba-

bility of either state occurring at time k is never zero. Now consider the complement

of the process 0, v, = (1 — 6x), which is also a sequence of two-state i.i.d. random

variable, representing the packets received. We then have the following statistics of

Pk
1
pe = Elel=) ipi=4q (3.8)
=0
1
pe = B[’ =) =q¢ (3.9)
=0

In our study we only consider the stochastic packets dropping as a random process

of i.i.d. random variables, i.e. as an independent two-state Markov chain.
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3.4 Deterministic Model for Packet Dropout

Next we move to the second part of this work, in which we model the packet dropout
by considering the network dynamics. In particular we are interested in the network
section that includes the path that a packet is going to follow. This path is composed
of a number of n; links, and with each link is associated an actual traffic, depending
on the number and rate of sources that are accessing the path, and on the link

physical capacity see figure (5.4). We want to study how the loss of packets affects

Highly used link

s

Figure 3.2: Sources and their paths trough the network links.

S04

the stability of the overall system by including the network dynamics in the model.
In particular this will allow us to explicitly relate the stability of the system to the
capacity of the links involved in the path used by the system, and to the rate of
the sources that are accessing such a path. This relation gives us the possibility
of eventually designing for the stability of the system by controlling the rate of the

sources accessing the path.
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3.4.1 Congestion Control Model

Let (L, S) be a network in which each source s; has an associated rate r;(k) that is a
function of time at which it sends packets trough a set L; C L of links. So through

every link /; a total rate that is the sum of all the rates of ny sources is given by:

Rj(k) = ri(k) (3.10)
i=1
Moreover, each link will have a capacity function proportional to the total rate that

will indicate the level of occupation of the link
G](]{Z) = Kle(k),jzl,...,nl (311)

A link has a limiting capacity beyond which it will drop packets. In particular there is
a critical level of leftover capacity ¢;(k) above which the link will accomodate packets,
and below which it will start dropping them. The packet drop will be modelled by
the binary value variable 6, as discussed earlier. Consider the indicator function

defined as follows

1, Gj(k) < c;(k)
Le; =60 (G5 (k) = { ’ ! (3.12)
0 >Gj(k) > C](k>
then we have at every instant of time k
Iy
Ok = | [ Leizc,0 (G5 (k) (3.13)
j=1
which may also be described as:
ng .
B sign(c; — Gj(k)) +1
0, =1 { 5 (3.14)

J=1
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where the function sign : R — {—1, 1} is defined as follows

) 1 a>0
sign(a) = X 0 (3.15)
- a

The complementary variable ¢, = 1 — 0, can then be obtained as follows

o [1 - H {sign(cj(k:) — Gy(k) + 1} (316)

41 = fog) + g(zp)uk Sensor

dpg1 = F(@R) + 9(@1)up

Figure 3.3: Model-Based NCS

dynamical nonlinear time varying system (Figure 3.3):
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Zk+1 = (Fl (Zk) + Gl(zk)uk) + (FQ(Zk) + Gg(zk)uk)gok (317)
= (F1(a) + Gilan)ur) + (Falar) + Gala)ur)

1 [sign(c;(k) — G(k)) + 1
B!
= (F1a) + Gilan)ur) + (Falar) + Galar)ur)

o | sign(ei(k) — K202 ri(k) + 1

1-1] 5

Jj=1

j=1 b

where G;(k) is given by (3.11), and where r;(k) are the known sequence of rates for

sources accessing the path.

This model of NCS is a discrete-time, time-varying dynamical system that incor-
porates the system state zj, and the network dynamics ¢;(k),r;(k). The network is
therefore an integral part of the overall system, therefore achieving our chapter goal

as depicted in Figure (3.3).

3.5 Conclusion

In this chapter we discussed the interplay between networks and control that occurs
in the areas of NCS and congestion control. Recalling some stochastic models for
packet dropout based on independent Markov chains, we extended such models to
dependent Markov chains. We also described a model for the network involved in our
study. Based on the network’s model we also proposed stochastic and deterministic

mechanisms for packets dropping.
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Finite-Time Stability

4.1 Introduction

In this chapter we extend some of the existing results in finite-time stability to
the design of discrete-time stochastic systems. In many practical problems it is of
interest to investigate the stability of a system over a finite interval of time, since
it might be crucial to stay within given bounds over a finite time. Classical control
theory does not directly address this requirement because it focuses mainly on the
asymptotic behavior of the system (over an infinite time interval), and does not
usually specify bounds on the trajectories. On the other hand, finite-time stability
(or short-time stability [39]) plays an important role in the study of the transient
behaviors of systems and in some way answers the question proposed in [50], on how

is “asymptotic” defined.

It is important to underline how the two stability concepts are disconnected, i.e.
neither one of them implies nor excludes the other. In fact a system can be finite-
time stable, i.e. a state starting within a “specified” bound a does not exceed a

“specified” bound [ in a specified time interval [0, N], but may become unstable
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after the specified interval of time. On the other hand, the state trajectory might
exceed the given bound over a certain time interval, but asymptotically go to zero.
Asymptotic stability is specified with respect to arbitrary bounds, i.e. a trajectory
starting within a bound J(e) stays in an “arbitrary” e and eventually converges to
the origin, while finite-time stability is always defined with respect to pre-specified

bounds a and 3. In Figure 6.2 the two stability concepts are contrasted.

At first the concept of finite-time stability emerged under the name of “practical
stability” [49], in which specific bounds on the state were given. For finite-time
stability the interval of operation is assumed finite. The finite-time stability analysis
problem has been discussed for linear systems [39, 41], and nonlinear systems [44].
A stochastic version of finite-time stability has been developed in [42] for analysis
and in [47, 48] for optimal control design. Deterministic finite-time stability theory

has been recently applied to several control problems in linear systems [40].

After discussing the deterministic case in Section 4.2, we move to stochastic
finite-time stability in Section 4.3. In particular, we introduce in Section 4.3.1 useful
bounds, then in Section 4.3.2 we use those bounds to state sufficient conditions for
a stochastic system to be finite-time stable. Section 4.3.3 compares and discusses
the results in the previous sections. We then proceed in Section 4.3.4 to extend the
analysis techniques to designing controllers. Finally in Section 4.3.5, we propose an

optimal feedback law for finite-time stability of a dynamical stochastic system.

4.2 Deterministic Finite-Time Stability

We focus on discrete-time dynamical systems described by

Try1 = f(ag), v € R™, 2(0) = (4.1)
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| 2 |
€
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1)
| | k
b)
b —
[0}
0 N k

Figure 4.1: Asymptotic stability a) versus finite-time stability b).

Where x € R" is the system state, and f : R" — R" is a sufficiently smooth vector
function. We are interested in studying the state trajectory of the system in a finite
time interval, in other words we want to guarantee that specific bounds on the state

are maintained in this finite time interval.

Definition 4.1 Finite-Time Stability

The system (4.1) is finite-time stable (FTS) with respect to (a, 3, N, ||.||) with
a < [ if every trajectory xy starting in ||xo|| < « satisfies the bound || zy ||< B for
alk=1,....N.
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We consider three classes of systems described in Figure (4.2): a) systems for
which the state trajectories always increase in magnitude, b) systems for which states
always decrease in magnitude, and c) systems whose state trajectories behavior’s is

mixed. The first step consists of exploring the state trajectories using a discrete

|||
a)
o
||ol|
N k
|||
b)
B
[|zol[
N k
|||
C) ﬁ
[|oll|
N k

Figure 4.2: a) Increasing dynamics. b) Decreasing dynamics. ¢) Mixed dynamics.

version of the Bellman-Gronwall inequality [46]. If the state trajectory is always
increasing (in the norm) during the time interval of interest, then it is enough to
verify that the state at the last time of the interval does not exceed the bound. In
the case where the trajectory is always decreasing and it starts inside the bound,
then FTS is guaranteed since v < 3. In the case of a mixed behavior, it is necessary

to explore if the trajectory is suitably bounded at each time step.
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In the next theorem we formulate conditions for finite-time stability of system

(4.1).

Theorem 4.1 The system (4.1) is finite-time stable with respect to («, 5, N,||.||),

a < B, if for a continuous function V(xg, k) = Vi > 0 such that for some §; > 0
0|zl ? < Vi < allai|?, v = 018, 70 = daar, and Sg = {xk : ||zk|] < B} one of the

following three conditions occur:
e Case 1: p, >0

AVkSka}g, Vk=0,...,N, VZEkGSﬁ

N—
(1+ps)
0

[y

A
Yo .

1=

e Case 2: 0> p, > —1

AVkSpk‘/k, VkZO,...,N, Vl’kESB

e Case 3: pp > —1

AV, < kak, Vk:O,...,N, T € Speta

> sup H(l + pi)
k

e
0 i=0

Proof.

