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SUMMARY

This paper presents vision-based control strategies for decentralized stabilization of unmanned vehicle
formations. Three leader—follower formation control algorithms, which ensure asymptotic co-ordinated
motion, are described and compared. The first algorithm is a full state feedback nonlinear controller that
requires full knowledge of the leader’s velocities and accelerations. The second algorithm is a robust state
feedback nonlinear controller that requires knowledge of the rate of change of the relative position error.
Finally, the third algorithm is an output feedback approach that uses a high-gain observer to estimate the
derivative of the unmanned vehicles’ relative position. Thus, this algorithm only requires knowledge of the
leader—follower relative distance and bearing angle. Both data are computed using measurements from a
single camera, eliminating sensitivity to information flow between vehicles. Lyapunov’s stability theory-
based analysis and numerical simulations in a realistic 3D environment show the stability properties of the
control methodologies. Copyright © 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The problem of controlling groups of unmanned vehicles has gained interest in the recent
years motivated by several exciting applications, such as automated transportation, spacecraft
interferometry, mitigation of natural and man-made disasters, surveillance, mapping, border
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UNMANNED VEHICLE CO-ORDINATION 1107

patrol, and search and rescue. In these applications, a system consisting of multiple cooperative
robots is desirable because of its size, cost, flexibility, and fault tolerance [1].

Research on multi-vehicle system co-ordination has been focused both on centralized and
decentralized control strategies. Centralized control strategies have the advantage of being able
to reach a global optimum solution for tasks such as path planning and reconfiguration [2—4].
However, centralized algorithms become infeasible when the number of vehicles and constraints
increase, preventing their implementation in real time. On the other hand, decentralized control
approaches only require local information and can effectively achieve multi-vehicle co-
ordination behaviours as the ones observed in flocks of birds or schools of fish. In these
behaviours, individuals do not use explicit communication but local sensing in order to maintain
a coherent formation or a co-ordinated motion, even when they have to move around obstacles
or avoid predators [5-9].

Many approaches for solving multi-robot co-ordination problems reduce to a single-
agent control problem by assuming that global communication of some co-ordination
information is available. However, a co-ordination mechanism that does not rely on global
communication ensures flexibility and mission safety because reference trajectories and
mission objectives should not be shared among all agents but with some leaders [10]. Of
course, this poses the challenge of designing robust and computationally simple formation
controllers that can perform well in the presence of uncertainty in leaders’ current and
future states.

In the last few years, several motion co-ordination algorithms have been developed in the
literature. In [11], the authors develop a formation control algorithm based on omnidirectional
visual servoing and motion segmentation. Vision-based formation controllers are described in
[12]. The algorithms use input—output linearization and require the estimation of leader—
follower relative angle and leader’s linear and angular velocities. Chen et al. [10] develop a
decentralized control architecture that employs local sensor information. The information
needed to implement the controller is the relative position and velocity between a robot and its
leader. Another vision-based formation controller has been recently developed by Moshtagh
et al. [9]. This distributed co-ordination approach is based on nearest-neighbour interactions,
assuming that robots move with constant linear speed and achieve flocking after a given time. In
general, flocking algorithms do not maintain a strict formation shape. Such formation
maintenance is critical in applications such as cooperative payload transport [13], cooperative
object pushing [14], and distributed sensor deployment when robots are to move forming certain
geometric pattern [15].

In this paper, we present three leader—follower formation control algorithms. The first two are
state feedback-based controllers that require total or partial knowledge of the state variables.
On the other hand, the third algorithm, and main contribution of this paper, is a robust output
feedback decentralized controller based only on monocular vision information about the
relative motion between a robot and its designated leader. A high-gain observer (HGO) is used
to estimate the derivatives of leader to follower distance and bearing angle. Moreover, this
algorithm eliminates the need of inter-vehicle communication, increasing the reliability of the
overall system.

