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Robust Vision-based Nonlinear Formation Control

Omar A.A. Orqueda and Rafael Fierro

Abstract— This paper presents vision-based strategies for de-
centralized stabilization of unmanned vehicle (UV) formations.
The key point of the algorithms is that they only require
knowledge of leader-follower relative distances or bearing
angles. These data are computed using measurements from
pan-controlled off-the-shelf cameras on-board following robots,
eliminating sensitivity to information flow among vehicles. The
approaches are based on output feedback algorithms that use
high-gain observers to estimate the derivatives of the UV’s
relative positions. A Lyapunov stability analysis guarantees that
the closed-loop system is stable and the formation error can be
made arbitrarily small. A 3D virtual environment and a vision
system are used to validate the proposed methodologies.

I. INTRODUCTION

Multi-robot networks are increasingly being considered as
a means of performing complex functions within dynamic
environments, including such applications as homeland secu-
rity, search and rescue operations, disaster relief operations,
multi-targeting/multi-platform battlefield groups, unmanned
combat air vehicle systems, intelligent highway/vehicle sys-
tems, and wireless surveillance networks. Creating these
types of systems with multiple autonomous vehicles/robots
working together to achieve a common mission within a
changing environment places severe demands on the design
of decision-making supervisors, cooperative control schemes
and communication strategies.

Many approaches for solving multi-robot coordination
problems reduce to a single-agent control problem by assum-
ing global communication availability. However, a coordina-
tion mechanism that does not rely on global communication
ensures flexibility and mission safety because reference tra-
jectories and mission objectives should not be shared among
all agents but to some leaders [1]. Of course, this poses the
challenge of designing robust and computationally simple
formation controllers to cope with this problem.

In the last few years, several motion coordination algo-
rithms have been proposed. In [2], authors developed an
omnidirectional visual servoing and motion segmentation-
based formation control algorithm. Vision-based formation
controllers are described in [3]. The algorithms are based on
input-output linearization and require the estimation of the
leader-follower relative angle and the leader’s linear and an-
gular velocities. In [4], authors give a sufficient condition for
observability using a vision-based centralized controller. The
control law is based on input-output feedback linearization,
assuming that the robots have omnidirectional cameras and
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the leaders can transmit velocity control to each follower
and estimate their states with an extended Kalman filter.
Chen et al., [1] propose a decentralized control architecture
that employs local sensor information. The information used
is relative position and velocity between a robot and its
leader. A vision-based formation controller based on nearest-
neighbor interactions has been recently developed in [5]. It
is assumed that robots move with constant speed and achieve
flocking after certain time.

In this paper, we present robust output feedback decen-
tralized controllers based on monocular vision. High-gain
observers are used to estimate relative position derivatives.
The algorithms eliminate the need of inter-vehicle communi-
cation, increasing overall system reliability. We also describe
our ongoing implementation on virtual and real platforms.

The rest of the paper is organized as follows. In Section II,
we review some definitions on formations. The problem
statement is given in Section III. Section IV describes and
analyzes the proposed decentralized formation algorithms.
Section V summarizes the implementation of the vision
system. Section VI provides numerical simulations in a
realistic 3D environment. Finally, we present our concluding
remarks and future work in Section VII.

II. MATHEMATICAL PRELIMINARIES
In this section, basic concepts on formations are summa-
rized. See [6], [7] for a detailed treatment.
A. Mathematical Model

Let us consider a multi-robot system composed of N,
agents modeled as unicycle-type velocity-controlled vehi-
cles! with the kinematic model of the kth robot given by

cosO(t) 0
Gr(t)=| sin@(t) O |u(t), (1
0 1

where g (t) == [x (£),yx (1), 6 (1)]" € SE(2) is the config-
uration vector, u (1) == [ (t), 0 (1)]" € % C R? is the
velocity vector, and % is a compact set of admissible inputs.