The proof of each of the three cases is provided separately:
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e Case 1: Consider condition (4.2) with py > 0
AV = Vigr — Vie < i Vi, (4.7)
from which it follows that
Vier — (14 pp)Vi <0, Yk =0,...,N (4.8)

Since pr > 0, iterating the difference inequality and considering the upper

bound on V < 7y, we obtain

N-—1 N—
Vv <V [T+ p0) < Hlm (4.9)
i=0

1=0

Finally, using the condition in (4.3), it follows that Vy < =, and since the
function is at most always increasing with a rate p; > 0 it follows that the

bound is never exceeded Vk =0,...,N.

e Case 2: Now let us evaluate (4.2) for 0 > p, > —1
AV =Vipr — Vi < ppVi, VE=0,...,N (4.10)
from which it follows that
Vier — (14 p)Vie <0, VE=0,...,N (4.11)

From the condition 0 > p, > —1, it follows that the function Vj is decreasing,
so the finite-time stability condition is trivially satisfied since the upper bound

of the initial state « is below the required state bound j.

e Case 3: Finally for p > —1 we have

AVkZVk+1—Vk§ka}€, V/’CZO,...,N. (4.12)
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from which it follows
Vk+1 — (1 + ,Ok)Vk < O, Vk = 0, ey N (413)

Because now pp > —1, it is no longer possible to simply iterate the difference
inequality for the time interval £ = 0,..., N. It is thus necessary that all
intermediate terms satisfy the inequality, then iterating the partial difference

inequalities and considering the upper bound on Vj < vy we get

k—1

Vi < VoH(1+/)i)

1=0

k—1
=0

finally, using the condition in (4.6) it follows that V;, < ~, Vk =0, ..., N, which
then guarantees the system is finite-time stable with respect to the specified

parameters.

4.2.1 Extended Finite-Time Stability

We introduce next to introduce a novel concept, which has not been discussed in
earlier works. In particular we consider the case in which the state norm may exceed
the bound [, but only for a finite number of consecutive steps, after which it needs
to contract again below the bound (. The rationale for this is to consider for the
deterministic case an equivalent concept to the stochastic one, where the possibility
of exceeding the bound for some time is allowed. The proposed extension fits many
real situations such as the example of driving a car in a tunnel, where we do not

want to hit the tunnel walls, but in case the car is robust enough, we may hit the
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walls for short periods of time. Another example, may be to consider hot object we
need to grab, which even if the temperature is high we can touch it for short time.
Therefore we allow a tolerance time within which we can support the object, but
after which we need to release it and eventually grab it again. We formalize such a

concept with the following definition.

Definition 4.2 FExtended Finite-Time Stable The nonlinear discrete-time sys-

tem (4.1) is EF'TS with respect to (o, 3; N, N,), if one of the following holds

(I.) for some k € [0, N] either

{laell < 8 < k € [0, V] [fzo| < 0} (4.15)
or
(I1.)
| o | o
G €0V llayll > 8= min  flal| <O, No<N (416

where N, is the number of consecutive steps the system state is allowed to exceed

the F'T bound.

Definition 4.3 Attracted System

A discrete-time system of the form (4.1) is an attracted system with respect to
(o, B,a2, N, N,), oy < 3, < ay if it is FTS with respect to (o, 5, N) and contracting
with respect to (aw, 3, N,), i.e.

[|zoll < ar = [Jzx|] < 8, k = [0, N]
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az > ||mo]] = B = |lax]| < B, k = [N, N]

Theorem 4.2 Consider a system (4.1) and assume it is attracted with respect to
(v, B, aa, N, N,.) where the region [—(, 3] is a global region of attraction for the
state. Also assume N, is the number of steps needed for the state to contract into
the ball of radius B from a distance as. Then the system is EFTS with respect to
(a1, 3, N, N, + 1)

Proof. In the case of ||zg|| < a; the assumption that the system is contractive

implies that ||zx|| < 3, k = [0, N] from which FTS follows and therefore EFTS.

In the case of ay > ||xo|| > [ we have ||zx|| < 5, k = [N,, N] which implies
l|zn, || < 5 and therefore ming<j<n,+1]|7;|| </ which means EFTS with respect to

(alaﬁa N7 Nr + 1)

4.3 Stochastic Finite-Time Stability

Next, we want to describe how finite-time stability, which was originally defined for
deterministic systems may be extended to stochastic systems. Consider a discrete

time, stochastic dynamical system in which the state is a Markov process in R"
Tht1 = f($k>9k>7 T e ]Rna [L‘(O) = To (417>

where z € R" is the system state, f : R" — R" is a vector function, and 6

a stationary independent random sequence. In stochastic dynamical systems it is
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meaningful to consider the probability for the trajectory not to exceed a given bound
over a finite time interval. Such a probability is called “Inclusion Probability”, as
described in [47].
Definition 4.4 Inclusion Probability

Consider the dynamical stochastic system (4.17), the associated inclusion proba-

bility with respect to (o, B, N,||.||) is defined as follows:

Pin(7p;0, B, N) =
P{l|z(k)|| < B :k € [0, N];|[z(0)[| < a}

We also define the “Exit Probability” as the probability for the supremum over
all states norms in the given time interval to exceed a given bound.
Definition 4.5 FExit Probability

Consider the dynamical stochastic system (4.17), the associated exit probability

with respect to (c, B, N, ||.||) is defined as follows:

Pex(xk;avﬁ7N> =

P{ sup |lz(k)|[ > B;|[z(0)]] < a}
N>k>0

Note that P..(zx;«,8,N) = 1 — Py, (zx; «, 5, N). Therefore in this context we
define stochastic finite-time stability for the stochastic system (4.36) according to
the following:
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Definition 4.6 Finite Time Stochastic Stability (FTSS)
The dynamical system (4.36) is finite-time stochastically stable (FTSS) with re-
spect to (a, 8, N, A, |[.][)

or equivalently

Pew(xk;a76?N> <A (419>

We can also relate FTSS to inclusion and exit probabilities of a continuous smooth
function V}, > 0 associated with the dynamical system such that 6, || z [|?< Vi <
61 || o ||I>,Vk = 0,...,N and v = 6,8, 7% = 2. In particular the inclusion
probability associated with V (xy, k) is defined as

Pyr(Viiv0,7, N) =
P{V(zy, k) <v:ke€|0,N];V(xg,0) <}

and consequently the associated exit probability will be defined as follows:

Pex(vk; Y0575 N) =

P{ sup V($k,l€) > V(ZEQ,O) < 70}
N>E>0

We will show how the study of finite-time stochastic stability (FTSS) can be indi-
rectly approached by studying the exit and inclusion probabilities associated with a

function V' (zy, k).
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Chapter 4.  Finite-Time Stability

4.3.1 Bounds on Exit Probability

In order to analyze, and to eventually design, for the finite-time stability of a process,
we provide in this section upper bounds on the exit probability of the process (4.17)
and on the associated function Vj. These upper bounds will allow us to indirectly

study the F'T'SS of the system.

Our first theorem is based on the following principle in the deterministic case
described in [42]: consider the upper bound on the increments of Vi, AV = Vi —
Vi < ¢ in Sy = {xg : V(zg, k) < m(k), m(k) > 0}, where ¢ is a non-negative

constant. Then, a state trajectory stays in the set S, for at least a time N =

(m—X(z0))
Pk ’

summation on both sides and choosing ¢ = maz,¢y

This can be seen by considering the condition AV, < ¢, taking the

i
£

-1
0

>
Il

0

>
I

which implies
V(zn, N) < V(2,0) + N¢ (4.21)

then the smallest value of the interval length N that will guarantee that the trajectory

(m—=X(z0))
p .

stays in @, is N = Following the above principle we present next a

stochastic finite-time stability theorem that is a slight extension of the one in [43].

Theorem 4.3 Consider a discrete-time Markov process x, k = 0,1,..., and the
continuous function V(xy, k) > 0, and define the open set S, = {x) : V(xy, k) < v}.
Let the first exit time for V(xg, k) = Vi. If the following conditions are satisfied

E,, [V(xgs1,k+1)] < o0 YV, € S5,
E:ck [V(CBk_H, k + 1) — V(xk, k’)] < gka YV € SW? gbk >0 (4.22)
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Then for the initial condition x(0) = xo we have

PV i3, ) < 020N (4.23)
where ®y = Zf\il o
Proof. The proof of the above theorem can be found in [43].
|

The last theorem gives an upper bound for the exit probability of V. This upper
bound depends on the initial conditions through V4, on the desired bound through
v, and on the time interval and state dynamics indirectly through ®,5. Next, we aim

to directly bound the exit probability of the state dynamics of (4.17).

