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Abstract— This paper presents a vision-based control strategy
for decentralized stabilization of unmanned vehicle (UV) forma-
tions. The key point of the algorithm is that it only requires
knowledge of the leader-follower relative distance and bearing.
The approach is based on an output feedback controller that
uses a high-gain observer to estimate derivatives of UV’s relative
positions. Both data are measured using a pan-controlled camera
on-board the following robot which eliminates sensitivity to
information flow among vehicles. A Lyapunov stability analysis
guarantees that the closed-loop system is stable and the formation
error can be made arbitrarily small. A virtual environment and
a vision system are used to validate the proposed methodology.

I. INTRODUCTION

The problem of controlling groups of UVs has gained inter-
est in recent years motivated by several exciting applications,
such as automated transportation, spacecraft interferometry,
mitigation of natural and man-made disasters, surveillance,
mapping, border patrol, and search and rescue. In these ap-
plications, a system composed of multiple cooperative robots
is desirable because of its size, cost, and flexibility [1].

Research on multi-vehicle system coordination has been
focused both on centralized and decentralized control strate-
gies. Centralized control strategies have the advantage of being
able to reach a global optimum solution for tasks such as
path planning and reconfiguration [2], [3], [4]. However, these
algorithms become infeasible when the number of vehicles
and constraints increase, hindering their implementation in
real-time. On the other hand, decentralized control approaches
only require local information and can effectively achieve
coordination behaviors as the ones observed in flocks of birds
or schools of fish. In these behaviors, individuals do not use
explicit communication but local sensing in order to maintain
coherent formations or coordinate motions, even when they
have to move around obstacles or avoid predators [5], [6], [7].

Many approaches for solving multi-robot coordination prob-
lems reduce to a single-agent control problem by assuming that
global communication is available. However, a coordination
mechanism that does not rely on global information sharing
ensures flexibility and mission safety because reference trajec-
tories and mission objectives should not be shared among all
agents but some leaders [8]. Of course, this poses a challenge
on the design of the formation controllers.
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In the last few years, several motion coordination algorithms
have been proposed. In [9], authors developed an omnidirec-
tional visual servoing and motion segmentation-based forma-
tion control algorithm. Vision-based formation controllers are
described in [10]. The algorithms are based on input-output
linearization and require the estimation of the leader-follower
relative angle and the leader’s linear and angular velocities.
Chen et al. [8] propose a decentralized control architecture
that employs relative position and velocities between a robot
and its leader. In [6], a vision-based distributed coordination
approach based on nearest-neighbor interactions is developed.
The approach assumes that robots move with constant speed
and achieve flocking after certain time. In general, flocking
algorithms do not maintain a rigid formation shape. Such for-
mation maintenance is critical in applications like cooperative
payload transport [11] and cooperative object pushing [12].

In this paper, we present a decentralized output feedback
controller based on monocular vision information. A high-
gain observer is used to estimate the derivatives of the relative
position between a robot and its leader. The algorithm elimi-
nates the need of inter-vehicle communication, increasing the
reliability of the overall system.

The rest of the paper is organized as follows. In Section II,
we review definitions on formations. The problem statement
is given in Section III. Section IV analyzes our decentralized
formation control algorithm. Section V provides numerical
simulations in a virtual environment. Finally, we present our
concluding remarks and future work in Section VI.

II. DEFINITIONS AND PRELIMINARY REMARKS

This section reviews some concepts on formations. For a a
detailed treatment and definitions on graphs see [13], [14].

A. Mathematical Model

Let us consider a multi-robot system composed of N, agents
modeled as unicycle-type velocity-controlled vehicles with the
kinematic model of the i-th robot given by'

u; (t), ey

"Note that other system models can be adapted to this framework.



where g; () := [z (£),: (1), 6, (0]7 € SE(2), us(t) =
[vi (t),w; ()]" € Us € R2? is the control vector given by
the linear and the angular velocities, U/; is a compact set of
admissible inputs, cg,(¢) := cosb; (t), and sg, ;) := sin6; (t).
Let the Euclidean distance ¢;; (t) € R>( and the bearing

;5 (t) € (—m, 7] between robots 7 and j be defined as
Cij (t) \/(Ii — ) + (i — v;)%, 2)
Yij (t) = 7+ Gy () —0:(t), 3)

with ¢;; (t) = atan2 (y; — y;j, x; — ), as shown in Figure 1.

Fig. 1.

Formation geometry.