Let the Euclidean distance i () € R>¢ and the angles
o (1), Bix (t) € (—m, ] between robots i and k be defined as

L (t) == \/(xi—xi)z—i— (yi—yi)27 2)
0 (t) := G — 6;, 3
Bix (1) := Cix — 6, 4

'Note that other mathematical models (e.g., a holonomic vehicle gy = uy)
can be adapted to this framework.
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where G () := atan2 (y; — y¢,x; —x{), x¢ (t) := xi + d cos 6
and y{ (¢) := yx +dsin 6 are the coordinates of the camera,
as shown in Figure 1.

Fig. 1. Formation geometry.

B. Formations

Definition 1 (Formation): A formation is a network of
vehicles interconnected via their controller specifications that
dictate the relationship each agent must maintain with respect
to its leader or leaders. The interconnections between agents
are modeled as edges in an acyclic directed graph, labeled
by a relationship [7].

Definition 2 (Formation Control Graph): A formation
control graph ¥ = (¥,&,.7) is a directed acyclic graph
consisting of the following:

« A finite set ¥ = (vi,...,vy,) of N, vertices and a map

assigning to each vertex v a control system (1).

o An edge set & C ¥ x ¥ encoding leader-follower rela-
tionships between agents. The ordered pair (v;,vy) := ej
belongs to & if u; depends on the state of agent i, g;.

o A collection . = {s;} of node specifications defining
control objectives, or sef points, for each node k : (v, vt ),
(vj,w) € & and for some v;, v; € V.

I1I. PROBLEM STATEMENT
A. Leader-follower algorithm

The first coordination algorithm presented in this paper is
based on the relative distance and bearing angle between a
robot k and its leader i. Let s; (1) € R?, the node specification
of robot k, be given by

Sk (t) = [f,‘k (l‘),(x,‘k (I)]T. (5)
Taking time derivative of (5) we obtain
Sk(t) = —@ (i) ur (1) — @u (se) ui (1), (6)

where u (t) = [vi (), (l‘)]T, wi(t) =[vi(t), o (t)]T7 and

cosfy dsinfy -cosoy, O
o (Sk) = sin B deosBy | > Pu (Sk) = sin o 1
Tl Cig Cik
)
Taking the time derivative of (6), we have
$ic (1) = — @ (si) i (1) — 8o (S, ux))
— &5 (Sk, ) Sx () — &v (sw, ) Vi (1) (3)

where V(1) = [uiT,bliT,v%,v,'a),']T € R, and the expressions
of go (si,ux) € R?, gy (si,up) € R2, and g, (s, ) € R**
are omitted for brevity.

The input matrix transformation @ (s;) in (7) is defined
if Ly (t) > lin > 0, where fpy, is the minimum distance
required to avoid inter-robot collision.

The objective is to design a control law u (z), based on
lig (t), that allows follower k to track its leader i with a
desired specification s’,f (t) € R?, assuming that the leader
robot i is stably tracking some desired trajectories u? (1) :=
Ve (1), wf (t)}T € R? such that u¢ (t), ué (¢), il (t) € L.

Let the specification error be defined as

d ex (1) € R2. 9)

er (1) := s (1) = se (1),

Taking first and second time derivatives of (9) we obtain

e (t) = @ (s ur (1) + S (1) + @u (s1) i (1), (10)
¢ (t) = @ (se) g (1) + & (Sk, Sk, ux) + gv (sk, uk) Vie (2) ,(11)
with

() (s'k,sk, uk) = Sg + 8o (sk,uk) + 85 (sk,uk)s'k (t) . (12)

B. Two-leader algorithm
The second coordination algorithm presented in this paper
is based on the relative distances between the follower robot

k and its leaders i and j. Let s () € R?, the specification of
robot k, be given by