Theorem 4.4 Consider the dynamical Markov process (4.17) and its exit probability
with respect to (cv, B, N, ||.|])

Peg(xp; 0, 8, N) = P{ sup |zi|| > B;||zo|| < o}
N>k>0

we have the following upper bound on P,.,(xy;c, 3, N)

Posfogs cu i N) < B [S“pN>’g0 ell, g < a}
su Vix
< B[S VO, ) <

Proof. The proof easily follows from Chebychev inequality [31] P{|X — ux| > €} <

M . In the following, I is the indicator function such that I = I{SupNZ],ZO llz;11>8} -
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Then

Feo(wx;a, B, N) = P{ sup |lzy|| > 55 |zo|| < a}
N>k>0

= E|1( sup ||xj||>;||aso||s@]
L N2>3>0

SUP N >k>0 ||=’Ek||
E | I( sup [[z;]]) == ;
[ N>5>0 B

IN

ol Sa}

_SUPNzkzo |21 ]|

g

IA
&=

lzol| < a

Again the bound on P,.,(zy;«, 5, N) is directly related to the bounds on the state

a, 3, the state dynamics, and the time interval .

4.3.2 Stochastic Finite-Time Stability Analysis

In the previous section we showed how the exit probability relative to the state
dynamics z;, and to the associated function V' (z, k) may be bounded and how the
bound depends on the parameters describing the finite-time stability objective. In
this section we use the described bounds to provide sufficient conditions for the

system (4.17) to be finite-time stochastically stable.

Theorem 4.5 Consider the dynamical system (4.17) and a function V(xy, k) such
that for a given §; we have &||xi||* < V(zg, k) < &o||xi||?, and v = 36,. Then the
system 1is finite-time stochastically stable with respect to («, 3, N, ||.||,\), if any of

the following three conditions is satisfied
(1)

]Emk [V([Ek_H, k + 1) — V($k, k‘)] < Cbk—&—l) YV, € S7 (424)
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[04(52 + (I)N] S A\
B0

N
Oy =) bk >0
k=1

(ii)

su Z
]E|: pNZkZOH k||’|’x0||§06 S)\

B
(iii)

P{AV, < piVii} > (1 = X)

k-1

by sup [ (1 + i)

« ko

V$k655,pk2—1,Vk:0,...,N

Proof.

(4.25)

(4.26)

(4.27)

(4.28)

In order to prove the above statements we will explore (i) — (ii7) and verify that

each of these conditions imply finite-time stability for the system. Finite-time stabil-

ity easily follows from (i) considering that for &;||xs|[* < V(zy, k) < dol|zi||?, VK =

0,...,N and vy = d2cx, ¥ = 613 we have

Pex(xk;aaﬁ7N) S Pea:(‘/;c;rym’% N)

and therefore from theorem 4.3 and (7)

Pez(xk‘;aa67N) S A
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Now recalling that P..(xg;a, B, N) 4+ Py (xg; o, 3, N) = 1 we deduce the finite-time
stability for the system (4.17) with respect to (a, 8, N, |[|.||, A) i.e.

Pin(zria, 5, N) = (1= A) (4.31)

For point (7i), since from theorem 4.4 the first term in (4.25) is an upper bound on

P..(zk; o, B, N) with the same principle as before, we obtain immediately

Pex(xk; Q, ﬂ? N) S A (432)

and therefore

Pin(zp;a, 0, N) = (1= A) (4.33)

Finally to prove (iii) let us consider the following for p, > —1

P{AVy < ppVi} = P{Viqp1 — (1 + pi) Vi < 0}
Wk =0, .. N

then iterating the partial difference inequalities and considering the upper bound on

Vo < 7 we obtain

k—1

P{AV,, < pVie} < P{Vi < [ J(1 + pi)}
=0

Vk=0,...,N

then using the condition (4.29) from (i) it follows that

P{AV; < ppVi} < P{V}. <~}
Vk=0,...,N
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and moreover

(1-\) < P{AV, < piVi} < P{Vi <7}
Vk=0,...,N

that implies finite time stability with respect to (o, 3, N,||.||, A).

4.3.3 Relations of FTS Conditions

In this section we compare the above results for F'TS analysis and study how they
may be related. First we study how the two upper bounds presented in section 4.3.1

are related. In particular let us consider (recall theorem 4.3) the following

Vo+ @
Pez(vk; Y0, 75 N) S w (434)
where ® = Zf\il ¢; and from theorem 4.1
su T
Patria,o.N) < [P0 [ ) < o]
su Ve, k
< g |20 VD) ) < 5
Y
then using the fact that 0, ||zz||> < V(x1) < da||xi]|? and v = 6,3 we have
Pex(xk;auﬁ7N> < Pem(‘/k;f)/O?’yv N) (435>

and moreover, by Chebychev inequality

SUP >0 Vi

Pew(vk;707ry’N)§E 7||‘/0H<’YO
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from the last two inequalities we can conclude that P.,(V;~0,7, N) is a less conser-
vative bound on P,,(zy; v, 3, N) than the one in (4.36). Finally, we compare the two
bounds in (4.34) and (4.36). In particular we observe that in (4.34),the bound on
P. depends on the initial condition V(0), the bound on V', 7, and on bounds on its
increments ¢. In (4.36) we are actually considering the expected value of supremum
over all V}, in the studied interval. In principle the second bound on exit probability
is less conservative and does not require the evaluation of the increment at each step,
but on the other hand it is not easy to directly calculate the value of the supremum

of Vk

Now let us consider part (iii) of theorem 4.5 from which we have for k =0,..., N
k-1
P{AVy < ppVi} < P{Vi <70 [ (1 + o)}
=0
k-1
= 1—P{sup Ve, > H(l + i)}
N>k>0 0
< 1—P{sup Vp>~}, k=0,....,N
N>k>0

We observe how the last term, the inclusion probability, is the complement of the

exit probability for Vi, and therefore by theorem 4.5 P;,, > (1 — \).

Since the three parts of the theorem 4.5 are comparable, from now on we will
just focus on the first part (i), since it is more general and does not directly require

the knowledge of the states of the system.

4.3.4 Finite-Time Stochastic Stability Design

The previous theorems focused on analysis but may be extended to designing con-

trollers that stochastically stabilize a system over a finite time. Consider the system

T = f(2r, O) + g(zr)us (4.36)
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Where x € R" is the system state, u is a one-dimensional control input, f and g
are vector functions defined over R"™ and 6 is an independent stationary random
sequence with mean py and variance oy. In particular, we consider systems in which
the random sequence 6y appears linearly in the system ie. f(zg,0k) = f(xk)0k.

In order to simplify notation, we will use the following notation g(xx) = g¢,, and

We aim to design a state-feedback control law wuy, = u(zy), such that the closed-
loop system is FTSS with respect to the parameters (a, 3, N,||.||, A). The proposed
design technique is based on part (i) of theorem 4.5. From now on, we also restrict

our study to the choice of Vj, = xka

Theorem 4.6 Let us consider the system given in (4.36). Consider the FTSS con-
dition (4.24), and let us choose @y = YA —~y and ¢y, = L;’O, Vk=1,...,N. Then,
the system is stabilizable over a finite time with respect to (o, B, N, ||.||, A) if for the

function V(zy) = x}Fxy, there exists an input law u(xy) such that

= (f] for — k) < o, (4.37)
Vk=1,...,N,Vx;, € 5'7

and

E[AV (z1)] (oo for — Thaw) + b Gup Ui

b Vk=1... N (4.38)

IN +
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The set of possible control laws is given by

gt up < up < ug, fOT’ gz:kgl’k 7é 07 and (fajr;gxk +g§kfl'k) 7é 0;

up, =0, for g 9o, = (9a for + [a Gu,) =0

Where

—pg Ay & \/Mz(A?) — 447 9., B
291 9a,.

Ur2 =

in which Ay = (f] gz, + 92, fz), By = (00f) fo, — Ttk — d1),

Proof.

Consider condition (4.38). Because of the choice of ¢, we have

)\ _
E,, [Vie: — Vi] < 2 N%,Vk:L...,N (4.39)
and also
YA —
- )0
ty= 3 B = (1.40)

from theorem 4.3 the above conditions imply

Vo+ @
Pex(vk;70777N) S M (441)
substituting the value of ®5 and bounding V{, we obtain
A\ —
Pex(vk;70777N) S M = A (442>

v

and therefore finite-time stability follows.
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The proposed design technique guarantees closed-loop finite-time stability under the
theorem’s assumptions. However, we actually designed to meet the specified bound
by fixing ¢. This is a constraint that makes the above conditions on the existence

of the controller only sufficient.

4.3.5 Minimization of the Exit Bound

In the previous section we designed a controller in order to meet specific given bounds
on the inclusion probability P;, of the stochastic system (4.36). Here we proceed to
develop design techniques to maximize the inclusion probability of the system. In-
stead of directly designing for the objective P, as was done in [47], where they
designed to maximize the inclusion probability, we base our design on the minimiza-

tion of some upper bound on the objective P,,.