The rest of the paper is organized as follows. In Section 2, we review some definitions on
graph theory, robot formations, and briefly describe our vision system. The problem statement
is given in Section 3. Section 4 describes and analyses the three nonlinear formation control
algorithms developed in this paper. Section 5 provides several numerical simulation results in
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a realistic 3D environment. Finally, we present our concluding remarks and future work in
Section 6.

2. DEFINITIONS AND PRELIMINARY REMARKS

In this section, some of the basic concepts on graph theory and definitions relevant to multi-
robot formations are summarized. The reader is referred to the references for a more detailed
treatment [16—18].

2.1. Graph theory

A directed graph % is a pair (77, &) of the set of vertices ¥ € {1,..., N} and directed edges
& €7 x v, where an edge (i,j) € & is an ordered pair of distinct vertices in #~, that it is said to
be incoming with respect to the head j and outgoing with respect to the zail i. The in degree of a
vertex is defined as the number of edges that have this vertex as head. If i, j € ¥ and (i,)) € &,
then i and j are said to be adjacent, or neighbours, and are denoted by i ~ j. The adjacency
matrix A(%) = {a;} of a graph % is a matrix with non-zero elements such that a; #0 < i ~ j.
The set of neighbours of node i is defined by

Ni=1{j eV \{i}la;#0}
A weak path of length r, from vertex i e 7" to vertex je ¥ is a sequence of rp, + 1 distinct
vertices, vi = i,...,Vm,..., V41 = J, such that for all m € [1,rp], (Vm, Vm+1) € & OF (Vm11,Vm) € 6.
A direct graph ¥ is weakly connected or simply connected if any two vertices can be joined with a
weak path.

2.2. Mathematical model

Let us consider a multi-robot system composed of N, agents modelled as unicycle-type velocity-
controlled vehicles* moving on the plane, with the kinematic model of the ith robot given by

cos0;(t) O
gi(t) = | sin0(2) 0 |u;(2) (1
0 1

where ¢i(1) = [x;(¢), yi(1), 0(0)]" € SE(2) is the configuration vector with respect to an inertial
reference frame, (x;,y;) € R? denotes the position in Cartesian co-ordinates, 0; € & = (—m, 7] is
the heading angle, u;(¢) := [vi(1), w:(0)]" € U; = R?, vi(¢), wi(7) are the linear and the angular
velocities, respectively. Each agent is equipped with a vision sensor and a pan controller.

Let £;(f) € R>o, the relative Euclidean distance between robots i and j, be defined as

(1) = \/ (xi(0) — x;(0)* + (i) — y,())° 2
and let (1) € (—=, n], the relative bearing, be defined as
(1) = m+ (1) — 0i(0) (3)

*Note that other mathematical models can be adapted to this framework.
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UNMANNED VEHICLE CO-ORDINATION 1109

with {;(7) = atan 2(yi(?) — y;(0), xi(1) — x;(2)). Let 7;(2) be defined as
7() =1+ (1) — 0,(0) “4)

as shown in Figure 1.

2.3. Vision system

In this subsection we briefly describe the vision system used in this work. We assume that each
robot is equipped with a pan-controlled monochromatic camera and a truncated regular
octagon shape with five identification tags, as shown in Figure 1.

X,

y, =
>

Figure 1. Relative distance and bearing.

Fie Edie Vew Options PFlarning Camers Tocls Heip Fie Ves Tool Help

Figure 2. Estimated distances and bearings.
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The position estimation algorithm can be divided into identification and estimation.
Identification consists in determining an ID number for each robot, given by a code in
every face of the octagon shape. Estimation consists in determining relative distance and
orientation using the previously computed IDs, an off-line built database, and the POSIT
algorithm [19].

Therefore, the vision system can obtain £;(f), 7i(f), and j;(¥) from a single image, then
Y (1) = — 7:(1) and y;(1) = © — 7;(¢). Figure 2 shows an example of pose estimation in a virtual
environment using this approach.

2.4. Formations

In this subsection, we define formations and formation control graphs. These definitions have
been adapted from [17].