Sk(t) = [fik(t),fjk(l‘)]T (13)
Taking the time derivative of (13), we obtain
Sk (t) = — @ (si) un () — @u (sx) Uij (1) (14)
where
| cosPy dsinfy
P (se) = [ cosBjr dsinfji } ’ (15)
| —cos ok 0
wulsim| TN e | e

with ajx = Cjx — 0, Bjx = {jk — Ok, as shown in Figure 1, and
Uij (1) == [vi(t),v; (1)]". Let us define 7y := [cq,5¢]", using
the time derivative of the triangle equality

éik?é,-k =Y j?Cij +/ fk?Cjk’
and taking the second time derivative of (13), we obtain

S (t) = — @ (k) i (1) — o (Sk, k)

— &5 (Sk, ) Sx () — &v (sw, ) Vi (1) (17)
. T
where V(1) := Ug,Ug,v%,v?,viwi,vja)j,vivj} € R’ and

the expressions for go (si,ux) € R?, g (s, ur) € R?*2, and
gv (sg, 1) € R?*® are omitted for brevity. .

Note that §; (t) and @ ! (s;) are not defined when §;; :=
Gk — Cjx =0, i.e., when one of the robots obstructs the line
of sight of the other one or when both robots occupy the
same point. The former case must be avoided due to the lack
of sensor data by switching to a leader-follower controller,
whereas the latter is impossible due to collision.
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The objective is to design a control law uy (¢), based on
lig (), such that robot k can track its leader robots i and j.
Assuming that leader robot i is stably tracking some desired
trajectory uf (1) := [V (1), ¢ (t)} € R? and leader robot
J maintains a formation specification with respect to robot
i. Moreover, the trajectory of leader robot j verifies u; (1),
uj(t), iij (1) € Zw, due to the stability properties of a leader-
follower algorithm.

Let the specification error be defined as in (10)

ex (1) =53 (1) — s (1), ex(r) € R2

By taking first and second time derivatives of (18), we
obtain similar expressions as in (10) and (11). Then, stability
properties of both algorithms can be analyzed in similar
fashion by using these error dynamics.

Let the filtered error signal r; (1) € R? be defined as

Tk (l) =é (l) + Key (t)

with K = diag (k1,k2), k1 and k; € RT gain constants. Dif-
ferentiating (19) with respect to time and using (11) yields

@ (si) tugc () + @ (S, Sk, k)
+8v (S, ux) Vie (1) + Kéx (1) -

IV. OUTPUT FEEDBACK (OFB) ALGORITHM

The design of a controller for (20) can be made using three
levels of information: The first level, and the most complex
from the point of view of information flow, is given by the
knowledge of the velocities and accelerations of the leaders,
the specification, and its derivative. The second level requires
the knowledge of the specification and its derivative. Finally,
the third only requires the knowledge of the specification.

In this paper, we propose output feedback (OFB) algo-
rithms which only use the simplest information level, i.e.,
the knowledge of the edge specification sy (7).

Let the unknown state sy (¢) be estimated using a high-gain
observer (HGO) following the lines of [8] as follows

(18)

19)

i (t) =
(20

S0 =50)+2 ( (t) = $1(1)) 21)
(1) = (P(Sku”k) k(1) — &s (sk, ux) $2
a A
7 (5 () = 51(1), (22)
where ;, o € R%z, the HGO gains, are constant diagonal

matrices, and € € R+, the HGO constant, is designed such
that the estimated values § (t) and §, (¢) converge to the real
values sy () and sy (7), respectively, fast enough to stabilize
the whole system.

Let the estimation error vector 1 (¢) be defined as 1 (¢) :=

(07 (1),nf (1)]" € R4, with

1
(1) = E(Sk(f)—fl (1), (23)
M (1) = i (1) = $2.(2) (24)
Using (21) to (24), the observer error dynamics become
en () =Aon (1) +ef (1), (25)

where Ag = o b ] € R¥*, 0, € R¥*? is a null
-y 0
matrix, I € R %2 is an identity matrix, and
0 4
t)= eR".
) { —&s (S, ux) M2 — gv (S, ux) Vi (1)
If e —0anddt= %dt in equation (25), then
dn (1)
———= =An (7). 26
it on (7) (26)