Consider the following optimization problem
max Pin(2x; o, 0, N) = max P{||z(k)|| < 6 : k € [0, N][|]z(0)|] < o}

given the system (4.36). This objective can be also achieved by considering the

equivalent problem
min P, (x; o, 5, N) = min P{ sup ||zx|| > 5;||zol| < a} (4.43)
u Uk 0<k<N

We can indirectly solve this problem by minimizing an upper bound on the exit

probability i.e.

min L(ug) (4.44)

Uk
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where L(uy) is a cost function such that

P..(xp; o, B, N) < L(uy) Vk=0,...,N, z, € Ss (4.45)

In section 4.3.1 we provided some bounds on P,,(Vj; 70,7, V) and consequently
on P..(zy;a,5,N). Here we use those bounds in order to design for finite-time
stability for the system (4.3.1) with respect to (a, 5, N,||.||, A), with A as small as
possible.

Theorem 4.7 Consider the system (4.5.1), and a function V(zy) = zFxy,. Then
there ezists a control law ug, () that minimizes P (Vi; v0,7, N), i.e. stabilizes the
system over a finite time with respect to (v, B, N, ||.||), if for g%, gz, # 0, ux minimizes

the cost function Ly(uy), i.e.
L1 (uk,opt) S L1 (uk), Vu, Vk = 1, Ce ,N (446)
where

Li(zp,up) =
(007 fon — Thk + Gb o Ui + po(Ar)ur)
VkZO,...,N,VZL‘kES@ (447)

Finally, the optimal control law is given by

0 T oy =0
uk:{ Ga S (4.48)

/‘«9(9{ fa +f$ gz, )
— gt 9n9n 70

forallk=1,...,N.
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Moreover choosing ¢y, = Ly (ug) = L];% the minimum value X is given by

+ Nb
/\opt - w (449)
where
(002, fuy — 2Fs) < by (4.50)
Proof.

The control law that minimizes A\ can be found by considering once again the
upper bound on the exit probability presented in (4.3). The following sufficient

conditions are given for the existence of such upper bound

Vo +@n] _ [Vo+ > o L (up)]
- Y

Pez(xk:; Y0, 7, N) S

Eop Vi1 — Vi] < brq1, Yo € 55, ¢ >0 (4.51)

where &y = Z]kvzo @r. Since our objective is to maximize the inclusion probability
or, equivalently, to minimize the exit probability, we can minimize the upper bound
on the exit probability since v, g, N are independent of the input u;, we can act on
¢r. We can then meet this requirement from inequality (4.51) by minimizing each of

the terms E,, [Vi11 — V4] for 7 € S, or equivalently for Vj, = xlz;

Li(ze,ue) = E[(0hf] for — Tk + 91, Gurin

+0k(92 for + [ 9o )]
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that is an upper bound on E,, [A(V(x))]. Since 7,7 and E[f7] = o4, E[0r] = pe

are fixed positive values we have

Li(zr,ug) = [(00f] for — Thon + g, Gu, Ui
+110(9zy fry + Lo G )un)]
VE=0,...,N (4.52)

We then obtain uy, that minimizes Lj(xg, uy) as follows

0
a—ukLl(mka up) =0 (4.53)

solving for u we obtain the control law (4.48).

4.4 Finite-time stability Design: Example

In this section we present an example to show how our design techniques may be

applied to a given nonlinear system.
Example 1 Consider the system
Tpi1 = .50, + sin(?w% — Tuy

where 6, € {0,1}, py = 0.5. We want to choose the input uy in such a way that
the closed-loop system is finite-time stable with respect to (o« = 0.5, = 1, N =
10, [].]], A = .3). We also want to minimize a bound on the exit probability P.., i.e.

we want to minimize the value of \.
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By applying theorem 4.6 with 61 = 1,05 = 1 and therefore ¢ = —0.02 and
choosing in the admissible range of controller u, = —1.3, for sin(2r7E —7) # 0, and
up = 0, for sin(2r% — 7) = 0, we obtain the closed-loop system

Tpe1 = 0.5e®00, + sin(QW% — 7)(—1.35ign(|sin(27r% - 7).

The closed-loop system is FTSS as in Figure (4.3).
Also applying the input uqy that minimizes A we obtain the closed-loop dynamics,

Tpa1 = O.5e($k)9k+sz’n(27%—7))uopt(k)

—.5el) sin(2r L — 7)
2(sin(2m7E —7))?

wo(k) = sign(|(sin(2x 7 = 1)))

In Figure (4.3) we compare the closed-loop system with the first controller uy designed
for FTSS with respect to (a« = 0.5,5 = 1, N = 10,]|.||, A = 0.3), with the open-loop

controller and finally the closed-loop system with the second controller wyp,.

4.5 Conclusions

In this chapter we presented some new results on finite-time stability for stochastic
discrete-time nonlinear systems. Moreover, we explored how finite-time stability

analysis techniques can be extended to control design.

After discussing deterministic F'T'S, presenting existing work and a new approach
to analysis, we considered a stochastic system and explored how finite-time stability
can be studied. In particular, we described the concept of “inclusion probability”
and “exit probability” which are crucial for the study of stochastic FTS. Also we
showed how these quantities can be bounded by bounds that depend on the required
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Figure 4.3: Open loop system versus closed loop systems with exit probability P,, =

0.3 and minimal exit probability.

finite-time stability parameters. Moreover those bounds are used to analyze FTSS,

and to design for closed-loop FTSS.

Also in the last section we described how an upper bound on the exit bound can

be minimized, that is design for minimizing the probability of exceeding a bound

over a finite time.
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Chapter 5

Nonlinear Model Based NCS:
Finite-Time Stochastic Stability

5.1 Introduction

In this chapter we study the finite-time stability a system controlled through a net-
work, and therefore subject to the potential loss of information. To do so we use the
tools described in chapter 4 to study FTS for a nonlinear, discrete-time dynamical
system. In the current chapter, we use a stochastic model of the dropped packets,
and therefore apply stochastic results in F'TS. The packets loss is modelled as a bi-
nary independent random process with a known mean. While investigating how the
loss of information affects the FTSS of a NCS, we observe first that the FTSS of the

system depends on three main factors:

[. The controller performance i.e. whether or not the controller stabilizes the

plant in the case of full information.

II. The accuracy of the model and its initial state with respect to the plant.
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ITI. The amount of information received, or conversely the amount of packets

dropped.

We address the first factor by assuming from now on the FTSS of the system when
full information is available, and focus mainly on FTSS performance with respect to
factors [1 and II1. We first observe that they are complementary, i.e. that they
can compensate for each other, and in fact if one is missing the other factor becomes
more critical. It is well known that the state of a discrete-time system is uniquely
determined by the dynamical equations and the initial conditions. Therefore, the
accuracy of the model represents an important aspect, since the design is based
on the model’s state. In addition, the state of the model plays an important role
since it contributes to the estimation of the plant’s state when packets are dropped.
From now on, we assume the initial state of the model equal to the initial state
of the plant, i.e. that a packet is initially received. The amount of information
needed becomes more crucial when the model is inaccurate. Let us consider the two
extreme cases: assume first that we have a non-perfect model i.e., one that does
not reproduce the plant’s behavior correctly. After few time steps, the controller
will not perform satisfactorily on the plant if packets are dropped. In this case,
even with the correct model initial conditions, the system may eventually become
unstable. It is necessary in this case to have frequent updates of the plant state.
Moreover, by updating the state of the model, the divergence between the model
and the plant’s state will be limited. Eventually, in this extreme case, if there are
no dropped packets, and therefore the plant’s state is always available for feedback,
the model becomes unnecessary and even when completely incorrect, will not affect
the stability of the closed-loop system. On the other hand, if some of the packets are
dropped, the accuracy of the model and its state become important, since the model
will have to compensate for this lack of information. In the extreme case where the

model represents the plant perfectly, then the plant’s state becomes unnecessary and
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the system can be stabilized even when all packets are dropped.

Using the stochastic model of the NCS described in chapters 2 and 3 we first
investigate conditions to guarantee FTSS of the system. We then proceed to design
controllers in order to achieve FTSS. Moreover, we characterize the FTSS of the
system in terms of the probability of dropping packets p, which relates to minimum

attention control [53].

5.2 Some Preliminaries and Notation

Consider from chapter 2 a model-based NCS subject to the random loss of packets

as described in chapter 3
Zk41 = Hl(Zk) + HQ(Zk)ng, 2K € ]RQn, k=0,1,... (51)

in which the dropping sequence ¢ = (1 — ) is a stationary independent random
sequence, with mean p, = (1 — p) = ¢ and p,2 = ¢, where ¢ is the probability of
dropping a packet.

In chapter (4) we defined finite time stochastic stability for a generic discrete-time
dynamical system with respect to (a, 3, N, A, ||.||). Here we reformulate the FTSS
definition for NCS (6.1). In the following we let ||2x]| = \/2{ 2 be the Euclidian

norm.