Definition 2.1 ( Formation)

A formation is a network of vehicles interconnected via their controller specifications that dictate
the distance and bearing each agent must maintain with respect to its leader. The
interconnections between agents are modelled as edges in an acyclic directed graph, labelled
by a given control specification.

Definition 2.2 ( Formation control graph)
A formation control graph ¥ = (v, &, %) is a directed acyclic graph consisting of:

® A finite set ¥~ = (vi,...,vn,) of N vertices and a map assigning to each vertex v; a control
system (1).

® An edge set & < ¥ x ¥ encoding leader—follower relationships between agents. The
ordered pair (v;,v;) = e; belongs to & when u; depends on the state of agent i, g;.

® A collection & = {s;;} of edge specifications defines control objectives, or set points, for
each agent j : (v;,v;) € & for some v; € V.

Leader agents regulate their behaviour to achieve group objectives, such as navigating in
dynamic environments, or tracking reference paths.

3. PROBLEM STATEMENT
The co-ordination algorithms presented in this paper are based on the relative distance and

bearing between a robot j and its leader i. Let s;(¢) € R?, the edge specification between robots
i and j, be given by

si(1) = [€5(0), (O] (5)
Taking time derivative of (5), we have
$i(1) = —@1(zy)vi(t) — @a(zy)vi(t) — @3(z)wi(1) (©)
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where z; = [f,]‘,!//ij,'))é-j]T is a vector of known variables, and the vector fields ¢(z;), @,(zy),
@3(zy) € R? are given by

—cosy, cos Y 0
?1(zi) = | sin HE Py(zy) = siny; |» P3(zy) = L] (7)
li L

Taking time derivative of (6), it yields

$i(0) = —g(zi, v))wi(1) — go(zij> vi) — &s(z35, v)Si (1) — &u(zy5, v V(D) 3)
with
—cosy; —V;sinyy
8z vp) = | siny; vicosy; | € R* )
vi(7)

gozpv) = | Ll | eR¥? (10)

0

Vj COS )y 0
(z3o) v R (an
. Z“, v :: . e
&s\Zij, Vj _2Vj sin p; .
G
2cos 0;; — cosy,; cos sin® /;
v — 7i oSV cosy,; — Nlp” 0 siny;
gl] f’] 2x5
&z, v) = ) ) ) eR (12)
2v;cos p; sin siny; sin 2y ; { cos y;;
e ;i 4 ;i
The basic control vector is defined by

vi(7)
w(1) = [ T eR? (13)

(1)
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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and the control vector of leader’s velocities and accelerations is defined as

Vilt) = vi0), ¥i(0), vi (1), (1), vil Do ()] € R

Remark 3.1
Usually V;(¢) is unknown.

It is easy to verify that the input matrix transformation g(z;,v;) in (9) is non-singular if
Vi(t) 2 Vmin > 0 and £;(f) = €min > 0, where vy, is the minimum speed of the follower robot, and
Cmin 1S the minimum distance required between robots to avoid collision.

The objective is to design a control law u;(¢), based on (13), that allows robot j to track its leader
i with a desired relative distance and bearing, sg(t) € R%. Then, let the tracking error be defined as

e(1) = st(t) = s(1),  e(1) e R (14)

Taking first- and second-time derivatives of (14), and using (6), (8), it follows:

é(1) = S;(l) + @1 z)vi(0) + @o(zip)vi(D) + @3(z;)wi(1) (15)
é(1) = g(zij, vp)wi(t) + P(Sij, zij, vi) + &z, v) V(1) (16)

with
(f)(é:[/‘, Zij, Vj) = S‘g(l) + go(Z[/‘, Vj) + g_v(zij, Vj)ﬁij(l) (17)

Let the filtered error signal 1(7) = [r1(¢), 2(1)]" € R? be defined as
r(t) = é(t) + Ke(?) (18)

where K = diag(k,, k), k1, ko € Rsp are positive gain constants. Differentiating (18) with respect
to time and using (16) yields

(1) = gz, vi)wi(t) + ¢(Syj, zij, vi) + gz, v) Vit) + Ké(2) (19)

4. FORMATION CONTROL ALGORITHMS

In this section, three state feedback controllers are described. The first one assumes full
knowledge of the states of leader i in (16). The second approach assumes knowledge of the
derivative of the specification s§;;(¢). Both controllers are motivated by ideas from the well-
established area of input—output feedback linearization [20]. The third controller is an output
feedback controller which only needs knowledge of the edge specification s;(?), i.e. the relative
distance and bearing. The three controllers use the following assumption.