B. Formations

Definition 1: A formation is a network of vehicles intercon-
nected via their controller specifications that dictate the rela-
tionship each agent must maintain with respect to its leader.
The interconnections between agents are modeled as edges in
a directed acyclic graph, labeled by a given relationship [14].

Definition 2: A formation control graph G = (V,&,S) is a
directed acyclic graph consisting of the following:

o A finite set V = (v1,...,vy) of N vertices and a map

assigning to each vertex v; a control system (1).

e An edge set £ C V x V encoding leader-follower rela-
tionships between agents. The ordered pair (v;,v;) := €
belongs to £ if u; depends on the state of agent 7, g;.

o A collection S = {s;;} of node specifications defining
control objectives, or set points, for each node j, such
that (v, v;), (vk,v;) € € for some v;, v, vy € V.

III. PROBLEM STATEMENT

The coordination controller presented in this paper is based
on the distance and bearing between the robot 7 and its leader
1. Then, let the node specification of robot j, s;; (t) € R2, be
given by

T
sij (t) = [l (1), ¥ij (D)) 4)

Taking the time derivative of (4) we obtain

lij (1)
i (¢)

where ©;; (sij) € R? and @} (si;)

Cy. 0
],@%(sij)::[_sff_jj 1], (6)

ei]‘

4 (1) = [ ] — iy (517 v (D)% () s (), (5)

€ R?*2 are given by

—Cn~
wij (8ij) = l 9y
ei]‘

where v;; (t) := m+(;; (t) — 6, (¢). Taking the time derivative
of (5), the following equation is obtained
. iy ()
8 () = [ J }z—gi»(si»,v-)w-(t)
J 1/)” ( ) J 7 7] J
— 935 (8i5,v5) 815 () = gij (si5,05) Vi (8) , (7)

with g5, g5; € R**?, and g; € R**® given by

“Crpi VjSey,. 0 VS,
Gij ‘= S;Y;j] Ugc;yiljj ) gfj = _YiSviy ch"rij] , (8)

Ly 52 Lij

VS, Sy i,

35735844 ij
vo.— % Copy; - éij] Sepij  UjSyiy 0 (9)
gz] ° Ujs'h‘j*’l’ij S’Pz‘j _52#’1']' Cwi] ch’Yij ’
é?j fij é?] fij éij

the vector V; () € R® given by

Vi (t) := [vi (8) ,0i (£) 07 (8) 01 () wi (£),wi (), &5 (t)]T7

and the basic control vector w; (t) € R? defined as

w; (8) = [0 (8) ,w; (D] .

The matrix g;; (si;, v;) in (8) is nonsingular if v; (t) > Vmin >
0 and £;; (t) > fmin > 0, where £y, is the minimum distance
required to avoid inter-robot collisions.

The objective is to design a control law w; (¢), based on
(10), that allows robot j to track its leader ¢ with a desired
specification sfj (t), assuming that robot ¢ is stably tracking a

desired trajectory ud (t) == [vd () ,wfl (t)]T such that u¢ (t),

(2

(10)

ad (t), i ()Eﬁoo,andthenul() i (1), i (t) € Loo.
Let the specification error e;; (t) € R2 be defined as
eij (t) = () 85 () (11
Taking first and second time derivatives of (11) we have
éij (8) = 33 (1) + @i (s0) w5 (8) + @5 (si5) wi (1), (12)
€ij (1) = gij (sij,v;) @5 (1) + & (345, 51, V)
+ 935 (8ij,v5) Vi () 5 (13)
with
¢ (31,815, v5) 7= 855 (8) + 95 (565, 05) 845 (£) - (14)
Let the filtered error signal 7 (¢) € R? be defined as
r (t) = €5 (t) + Keyj (t) , (15)

where K = diag (k1, k2) € RZ{? is a constant gain matrix.
Differentiating (15) and using (12)-(13) yields

7 (t) = gij (sij,v5) @j (t) + & (34, 845, V5)

+glpj (Sijvvj)vi(t) + Keéy (t). (16)

The design of a controller for (16) can be made using three
levels of information: The first level, and the most complex
from the point of view of information flow, is given by the
knowledge of the velocity and acceleration of the leader, the
specification, and its derivative. The second level requires the
knowledge of the specification and its derivative. Finally, the



third and simplest level from the information flow point of
view, only requires the knowledge of the specification.

In the rest of this Section, we briefly describe a robust state
feedback (RSFB) controller that uses the second information
level. In the next Section, we analyze an output feedback
(OFB) controller which uses the third information level. In
Section V, we show simulations using controllers designed
using all information levels for comparison purposes.