Definition 5.1 FTSS-NCS

The NCS (5.1) is FTSS with respect to («, 3, N, \,||.||) if

Pin(zr;0, 3, N) = P{zf 21, < Bk €[0,N] | 2d20 < a} > (1 = )) (5.2)

o8



Chapter 5. Nonlinear Model Based NCS: Finite-Time Stochastic Stability

Let V (2, k) = 2f M (k)2 be a quadratic function where M (k), is a given 2n X 2n

time-varying real-valued matrix, with

1(k) | ma(k)

M (k) sma(k) € RV, (5.3)
(k) | ma(k)

ma (k)" = my(k), M(k) >0

then consider the following definition

Definition 5.2 Quadratically FTSS-NCS

The NCS (6.1) is quadratically FTSS with respect to («, 3, N, X\, M) if for the
quadratic function V(zy, k) = 2L M (k)2 the following holds

Pin(Vi; 70,7, N) =
P{z,?M(k)zk <~v:ke€l0,N]| ng(k)zo <y}t >(1-2N) (5.4)

where 01 ||ze|[? < V (2, k) < 8a||2k||?, 01(k) = Amin{M (k) }, 62(k) = Mnae{ M ()} are
the minimum and mazimum eigenvalue of M (k) respectively. In addition we have

da(k)a > 7 and 61(k)5 > 7.

A

We denote the sets of states with bounded V as follows
Sy = Az Valan, k) <7} (5.5)
Sp = fon: Valaw k) < 6} (5.6)
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5.3 Finite-Time Stochastic Stability Analysis

We aim to study the behavior of the system over a finite time in the presence of
packet dropping. In particular, assuming that with full information available, the
system’s state is constrained within a bound 3 over a finite time N, we want to find
conditions for which the state remains within the given bound over the time interval
when packets are being dropped. Moreover, we want these conditions to depend on

the model’s state and on the amount of packets dropped.

We are now ready to state the following theorem that considering a class Cz_ycs
NCS, gives sufficient conditions on the bounds defined on the NCS for which FTSS
holds.

Theorem 5.1 Consider the NCS (6.1), and assume it belongs to class Cg_ncs, also
consider the function V,(z1, k) = 2zl M(k)zy, in which M(k), is a real-valued 2n x 2n

matriz, where my(k) > 0, mq(k) > 0. Assume that Vz, € S, and k € [0, N]

By, (k) + 2Bp, ,(%4)q + By (2)q — Amin{ M} B.(2) < ¢ry1 (5.7)
0452 + (I)N
- | 5.8
B o (58)

where O = Zszl ¢r. Then the system is FTSS with respect to (o, 3, N, M(k), \).

Proof. The proof follows from theorem 4.3 in chapter 4, and using lemma 2.1 in

chapter 2. The conditions in the theorem

E., [AV.(zk, k)] = B, [(Hi(22) + Ha(z1)) " M (k + 1) (Hi(2) + Ha(2) k) —
Amin{ MVYB.(2)] < ¢4, Yk = 0,...,N, 2. € S, (5.9)
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and

()4(52+(I)N
— <A 5.10
55 S (5.10)

from which FTSS follows.

Roughly speaking, the theorem restates the conditions for FTSS described in
theorem 4.5, in a NCS context. Moreover, in order to make the analysis dependent
only on the model’s state that is assumed to be always available, it uses the fact that
the NCS belongs to class Cz_ncs. Finally those bounds are used to specify FTSS

conditions.

5.4 Finite-Time Stochastic Stability Design

In the previous chapter we presented sufficient conditions for FTSS of the NCS in
the presence of packet dropping. We now investigate the possibility of designing a
controller to guarantee the FTSS of the system. We therefore consider a network

model in which the input function u;, = K (&) is not fixed i.e.
2en = (F1(z) + Fa(z)en) + (Gr(z) + Ga(zr)op)ur, k20 (5.11)

Where the functions Fi, F5, G1, Gy were defined in chapter 2 and u; : R" — R is
a scalar input. Although we will only focus on the case of scalar inputs, the results

may be easily extended to multidimensional inputs.

Theorem 5.2 The class Cp_ncs NCS (5.11), is quadratically finite-time stochasti-
cally stabilizable with respect to (o, 3, M, N, \) and ¢ = ¢ = “”\% if for the function

61



Chapter 5. Nonlinear Model Based NCS: Finite-Time Stochastic Stability

V(zk, k) = 2} M(k)zi,, where M(k) satisfies the conditions, (5.3), there exists an in-
put law uy, = K(Zy) such that

1. The system is FTSS with respect to (o, 3, M, N, \) for the time in which the

input cannot affect it, i.e. if

Ezk[(Gl(zk) + Gg(Zk)q)TM(k? -+ 1)(G1(Zk) + Gg(zk)q)] = O, (512)
E..[(Fi(21) + Fa(z)q)" M (K + 1)(G1(z) + Ga(21)q)] = 0
= B [(Fi(zk) + Fa(2k)q)" M (k + 1) (Fi(z) + Fa(2r)q) — 2 M(k)2r] < ¢

2. We have for all ), € S

]Ezk [A‘/Zk(zkv k)] = (BG’l (fijkz) + BG2(3A7I~:)Q)U% (513)
2((Brig2(Tk) + Braci(2x) + Bric2(2k))q + Brici (Tx) )uy
HBra(#0)a + 2Brrra(2)0) + Bea (i) — Mnsn (M) Bo() < 2200

The set of controllers is given by:

ul(ik) S U((i’k) S u2<i‘]€), fOT (BGl(fi'k> + BG2<CE’]€)) 7é 0 (514)
u = O, fO’T’ (BGI (Zik) + BGQ(i’k)) =0 (515)

Bre = ((Brig2(Zk) + Brac1(Zk) + Brig2(Zk))q + Brici(Zx))
B = Bra(21))q + 2(Brir2(2r)q) + Bri(Zx) (5.16)

—|Bral|
(Ba1(Zk) + Baa(2k)q)
i\/(BFG)Z — (Ba1 (&) + Baa(@4)q) (B — Amin{ M} B.(2) — 225%2))
(Ba1 (k) + Baa(r)q)

U2 =
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with

(Bra)? — (Ba1(ix) + Baa(21)q) (Br — & ma(k) s
(Ba1(@k) + Bea(Zx)q) # 0 (5.17)

Proof.

The proof follows from theorem 4.4 in chapter 4. In particular the control law

with the conditions above imply

E..[AV (21, k)] < ¢
0652 + (I)N

o < A, (5.18)

Vk=0,...,N, z, €8,

and therefore F'TSS follows.

The theorem uses the FTSS conditions for the NCS in theorem 5.3, to generate
a control law that will satisfy those conditions, and therefore will stochastically

stabilize the NCS in a finite time with respect to the specified conditions.

5.5 FT Stability and Rate-Limit of Packet Drop-
ping

In [53] the idea of relating the stability of a linear system controlled by a network
to the rate of information (measured in packet per seconds) necessary to achieve

stability is proposed. In particular the concept of “minimum attention control” was
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introduced, where the objective is to minimize the amount of bandwidth used, i.e.
the amount of information transmitted through the channel in order to stabilize the
system. The concept of minimum attention control is based on the following idea:
if the system is stable (either in the classical or FT sense), then no controller nor
feedback information are needed. Conversely if the system is unstable, then the
need for feedback information increases. A relation between the rate of information
and the eigenvalues associated with the unstable modes of a linear system is then
obtained. We can then conclude that qualitatively, the amount of information needed

is inversely related to the degree of stability of the system.

In the theory developed so far, we showed how the stability of the NCS is de-
pendent on three main factors: the accuracy of the model and initial conditions,
the amount of information available,(the number of packets dropped), and finally to
the efficiency of the controller in stabilizing the plant when complete information is

available.

This section focuses on the robust stability of the system with respect of the loss
of packets, i.e. how the controller performs when the plant state is not received. We
want to directly relate the stability of the system to the probability of packet drops.

Let us consider once more the model of the networked control system in the form

Zppr = Hi(z) + Ha(zr)ox, k>0 (5.19)

in which Hi(z) and Hs(z;) are dependent on the model, the system, and the error
between the model and the system as described previously. We investigate the rate of
lost packets that the system can support while remaining F'T'SS. To do so, we consider
the sufficient conditions for FT'SS of the system (5.19), by applying theorem 5.3, and
investigate the level of probability of packet lost P{pr = 1} = ¢ for which stability

is guaranteed. This results in the following.
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Theorem 5.3 A class Cg_ycs NCS (5.19) is FTSS through the network with respect
to (o, B, M, N, \) and ¢y, = % if the rate of packets lost, i.e. probability pu, = q

of dropping a packet, is such that

0 < ¢ < (2Bp,,(2x) + Bma(2)) " Amin{ M} B.(2) + ¢ — Bp1(dx))
Vi, € Sﬁ, T € Sﬁ, k= [0, N] (520)

Note that the amount of packets the system can afford to lose while remaining F'TSS,
is inversely dependent on the bounds of the NCS, i.e. the errors introduced by the
model and the initial conditions. Therefore as the errors become larger, in order to
maintain FTSS, the probability ¢ of dropping a packet needs to be smaller. Moreover
the bound on ¢ directly depends on ¢, therefore small values of v and \ will lead to a
small bound on the dropping probability ¢. Note that because of the sufficiency of the
conditions, the bound on ¢ may be conservative. While in the linear case the required
rate depends on the unstable eigenvalues of the system, in the nonlinear finite-time
stability setting, the relation is given by the Lyapunov-like function and depends on

the accuracy of the model and the finite-time stability parameters through ¢y.