Equation (26) is called the boundary layer system.
Let the OFB controller be defined as

i (1) =— @ (sk,ux) [‘P (82,8, u) + 2K (S(/f (t) =32 (f))

+ Kzek (t)+ﬁk (l‘)] 27)
where 7 (t) € R? is an auxiliary control law given by
ity (1) == B (1) sign (ex (1)), (28)

where f3 (1) € R~ is a positive control gain.
The closed-loop formation specification error dynamic
model under the OFB algorithm (27) is

ix(t) =—Kre (1) —2Kn2 (1) + g5 (sk, ux) N2 ()
+ 8y (s'k,sk,uk) Vi (l‘) — Uy (l‘) .

Theoretically, the observer error will not cause the system
to become unstable using the OFB controller (27), but it
is necessary to use saturation to prevent over-exceeding the
control strength when the observer error is too large.

Before presenting the main result of this paper, Theorem 1,
it is necessary to state the following lemma:

Lemma 1: Let the auxiliary function L(7) € R be defined

as
L (1) = r{ (1) [gv (1) Vi (r) — i (1))

with g, (t) = g, (sx (¢) ,ux (2)). If the control gain f3 is selected
to satisfy the sufficient condition

B > llgv(t)Va

(29)

(30)

dgy (1) Vi (1)]

t ki)
QIPR.2 ur

)

2

where K is given in (19) and k;, := min (ky,k;). Then

[1@ar<g,

0

where the positive constant §, € RT is defined as

8 1= B llex (t0)ll, — ex (10) [y (t0) Vic (10)],

and ||-||; denotes the .} norm.
Proof: The proof of this Lemma is given in [9]. [ ]
Theorem 1: The control law (27) with the observer (21)-
(22) ensure that the combined closed-loop system (25) and
(29) exponentially converge to an arbitrarily small neighbor-
hood about the origin of the specification error.

Proof: The proof follows the guidelines of [10]. It is
done in three steps: The first step proves that there exists
an invariant set for the closed-loop output feedback system
based on a composite Lyapunov function. The second step
shows that any trajectory will be trapped into this invariant

€1y
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set in finite time if the HGO constant € is chosen small
enough. The third step demonstrates that this invariant set is
globally uniformly ultimately bounded (GUUB).

First step - Let W, (¢) be a non-negative functions defined
as

(1) +P(1),

P(r) € Ry is an auxiliary

1
Wi (t) =5 (e (32)
where P(r) =, —

JyL()dT
function.

Let % = R? be the region of attraction of the system
(10)-(11) with the control law (27). Let &, be a compact
set in the interior of #Z. Let %, be defined by 2, :=
{ri(t) € Z|W; (t) < c}, where W (¢) is defined in (32) and
¢ > max, g, Wi (t) is a positive constant. The set Z. is a
compact subset of Z and %, is in the interior of Z,.

For the boundary layer system, let W, (1) be defined as

W2 (T’) = TITPOTIa

where Py € R**4 is a positive definite matrix such that PyAg+
Ag Py = —1I4, with Ag defined in (26). Let the compact set Ze
be defined by Z¢ := {1 (1) € R*|W; (r) < pe?}, where p is
a positive constant to be selected later and € is the HGO
constant. Finally, let the set £, be defined by X, := Z, X Z.