Lemma 1: Let the function L (¢) € R be defined as

L(t):=r" (t) [g5; (1) Vi (1) —a; ()],
with g (t) = g7 (si5 (t) ,v; () and @; (t) € R? given by

a7

uj (t) == Bsign (e (1)), (18)
where 3 € Ry is a control gain. If (3 satisfies
) L ||d gy ) Vi)
B> lgg () Vi ()], + ki JT ,
2
with k15 := Apin (K) and K defined in (15). Then
t
[ rmar<a,
to
where the constant (; € R+ is defined as
G = Blles; (to)ll, — el (to) g5y (to) Vi (to) . (19)

and ||-||,, denotes the £, norm, p = 1,2.
Proof: The proof is omitted due to space limitations. W
Theorem 1: Let the control law w; (t) be defined as

@; (1) = —gy;" (515, 05) [6 (345, 815, v5) + 2K 4 (1)

+ KZeij (t) +u; (8)] - (20)

Then, the closed-loop system (16) is asymptotically stable,
all its variables are bounded, and the tracking error and its
derivative tend to zero with time.

Proof: Let the function P (t) € R be defined as

¢
P(t):=¢ —/ L(r)dr >0, 21

to

where L (t) and (, are defined in (17) and (19), respectively.
Let the Lyapunov function candidate W7 () be defined as

Lrwrm+ P,

Wi (t) := 5 (22)
Taking time derivative of (22)
Wi(t) =—r" () Kr(t) < —kplr (). 23

Therefore, Wi (t) € LooNLo, then r (t) and P (t) € LooNLs.
From definition (15), it is clear that e;; (¢), é;; (t) € Lo, and
from (16), it can be seen that 7~ (¢) , W, (t) € L. Considering
that Wy (t) is lower bounded by |r (¢)||%, by the Barbalat’s
lemma and the Rayleigh-Ritz theorem W, (£) — 0 and r (£) —
0 as t — oo. Since (15) is a stable first order differential
equations driven by r (¢), then e (¢), ¢ (t) — oo as t — co. W

IV. OuTtPUT FEEDBACK FORMATION CONTROL
ALGORITHM (OFB)

In this Section, we describe and analyze the main contribu-
tion of this paper, an output feedback (OFB) controller. This
controller uses only the specification s;; (¢) and a high-gain
observer (HGO) [15] to estimate the unknown state $;; (t).
Let the HGO be given by

G () = 32 (1) + % (i (£) — 51 (1)), (24)
§2 (f) = —Yij (Sija Uj) Wiy (t) - ij (Sija Uj) 82
IO ©5)

where o1, ag € R2>§2, the HGO gains, are constant diagonal
matrices, and € € R, the HGO constant, is designed such
that §; (t) and $» (t) converge to the real values s;; (¢) and
$i; (t) fast enough to stabilize the whole system.

Let the estimation error vector 7 (t) be defined as 7 (¢) :=

[T (1), 0% (1)) € R, with

m (t) = % (sij (1) =51 (1)), (26)
2 (t) = 845 (t) — 82 (1) - 27)

Using (24)-(27), the observer error dynamics become
en(t) = Aon (t) +ef (1), (28)

—a; I
— Q2 02
R2*2 js the null matrix, Io € R%*? is the identity matrix, and

0
t = S v
g [ —95; (8i5,v5) 2 — g3 (845, v5) Vi (1)
Ife - 0and dr = %dt in (28), then

dnd(:) = Aon (7).

where Ag = € R*** is a Hurwitz matrix, 0y €

e R

(29)

Equation (29) is called the boundary layer system.
Let the OFB controller be defined as

@ (1) = —g3;" (515, v5) [6 (82, 505, v5) + 2K (83, () — 82 (1))
+ K?ei; (t) + ;5 (1)] - (30)

Then, the closed-loop specification error dynamic model using
the OFB control law (30) is

(1) = =K (t) = 2Kn2 (t) + 975 (si5,v5) m2 (1)

+ 95 (8i5,v5) Vi (t) — 1 (t) . (31)

Remark 1: The control signal u; (t) is saturated in order to
avoid the peaking phenomenon.

Theorem 2: The control law (30) with the auxiliary control
law (18) and the observer (24)-(25) ensure that the combined
closed-loop system (28) and (31) is asymptotically stable.