The above result shows how it is possible to “design” for FTSS of the NCS not
only through the feedback controller, but also by modifying the networks dynamics
when they are accessible. Moreover, in case more information is available about
the network, the packet dropping may eventually be modelled deterministically, and
therefore, controlling the network’s traffic will help in controlling the NCS. This will
become important in the next chapter where we will be dealing with deterministic

dropout in NCS and where we link the network’s dynamics to the control dynamics.
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5.6 Examples

This section provides a set of examples of NCS, for which we study FTSS for different
amounts of dropped packets. Though we only analyzed the case of scalar inputs, the
results presented can be easily extended to the vector input case. In this section we

present vector inputs examples. In particular, we consider

ri(k+1) = z1(k) +wu (k)
z3(k+1) = w3(k) + (zv1(k)uz(k) — z2(k)ui(k)) (5.21)

which is the discrete-time version of the non-holonomic integrator proposed by Brock-

ett in [54].

5.6.1 Family of Controllers for FTS of Discrete-Time Brock-

ett Integrator

The continuous-time non-holonomic integrator represents a challenging system stud-
ied by many authors. It was proven by Brockett that the non-holonomic integrator
is not smoothly stabilizable with time-invariant controller. In discrete-time, the
system is less challenging but remains interesting, especially in the new context of
FTSS through the network. We aim to achieve FTSS with respect to (o = .09, 3 =
1.52, N = 10, M = I343, A = .3), by using the function V' (z, k) = z! z). In particular

we propose two families of controller u, and wu; for the case W > 0.

Theorem 5.4 Consider the discrete-time non-holonomic integrator (5.21), then the
following classes of controllers finite-time stabilize the system with respect to the
parameters (o, 3, N, M), and therefore finite-time stochastically stabilize the system
with respect to the parameters (o, B, N, M, \ = 1), with % > 0.
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Class a

a1<k') 0 a:l(k)
Ua(k) = — (5.22)

where ay(k), az(k) are positive functions defined on N*, and ay(k) < as(k) for
1< a1<k3)7 1< CLQ(]{?).

Class b
ub(k)[ 0 m(k)ﬁ(k)] [mm] 52

In which , by(k), ba(k) are positive functions defined on N*t, and by (k) < be(k)
and 1 < ay(k),1 < ag(k) such that

(z1(k) — by (k)xT(k)zo(k))? < 27(k)VE =0,...,N, z1,29 € S,
(w2(k) — by(k)a3 (k)1 (k) < @3(k) (5.24)

Proof.

Consider the FTS condition

AV (xg, k) =
(01 (k) + 1 (8)? + (2(8) + wa(k))? + (k) + 21 (K)ua ()
—wa (k) (k)? — 23 (k) — a3(k) — ad(h) < 22200 (5.25)

N
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class a class b

constant a(k) = ay(k) =c bi(k) =by(k) = ¢
linear |  ay(k) = as(k) = bi(k) = by(k) =

exponential | ai(k) = as(k) = ™% | by(k) = bo(k) = e

Table 5.1: Classes of controller for the discrete-time Brocket integrator.

using the controller of class (a) we have

(21(k) — ar (k)1 (k))*

+ (22(k) — az(k)za(k))* +
(23(k) + 21(k)(—az(k)w (K
<

) — w2 (k)(—ar(k)z1 (k)))?
A =
—a(k) — 23 (k) — #3(k) <0 < =
Y(v, 70, N, Isxs, A), )\7]; Yo >0, anday; > 1, ay >0 (5.26)

and with class (b)

AV (zy, k) =

(2108) = R ()20 + (2a(0) = (k)R () +

(1308 + (1) (o020 — () (o (R ()

—) = () — a3h) < 2L (.27
n

In Table 5.1 we propose different controllers with the defined structures, and study
their performance. Theorem 5.4 provides control laws that stochastically finite-time
stabilize the discrete-time Brockett integrator, in case of available state feedback,
that is in case the state is sent across a network, with no packet dropping. In order

to analyze how the controller performs as some packets are dropped, we consider,
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in the next section, the NCS composed by the Brockett integrator (5.21) and its

approximate model.

Control of Brockett Integrator trough a Network by Class (a) Constant

Controller

Consider again the discrete version of the Brockett integrator (non-holonomic inte-

grator) (5.21) and its approximate model

T3(k+1) = 5023(k) — 8(21(k)ua(k) + T22(k)ur (k)

We want to use the class (a) linear controller to FT control the Brockett integrator

trough the network.

gy =—| @O BW (5.29)
0 b | | da(k)

where a; = 1.7, ag = 2.3. At first we check using the multi-input version of theorem
5.3 that the proposed controller FT stabilizes the system trough the network. We
obtain with M = Is43

AY =0
—— =0.0585 5.30
- (5.30)

where zj, is given as in (2.3) with 6 being an independent random sequence. In Fig-
ures 5.1, 5.2 and 5.3 we show simulations of the system controlled across a network,
using a linear class (a) controller in which a; = 1.7, ay = 2.3, and with packets loss

of 0%, 20%), 50% respectively. Note how in the case of a class (a) controller with full
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0.3
&
0.29-

Figure 5.1: Brockett integrator controlled through the network with linear class (a)
controller with a; = 1.7, as = 2.3 and packet lost rate of 0%.

k

information available, finite-time stability is guaranteed for every set of parameters
(e, B, N, M, \) since the system is contracting. This property is however lost when
the network starts dropping packets.  Next we repeat the experiment using the
same family of linear controllers (a) with different parameters a; = .7, as = .9. Now
due to the fact that a; < 1, as < 1 the FTSS of the system is not absolute but
depends on the parameters. In particular we are interested in FTSS with respect
to (a = 0.09,3 = 1.5, N = 10, M = I3,3,\ = 0.3). In Figures 5.4, 5.5 and 5.6 we

observe how the second mode goes unstable when the network starts losing packets.

5.7 Conclusions

Finite-time stochastic stability of model based NCS has been studied. In particular
sufficient conditions for FTSS of the NCS were given. We showed how the FTSS of
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A

L

L]

k

15

Figure 5.2: Brockett integrator controlled through the network with linear class (a)

controller with a; = 1.7, as, = 2.3 and packet lost rate of 20%.

k

Figure 5.3: Brockett integrator controlled through the network with linear class (a)

controller with a; = 1.7, as = 2.3 and packet lost rate of 50%.

the system depends on three main factors: the stability of the closed-loop system in

the case of available full information, the received information (packets transmitted),
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k

Figure 5.4: Brockett integrator controlled through the network with linear class (a)
controller with a; = .7, ay = .9 and packet lost rate of 0%.
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Figure 5.5: Brockett integrator controlled through the network with linear class (a)
controller with a; = .7, ay = .9 and packet lost rate of 20%.

and the accuracy of the model and the initial conditions.
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Figure 5.6: Brockett integrator controlled through the network with linear class (a)
controller with a; = 0.7, a, = 0.9 and packet lost rate of 50%.

We also investigated the possibility of designing for FT'SS, and a set of admissible
controllers were proposed for a specific system. In particular we presented a class
of controllers that only depends on the model state. Since the conditions used for
design are only sufficient, the set of controllers might be conservative. Finally we

characterized the F'T'SS of the system in terms of the amount of dropped packets.
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Chapter 6

Nonlinear Model Based NCS:

Deterministic Finite-Time

Stability

6.1 Introduction

In chapter 5, we studied the effect of random packet dropping, on the FT stability of
a nonlinear discrete-time system. The resulting NCS was a stochastic system, which

allowed us to study its finite-time stochastic stability (FTSS).

In the present chapter, we consider packet dropping as a deterministic event, and
make use of the possibility of knowing when a packet drop may occur. To accomplish
this, the network dynamics must be incorporated in the control loop as was done in
chapter 3, providing a more accurate model of packet dropping. The model asserts
that the dropping of packets containing sensor measurements, is due to network

congestion.
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As mentioned earlier, congestion is caused by sources that transmit at an ag-
gregate rate exceeding the channel capacity. It may therefore be possible to control
packet dropping by appropriately managing the sources’ rates in specific paths. Since,
the stability of NCS depends on the controller performance, model accuracy, and the
amount of packets dropped, we can design for FTS, not only through direct state
feedback, but also by implementing a network controller to reduce packets dropping

by controlling path capacities and sources’ rates.