The derivative of (32) for (ex(?),éx(r),n(t)) €
{W (1) = ¢} x D verifies

Wi (0) < ~kia [l )] = 01 I (0]
—kpp (u—Lig),

O's+2/_(12
k

(33)

(34)

with o] := T, = Os = maxy, ., ||&s (Sk,ux)l|, kip =

o (K), 1 = min cog {012}, and Ly = o, [P

Analyzing the derivative of (33) for (ex (¢),éx (t),n (¢)) €

De x {W, (t) = pe*} we find
2
e ) < 11O 1y oie
IO i ) - 4ol e
2
<O (1 4 pp)oe)

|<>||( s, s
(o —mle). 69

with 6, 1= maxs u u.u; |8 (6, ) Vi ()|, and ||| :=
A«max (PO)

Taking p = 166243, (Po) and & = min (40_3”130” ; Ll) for
every 0 < € < g, we have

Wl (t) < Oa

for (e (1),ér(1),m

(1)) € {Wi (t) = ¢} X D¢, and
WZ (t) < Oa

for (e (t),éx(t),m (1)) € De x {W,(t) = pe*}. Therefore,
Y. = D X P is a positively invariant set.

Second step - Let the initial state satisfy
(ex(0),64(0),n(0)) € 2, x 2, where 2 is a compact
set such that 2 C R*. Using (23)-(24) it can be seen that

3
< 2
IOl < =

where c¢3 € Ry is an appropriate constant. Because
(ex (0),éx(0)) € Dy, we have

llex () = ex (0[] < 51,

lléx (1) — éx (0[] < 51, (36)

7 (8) = rie ()| < eat,

where c’z’, 5, c2 € Ry are some positive constants. There-
fore, there exists a finite time 7, independent of &, such
that (ex (t),¢éx (1)) € 2, for all ¢t € [0,Tp]. In consequence, if
t€[0,y] and Wy (n (1)) > pe?, Wa (t) < =3¢ [0 (1)]* from
(35). Then

W) < —Ewa (), (37)
with yp := K The solution for (37) is
Ws (1) < &exp (—ﬂt) (38)

with tr = c}||P. As it can be seen from (38),
limy o W5 (t) = 0. Let T be the time for which W (¢) falls
below to p&?, it must satisfy

Wa(n(T) < Sexp(-LT:) <pe’s (39)

In consequence, Tz > g ln ( p”sﬂ) and limg_,y 7z = 0. Then,

it is possible to choose 82 small enough such that T, = %To,
for all € € (0,&)]. It follows that Ws(n(T;)) < pe* for
all € € (0,&]. Choosing & = min(g,&), the trajectory
(ex (t),ér(t),n (t)) enters into the invariant set X, in 7 €
[0,T¢] and remains in X, for all t > T and every 0 < € < gf.
Moreover, the trajectory (ej (¢),éx(t),n (¢)) is bounded by
(36) and (38), for r € [0,T¢] and € € (0, €/].

Third step - If the initial state satisfies
(ex(0),64(0),m(0)) € @, x 2, then the trajectory of
the system will be inside X, for all t > T, and 0 < & < &f.
Because, from (38), limg_,oW> (1 (¢)) =0, it is possible to
find & = & () < &, for any given small value &y, such
that

)

In@l< 3. (40)
for 1 > Ty = Ty ().
Let the compact sets Z; and 2, be given by
P i={(ex ()6 () €2 )] <2Lie}, @)
and
Dy ={(ex(t),ex (1)) EZ Wi (1) <v(e)}, (42)
with v (€) :=max > o, AW ()} If (e (¢),éx (1)) ¢ 21,

. 1
Wi (r) < —El_ﬂz 7% (t)”z
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Let &4 = €4 (0) be chosen such that 2, is in the interior
of . and

2 { (e € 23 e (0] < 38l < 33}
Then for all (ex(7),éx(¢)) € Do, (ex(t),éx (1)) & D,
W (1) < — k1o I ()

Therefore, the set X| := %, x P is positively invariant
and every trajectory in %, X % enters X in finite time
Ty, = Te, (0p), for € € (0,&]. Let & = min{es, &} and
Ty = max {T,, Ty, }, therefore

llex (] +[léx () 1+ [ ()] < S, (43)

with & >0, € € (0,€5], and t > Ty. Then (e (t),éx (1), 1 (1))
is GUUB. [ ]

V. REAL AND ARTIFICIAL VISION SYSTEMS

In this section we briefly describe the vision system used
in this work. This system estimates pose from single frames
using fiducial markers. Pose estimation using fiducial mark-
ers has been addressed by augmented reality applications in
order to combine virtual 3D representations with the real
world for active interaction [11].