Proof: The proof follows the guidelines of [16]. It is
done in three steps: The first step proves that there exists an
invariant set for the closed loop output feedback system based



on a composite Lyapunov function. The second step shows that
any trajectory will be trapped into this invariant set in finite
time if the HGO constant ¢ is chosen small enough. Third
step demonstrates that this invariant set is globally uniformly
ultimately bounded (GUUB).

Let R = R? be the region of attraction of the system
(12)-(13) with the control law (20). Let D, be a compact
set in the interior of R. Let D. be defined by D, :=
{r(t) e R|Wy (t) < ¢}, where W7 (t) is defined in (22) and
¢ > max,ep, Wi (t) is a positive constant. The set D, is a
compact subset of R and D, is in the interior of D..

For the boundary layer system, let W5 (1) be defined as

Wa (n) =" Pon, (32)
where Py € R*** is a positive definite matrix such that
PyAo+AL Py = — 1, with A defined in (29). Let the compact
set D, be defined by D. = {n(t) € R Wa (t) < pe?},
where p is a positive constant to be selected later and ¢
is the HGO constant. Finally, let the set ¥, be defined by
e =D, x D..

The derivative of (22) for (e(t),e(t),n(t)) €
{W1 (t) = ¢} x D, verifies

Wi () < ~kps [Ir OIF = o1 In @]

< kg (,“ - ng) s (33)
with oy %122’“2, o5 = MaXg,; ., Hgfj (si5,v5)|»

Fro = Amax (K), 1 ::Innhfapc{nr(QHQ},and L, =

71 )\mif(Po)'
Analyzing the derivative of (32) for (e (t),é(t),n(t)) €
D x {W3 (t) = pe*} we find
i () < <L 1y e
””2( Wi @) - 4120000
ST P
[ln (&)l (
— —4||Pollow |, (34
2 [IPoll
with o, = maxy,; o, Hgfj (sij,v5) Vi (t)||, and || Pol =

)\max (PO)
Taking p = 16023 .. (P) and €; = min (4%'1‘130”,#1),
for every 0 < € < g1, we have
Wl (t) S 07
(t)) € {W1 (t) = ¢} x D, and
WQ (t) S 07
for (e(t),é(t),n(t)) € De x {Wz(t) = pe?}. Therefore,
Yc =D, x D, is a positively invariant set.
Let the initial state satisfy (e (0),¢é(0),n(0)) € D, x Q,

where Q is a compact set such that Q C R*. Using (26)-(27)
it can be seen that cs
In)] < 2,

for (e (t),e(t),n

where c3 € Ry is an appropriate constant. Because
(e(0),¢é(0)) € D,, we have
le (t) = e (0)]] < est,
le () = ¢ (O < e3t, (35)
[l () = (0)]] < eat,

where cg, cg, c2 € Ry are some positive constants. Therefore,
there exists a finite time 7T{, independent of &, such that
(e(t),é(t)) € Dy for all t € [0,Tp]. In consequence, if
t € [0,Tp] and Wa (n (1)) = pe2, W (1) < — & [|n (1)||? from
(34). Then

Wa (t) < 2w (1), (36)
with p; := QH}DOH. The solution for (36) is
Wa () < S exp (-21t). (37)

with pe = c%||P]|. As it can be seen from (37),
limy oo Wa (t) = 0. Let T, be the time for which W5 (¥)
falls below to pe2, it must satisfy

W (1) < Gexp (-21) <p2 G9)

e and lim._.g 7, = 0. Then,

it is possible to choose 52 small enough such that T, = %To,
for all ¢ € (0,ez). It follows that Wy (n(T.)) < pe* for
all € € (0,e2]. Choosing € = min (e1,e3), the trajectory
(e(t),é(t),n (t)) enters into the invariant set X in ¢t € [0, T]
and remains in Y., for all ¢ > T, and every 0 < ¢ < ¢7.
Moreover, the trajectory (e (t), € (t),n (t)) is bounded by (35)
and (37), for t € [0,T,] and ¢ € (0,&7].