Therefore, the model studied in this chapter is extended to include network dy-
namics, such as link’s capacities and sources rates. In this new deterministic setting
we redefine FTDS for NCS and moreover, supply a sufficient condition for NCS to
be FTDS.

In Section 6.2 we present a brief discussion of two different fields, namely, Conges-
tion control, as well as NCS. Section 6.3 presents some notations about the system
under investigation, and redefines FTS in this new context of deterministic packets
dropping in NCS. Analytic results that provide sufficient conditions for EFTDS of
NCS are developed in Section 6.4, while Section 6.5 explores some characteristics
of the dropping sequence in relation to EFTS. Finally, Section 6.6 demonstrates ex-
amples of EFTS for a discrete-time Brockett integrator controlled across a network

experiencing packet loss.

6.2 Networked Control Systems and Networks

As discussed in chapters 2 and 3, several studies have been conducted in modelling
and controlling Networked-Control Systems (NCS),[1],[2],[12], mostly to study the

stability of a system whose control loop has been closed across a network.

The introduction of a network in a control loop brings about problems such
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as packet drops, delays, and so on. These issues have been analyzed individually
although some studies have combined the effects of sampling and delay [1]. However,
to the best of our knowledge, the network model itself has not yet been directly
incorporated into the NCS model, but only through the effects that arise as a result

of the network’s conditions.

This is the missing link between Networked-Control System and Network-Control.
Models of networks have been developed in Network-Control to study delays and
packet drops caused by congestion. Therefore, there is a gap between the network
dynamics, covered in Network-Control, and the effects that these dynamics have
on a control system, which Networked-Control Systems focuses on. Until now, we
have emphasized the effects of packet dropping on stability, particularly finite-time
stability, and developed a stochastic model for packet dropping. In this chapter,
we merge the two aspects of research, in order to combine into a single model the
NCS and the network model. In chapter 3 we developed such a combined model,
particularly taking into consideration packet dropping within the model-based NCS.
Here, we will study the finite-time stability of the system based on this combined
model. Due to the deterministic nature of the model, we will not employ FTSS, but

rather finite-time deterministic stability.

6.3 Preliminary Notation

We consider the deterministic MB-NCS, described in Chapters 2 and 3
Zk+1 ZHl(Zk)—FHQ(Zk)gOk, ZL € ]Rzn, ]{J:O,L... (61)

More details about the model were given in Chapter 2. Recall from chapter 3 the
dropping sequence ¢ = (1 — 6;) € {0,1} is defined as follows: assume the state of

the system is sent across a network path 7' of n; links, each of which has a maximum
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allowed packet rate (or capacity ¢;(k)), and a global capacity G;(k) determined by

the sources’ rates at time k, then the dropping sequence is given by

=1 l—l[ sign(c;(k) ; G,(k))+1 (6.2)

j=1

where the sequence of variables {¢y} identifies whether a packet has been dropped

due to congestion (¢ = 1), or not (¢ = 0).

The NCS described in equation (6.1) is a deterministic system, and we are inter-
ested in investigating its stability over a finite time in the event of packet dropping.
In the stochastic case, bounds may be exceeded with low probability. A deterministic
definition of EFTS is given next, which also allows bounds to be exceeded, but over
limited intervals.

Definition 6.1 Extended Finite-Time Stable NCS (EFTS-NCS)

The NCS (6.1) is EFTDS with respect to (o, Br; @z, 5.5 N, N,), if the following

conditions hold

(1.) the system is FTS with respect to (., Bz, N), if no packet dropping occurs

{22 < Bk €]0,N]|zd 20 < a} (6.3)

(II.) for ¢ =1, and some k € [0, N] either

{22 < B.: k€]0,N]|zd 20 < a.} (6.4)
or
. LT i T
{Vje[0,N]: 22 > B.,= pcmin T < B}, N, <N (6.5)

where N, is the number of consecutive steps the system state is allowed to exceed

the F'T bound due to packet dropping.
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In particular, FTS for NCS is redefined so that if packet dropping occurs, the
system state may exceed the bound [, for a fixed finite number of consecutive steps
N,. Note that the above definition requires the knowledge of future states to ensure

FTS at each step. We will also redefine quadratic FTDS in case it is desired to bound

[
B
B
a
O{.T
0 j j+N, N k

Figure 6.1: Extended definition of FTDS for NCS: the global state norm ||z¢|| may
exceed the bound (3, and ||zk|| the bound (3, as long as the plant state norm ||zy||
contracts in a finite number of steps N,, back to (3,.

a given quadratic function of the state.

Definition 6.2 Quadratically EFTS-NCS

The NCS (6.1) is quadratically EFTS with respect to (Yu, Ya0; Yz V20; N, Noy M),
if for the choice of quadratic Lyapunov functions V,(zx, k) = 2F M (k) 2z, Vip(xp, k) =
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zimy(k)xy and Vi(Zg, k) = 21 my(k)Zy, in which M (k) = M (k) is a 2n x 2n time-

varying matriz, with my(k) > 0, my(k) > 0, we have

(1.) for oxr =0

{V2 (2, k) <z -k € [0, N]|Vz(20,0) < 720} (6.6)

(I1.) for ¢ =1 either

{V2(2k, k) <7z -k € [0, N]|Vz(20,0) < 720} (6.7)

or

. : - . A<
{Vj €[0,N]:V.(2,7) > s, = i V(i 1) < s}

Theorem 6.1 FEvery NCS that is quadratically EFTS with respect to the parameters
(Vae, V203 Yz V205 Ny, Noy M), is also EFTS with respect to (o, Be; s, B2 N, Ny).

Proof.

The proof easily follows by considering the fact that di||zx||> < Vi(z, k) <
8ol 2] 1%, 01(k) = Apin{ M (K)}, 62(k) = Amax{M(k)} are the minimum and maxi-

mum eigenvalues of M (k), respectively.
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6.4 Extended Finite-Time Deterministic Stability

Analysis

In this section, we consider sufficient conditions that will guarantee FTDS for the
NCS. In the new setting, if the NCS state exceeds the bound specified at time j,
then, in order to predict the future values of the state, it is required to have an
estimate of the plant state for the successive N, + 1 steps. This is presented in the

following theorem by using the model to predict future states.

Recalling from Chapter 5, the sets of bounded states are denoted as follows

Sy = Az Valaw, k) <92} (6.8)
S% = {xk : ‘/ﬂc<xk7 k) < ’V:Jc} (69)
S, = {i s Vil k) < 7 (6.10)

Theorem 6.2 Consider the class Cp_ncs NCS (6.1), and the state prediction using
the model

iy = F@rrg) + 9(@ry sy, k+1<j<k+1+N, (6.11)

and assume for all x, € S, and k=1,...,N

AV, < AV, = By, (k)i + 2(Bir, 5 (21))x + Ba, (25) — & M (k)2 (6.12)
AV, < AVp, = By, (&) — Apin{ M } B.(%) (6.13)

then if
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[k V (26, k) — AV, (21, k))] > 0

k—1

=
> sup (1+ pj)
720 O<k<N H !

(Ve (2k, k) — AVp, (21, k)] <0
min [pZV (Z,1) — AVp, (Z4,1)]

k+1<i<k-+N,+1

ﬁ k—1
> su (1+
Qg 0<k:£)NH pj

and finally

Be(i'k) + ﬂﬁ: S ﬁl’a Vi‘k S S’ygw

then the NCS (6.1) is FTDS with respect to (o, Be; oz, B.; N, N,)

Proof.

From condition (6.15) we have that if

[0k V(20 k) — AV, (21, k)] = 0

(6.14)

(6.15)

(6.16)
(6.17)

(6.18)

(6.19)

(6.20)

then using the fact that the NCS belongs to class Cp_ncg together with condition
6.15 and theorem 4.1, chapter 4 we can show the FTDS for the NCS. Let us study
the case in which [piV, (2x, k) — AVp_(zx, k)] < 0, then inequality (6.18) reduces to

min oKV (24, 1) — AV, (24,1))] > 0,

JHI<I<j+ Not1
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from which it follows that there exists a j +1 <17 < N, + 1 for which
[0V (23, 1) — AV (24, 1)] = 0 (6.21)

that combined with condition (6.18) with theorem 4.1, chapter 4, implies FTS for

the model state & with respect to (ag, 8z, 1). Also consider the following
el =[x — 2 + @l] < llewl] + [[2x]] < Be(an) + [z ] (6.22)

then considering the condition (6.19), and the FTS of Zj, from which it follows
||zk|| < B, for at least one k € [j+1 < i < N,+ 1] and moreover FTDS for the NCS.