In this work, each robot is equipped with a PC104 em-
bedded computer, a monochromatic camera (Unibrain Fire-1
or Point Grey’s Bumblebee) and a truncated regular octagon
shape with five identification tags, as shown in Figure 1.

The identification method consists in two stages as fol-
lows: (i) A training stage used to create a database with the
marker ID number (this ID number is computed by a binary
string whose position number is 1 if the square is filled and
0 otherwise, as shown in Figure 2); (ii) An identification
stage that consists of transforming the center point of each
square region to the collineated space to take into account
perspective distortion and detect if the square is filled. Then,
the fiducial marker is obtained using the on-line recovered
ID and the database previously created.

Finally, relative distance and orientation are computed
using markers positions with respect to the robot reference
frame.

1-2°40-2'+0-2°+1-2°+0-2*
+1:2240-2°+1-2"+0-2° +1-2°
+1-2°+1-2"+1-2+0-2" +0-2"
+0-2 402" 41.2" 4028 +1.2"

= 663209

ID of the fiducial marker.

Fig. 2.

The vision library is implemented on MPSLab, a motion
planning, simulation, and virtual perception library capable
of accurately simulate systems in 3D environments [12], as
shown in Figure 3.

Fig. 3.

Virtual camera screenshots from [12].

VI. SIMULATION RESULTS

In this section, some simulations are presented that vali-
date the performance of the decentralized observer/controller
pair proposed herein. All simulations were written in C++
on a Linux platform using MPSLab.

The initial positions of the robots in the simulations exper-
iments are g, (0) = [0,—5,0], ¢; (0) = [-3,—-8,0]", 4, (0) =
[_3ﬂ_27O]T’ q3(0) = [-3,-10,0]", g4(0) = [_37_670}T’
g5 (0) = [=3,—4,0]", ¢¢(0) = [=3,0,0]", and their initial
velocities are equal to 0.0 m/sec. The parameters of the
controllers are k| = k, = § = 5.0, the sampling time is
10msec, and we used the function

it (1) := Btanh (24.53¢ (1)),

instead of (28) to avoid excessive chattering.

Figures 5-7 show simulations when the leader follows a
circular trajectory and the followers have the specifications
shown in Figure 4. The decentralized controller is able
to drive each robot to the desired specification, given by
a relative distance and bearing angle or by two relative
distances. Figure 5 shows the trajectories of the robots using
both OFB controllers with € = 0.01. Figure 6 shows the
control inputs and the specification error of robot 2 using a
leader-follower algorithm. Figure 7 shows the control inputs
and the specification error of robot 5 using a two-leader
algorithm. Despite of the lack of knowledge about the leader
or leaders state, the behavior is quite satisfactory using any
of the OFB observer/controller pairs.

. :(1.2;%} 50 =(2.33,1.2)

Fig. 4. Specifications for 7 robots.

VII. CONCLUSIONS

In this paper, we present robust vision-based output feed-
back decentralized observer/controller pairs based only on
the relative position between a robot and its designated
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Fig. 6. Velocities and error of robot 2 using the leader-follower algorithm.

leaders. High-gain observers are used to estimate derivatives
from visual data. The algorithms eliminate the need of inter-
vehicle communication which increases the reliability of the
overall system.

The first method requires the relative distance and bearing
angle between a robot and a leader. The second approach
requires relative distances between a robot and two leaders.
The stability properties of both approaches are guaranteed
using Lyapunov theory. Simulations in a realistic 3D en-
vironment validate the performance of the output feedback
observer/controller pairs.

Currently, these multi-vehicle decentralized coordination
methodologies are being tested on actual car-like mobile
robots. Future research will focus on observability properties
of dynamic graphs and on the relationship between observ-
ability and connectivity of graphs.
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