If the initial state satisfy (e (0),¢(0),n(0)) € D, x Q, then
the trajectory of the system is inside X, for all ¢ > T, and
0 < e < €}. Because, from (37), lim._.o W2 (n(t)) = 0, it is
possible to find 3 = e3 (dp) < €7, for any given small value
do, such that

In consequence, T > ln ( L2 )

]
@) < 3. (39)
fort > T., =T., (do)-
Let the compact sets D; and Dy be given by
Dii={(e®).e@) eR:r ()| <2Licf,  @0)
and
Dy:={(e(t),e(t)) eER:Wi(t) <w(e)}, (4D
with v (¢) := max, ,.|2<2rL,e {Wi ()} If (e (t) € (t) ¢ Du,

. 1
Wi (t) < _§E12 [ (t)||2

Let 4 = €4 (dp) be chosen such that Dy is in the interior
of D. and

D2 {(e(0).£(0) € ROl < 3o [ 0] < 300}

(1)) € Do (e(1) € (1)) ¢ D,
Wi (1) < — 5k Ir O

Then for all (e (),



Therefore, the set X1 := Dy X D, is positively invariant
and every trajectory in D, X D, enters X in finite time T, =
T., (09), for € € (0,e4]. Let €5 = min{es,e4} and 77 =
max {T.,, T, }, therefore

lle @I+ lle @ + ln @ < do, (42)

with §p > 0, € € (0,¢5], and ¢ > T. Then (e (t),é(t),n(t))
is globally uniformly ultimately bounded (GUUB). ]

V. SIMULATION RESULTS

This section presents some simulations that validate the
performance of the proposed controller. All simulations were
written in C++ on a Linux platform using MPSLab, a motion
planning, simulation, and virtual perception library [17].

Figures 3-7 show simulations of the proposed OFB con-
troller with a 7- robot system The initial positions are q (O)

[0,-5,0]", ¢ ( -3,-8,0]", q2 = [-3, —2 0 ,
g3 (0) = [-3, 100},q4(0)= 3 —6,0]", ¢5(0) =
[—3,—4,0]", and ¢ (0) = [-3,0,0]". Their 1n1t1a1 velocmes

are equal to 0.01. Figure 2 shows the specification for each
robot. The inputs to the followers are saturated: |v; (¢)| < 2.6
and |w; (t)] < 11.5. The sampling time is 10msec. The
parameters of the controllers are ky = ko = 5.0, § = 4.0,
and we used the function

U j (t) =

instead of (18) to avoid excessive chattering.

For comparison purposes, we include simulations with the
RFSB controller (20) and with a critically damped full-state
feedback (FSFB) controller that assumes full knowledge of the
system

Btanh (24.5e;5 (1)),

@ (1) = —g3;" (515, 05) [6 (345, 815, v5) + 2K 4 (1)

+ K2 (1) + g% (sig,v5) Vi (1)] - (43)

AR

Fig. 2. Edge specification for 7 robots.

Figures 3-7 show simulation results when the leader follows
a circular trajectory. The decentralized controller is able to
drive each robot to the desired relative distance and desired
bearing. Figure 3 shows the trajectories of seven robots using
the OFB controller with ¢ = 0.002. Figures 4 and 5 show
the decentralized control inputs and the specification error of
follower 4 for the three controllers. It should be noted that not
only the specification error, but also the control effort degrade
with lack of knowledge. Notwithstanding, the behavior using
the OFB controller is quite satisfactory.

Fig. 3. Stroboscopic view of the simulation.

v; [m/sec]

--- FSFB
RSFB
-1517 OFB

\ . . , \ . .
2 1 2 3 4 5 6 7 8

time [sec]

Fig. 4. Control inputs with controllers (43), (20), and (30).

Figures 6 and 7 illustrate the effects of the selection of the
HGO constant € on the control input and the specification
error. As ¢ increases, specification errors increase mainly
before the settling time, when the observer has not reached
to steady state. However, the control effort decreases due to a
more moderated peaking phenomenon.

VI. CONCLUSIONS

This paper presents a robust multi-vehicle output feedback
decentralized controller. Using the main result of this work,
each robot only requires a single camera to maintain a speci-
fied formation shape. The formation specification is given by
the relative distance and bearing angle between each robot and
its leader. A high gain observer is used to estimate the states
of the robot and its neighbor(s).

A theoretical analysis based on Lyapunov stability theory
has been performed to prove asymptotic stability of the system.

Simulations in a realistic 3D environment verify the perfor-
mance of the output feedback controller. Currently, the multi-
vehicle decentralized control methodology is being tested on
actual car-like mobile robots. Future research will focus on



--- FSFB
RSFB
OFB

time [sec]
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RSFB
OFB
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Fig. 5. Output errors with controllers (43), (20), and (30).

3 T T

v [m/sec]

time [sec]

9 o w

@ [rad/sec]

Fig. 6. Control inputs with € = 0.2 and € = 0.002.

the analysis of input-to-state (ISS) properties of this con-
troller/observer pair, the effects of formation reconfiguration
on the connectivity of the formation control, and communica-
tion graphs.
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