6.5 Rate Limit of Packet Dropping

Let us consider once more the model of the networked control system in the form
(6.1). In chapter 5 we investigate the rate of lost packets that system can support
while maintaining FTSS. To do so, we consider the sufficient conditions for FTS of
the system (6.1), given in theorem 6.2, and investigate the level of dropping rate

wr = 1 for which stability is guaranteed. This results in the following.
Definition 6.3 Attractive System A discrete-time system of the form

21 = f(z), 2z € R™, 2(0) = 2 (6.23)

is an attractive system with respect to (o1, B, e, Ny Ny, a1 < B, < g if it is

FTS with respect to (c,1, 8., N,) and contracting with respect to (az, 8., N;.), i.e.
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Ik |

Bz

Qg

N k

Figure 6.2: Attractive system.

[l20]| < a1 = [l2l] < Bz, k= [0, N]

o > ||20]| > 6. = ||a]| < B2, k= [Ny, N]

Theorem 6.3 Consider a class Cp_ncs NCS (5.19), also assume the controller
K(&) is such that in case of successful packet reception the system is attracted with

respect to (a1, Bz, cz, N, N;)

||ZO|| S Ay, = ||Zk|| S ﬂz; k= [O,N]

or

o > ||20l| > 6. = ||a]| < B2, k= [Ny, N]
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with a,; < B, i.e. the region [—f,, 3] is a global region of attraction for the state.
Let N, be the number of steps needed by the controller to pull the state back into the
ball of radius 3, from a distance a,5. Consider N, number of time steps needed to
pull the state from [B,, o] to [0,3,]. Also we have that Ny is the number of FT
unstable steps the system can support, and 0 B, is the bound on maximum value that
the state norm ||zx|| exceed the bound [3, for each dropped packet (pr, =1). Then we
have that the number of packets that need to be received (@, = 1) in order to recover

0B, the loss of N, packets is

B.(#)N.

N, =
O[ZQNT.

(6.24)

and the mazimum number of admissible consecutive drops that needs to be followed

by N. received packets in order to achieve EFTS through the network with respect to
(axv ﬁa:; Ay, ﬁz; N, No) 18

(6.25)

Proof. We have that the number of packets that need to be received ( ¢ = 1)

in order to recover d B, the loss of one packet is

0B,
Ny = =N, (6.26)

then for the loss of N, packets the number of packets that need to be received (

¢ = 1) in order to recover d B, is

B.(z)N,

N, =
O[ZQNT.

(6.27)

From the above consideration we can then evaluate the maximum number of

No
1+ N,

admissible consecutive drops Ny = the system can support while being EFTS
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through the network with respect to (o, B:; oz, B.; N, N,) assuming that are followed
by N, received packets.

The proof of the theorem follows from the assumption that the system is EFTDS
if no packets are dropped. Also note that since the system belongs to class Cp_ncs
a bound B,(%) on the state increments can be defined. Note that the condition is

once more, only sufficient.

6.6 Examples

Exponential Class-b Controller for Brockett Integrator trough a Network

Recalling from section 5.6 in chapter 5 the discrete-time Brockett integrator, we
investigate in a deterministic setting how packets losses, affect the closed-loop EFTS
of the system. Consider again the discrete version of the Brockett integrator (5.21)

and the model

Polk+1) = —192(k) + 3.33us(k) (6.29)
T3(k+1) = —5ig(k) — 8(21(k)ua(k) — Ta(k)ui(K)) (6.30)

We study EFTS with respect to (o, = 1,8, = 3,, = 0.6, 5, = 1.5, N = 10, N, = 2).

Let us use the exponential class (a) controller

u(k) = — y(k) (6.31)
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with parameters a = 1.3, b = 0.7. Then the conditions of theorem 6.2 are satisfied
if full information is available, i.e. ¢p = 1, Vk = 0,...10. In order to simulate the

system, we consider the path used to the NCS composed of three links [y, I, [3, each

with limit capacity ¢;(k). The links are used by five sources sy, ..., s5 as follows
[y — 1,54
lg — S1, 83 (632)

l3 — 59,53, 5

meanwhile the sources send at the following respective rates

ri(k) = 1(sin(k)+ 1) [packett/s]

ro(k) = 3(cos(k)+1)

r3(k) = 1.Texp* (6.33)
ro(k) = 8(cos(k)+1)

r5(k) = 9expF

from which we can calculate the global rates at each link as follows

Gi(k) = (k) + ra(k): (6.34)
Ga(k) = ri(k)+r3(k); (6.35)
Gg(/{?) = 7’5(/€) + T’Q(k’) + T3<k), (636)

We study the closed-loop behavior of the NCS as the limit rate of the link, and
therefore the amount of packets dropped vary. Starting from initial conditions
x;(0) = #;(0) = 0.3, 7 = 1,2,3, we first consider a fixe limit capacity ¢; = ¢ = 17
packets/second that will lead to a dropping sequence {py} of all zeros, that is all

the packets are received (and therefore a receiving sequence {6} of all ones). Figure
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Figure 6.3: Brockett integrator controlled through the network with exponential class
(b) controller with a; = 1.3, ay = 0.7, capacity ¢ = 17.

(6.3) shows the evolution of the system state over time. If we lower the limit capacity

to ¢ = 13 packets/second, the receiving sequence becomes

§=1[011110011110011] (6.37)

for which FTDS conditions are still satisfied, as shown in Figure (6.4). For ¢ = 1 we
obtain a dropping sequence of all ones and the state dynamics are depicted in Figure

6.5. Finally in Figure 6.6, we show the norms for the three values of capacities for

2:(0) = 2(0) = 0.3.

6.7 Conclusions
We studied M B — NC'S with a deterministic model for the packet dropout. This

model was realized by including the network in the NCS. This allowed us to obtain a

deterministic model for the packet dropping and therefore for the complete NCS. The
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Figure 6.4: Brockett integrator controlled through the network with exponential class
(a) controller with a; = 1.3, ay = 0.7, static capacity ¢ = 13
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Figure 6.5: Brockett integrator controlled through the network with exponential class
(a) controller with a; = 1.3, as = 0.7, static capacity ¢ = 1

EFTS for such systems was explored, and in particular redefined for the deterministic

NCS. This has allowed the system to possibly exceed the specified bounds for a
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Figure 6.6: Norm of the state x for values of capacities c = 17, c =13 and ¢ =1

finite number of steps, which was otherwise unacceptable under the classical FTS

definition.
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Chapter 7

Conclusions and Future Work

The aim of this thesis was to explore stochastic and deterministic finite-time stabil-
ity of nonlinear discrete-time systems, within a networked communication systems
framework. Moreover, we intended to provide a link between NCS and communica-

tion networks, by including the network model in the NCS closed-loop system.

Introducing a network in the control loop gives rise to several side issues that
we tried to address in this thesis. In particular we focused on the issue of packets
dropout, and assumed available a plant model on the controller’s side, that is a
model-based NCS approach. In this model the state measurements are sent through
a network, while the control signal is directly applied to the plant. With such a model
we showed how the stability, (specifically the finite-time stability) of the system
is affected by the loss of state information. Moreover, we extended the existing
model-based NCS approach to encompass nonlinear systems, and we characterized
a class of model-based NCS with bounded errors between plant and model. Next,
we completed the NCS model by providing stochastic and deterministic models for
the packet dropout. For the stochastic case we used some existing results, while

we studied the deterministic case by introducing the network dynamics in the NCS
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model.

A model for NCS was proposed for both stochastic and deterministic packet
dropout. The extension to a deterministic setting has been done through the in-
clusion of the network dynamics in the NCS model. In particular, by detailing the
network dynamics and including them in the NCS model we provided a deterministic
model for the packet dropping. For the stochastic counterpart we considered a ho-
mogenous Markov chain and independent Markov chain, i.e. independent sequence,

to address the issue of packet drops.

We then studied FTS in a stochastic and deterministic setting while extending
some of the existing results in analysis and design. Furthermore, we extended the
classical F'TS concept to a more general one in which exceeding the bounds is allowed

for finite number of consecutive steps.

Then, using the NCS model and the F'TS results we proceeded to study FTS and
FTSS of NCS. Finally, using the deterministic model for NCS, we studied FTDS for

such a system.

7.1 Future Work

We are considering three possible extensions of our research. The first addresses
the inclusion of delay in the control loop. A second extension involves the parallel
solution of the two problems of stabilizing the NCS and the network, which may be
realized, for example, by including priority schemes between sources and dynamically
changing the priority of the NCS depending on the level of stability of the plant. We
also plan on incorporating existing optimal solutions into the stability studies of
the network in the control of NCS. This leads to two possibilities for stabilizing the

two interconnected systems (network and NCS). The controller of the network may
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serve to stabilize the network and indirectly the plant, as will the controller of the
networked system. Finally, a third extension includes the analysis and design for

EFTS that was newly introduced in this thesis.
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