Assumption 1
Leader robot i is stably tracking some well-behaved desired trajectory uf(¢) = [v/(¢), w¢ O] e R?,
with ud(), i(t), ii(t) € £ ~. Consequently, it is assumed that u;(¢), 1:(1), (1) € L.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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4.1. Full state feedback formation control (FSFB)

The first control law is equivalent to the one originally presented in [21] for first-order dynamics.
It assumes full knowledge of all states of robot j and its leader / in (16). The control input is
given by

wi(t) = —g 'z, IP(Syi» 25> V) + 825, ) ViD) + 2K (1) + Ke(1)] (20)

with K defined in (18). Replacing (20) into (16), the error dynamics of the closed-loop system
become

é(1) 4 2Keé(t) + K*e(r) = 0 (21)

Therefore, because the characteristic equation (21) is Hurwitz and critically damped, the error
e(1) tends exponentially to zero as ¢ — o0.

It is important to note that the FSFB controller (20) can achieve the control objective only
when leader’s velocities are available.

4.2. Robust state feedback formation control (RSFB)

This controller uses Assumption 1 and the following assumption.
Assumption 2
Leader’s velocity and acceleration, u;(¢) and u,(¢), are unknown. However, the derivative of edge

specification s;(#) in (6) is perfectly known by measurement or estimation.

Then, let the RSFB control law @;(f) be designed as
wi(1) = =g (2 DGy 2y, v) + 2K () + Ke(t) + (1)) (22)

where i;(r) € R” is an auxiliary control law defined as

(1) = B sign(e() (23)
with ff € R5y a positive control gain. As usual, the function sign(-) is defined as
1 if x>0

sign(x) = ¢ 0 if x=0
-1 if x<0

The closed-loop system is obtained by substituting (22) into (19), thus
i) = —Kr(1) + gz, v) Vi(0) — (1) (24)

Before presenting the stability proof of the closed-loop system (24), it is necessary to state the
following lemma.

Lemma 4.1
Let the auxiliary function L(7) € R be defined as
. T -
L(1) = r (Dlgw(zyj, v) Vi(t) — i (1)] (25)
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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If the control gain f is selected to satisfy the sufficient condition

B> llgv(zi vy Vil + kyy (e Vi)

dr
2
where K is given in (18) and k), := min(ky, k3). Then
t
/ L(r)dr<{,
to
where the positive constant {;, € R is defined as
= Blle(to)ll; — e (10)[gv(zi(10), vi(10)) Vi(to)] (26)
and || - ||; denotes the ¥ norm.
Proof
See Appendix. O

The following theorem states the stability of the closed-loop system (24).

Theorem 4.2

Control law (22) and auxiliary control law (23) ensure that the system is asymptotically
stable, all its variables are bounded, and the tracking error and its derivative tend to zero,
that is

e(r),é(t) >0 ast— oo 27)

Proof
Let the function P(¢) € R be defined as

!

Pty =¢( — / L(t)dz=0 (28)
fo

where {;, and L(t) are defined in (25) and (26), respectively. Based on the non-negativity of P(z),

let the Lyapunov function candidate V'(¢) be defined as

V(t) = LrT(Or(r) + P(2) (29)
Taking time derivative of (29), using (24), (25), and (28), it follows
V(t) = —r"(OKr()< — knallr(0)]? (30)

with k|, = min(k, k;). Therefore, V(t) € L~ N ¥, then r(f) and P(f) € L~ N L>. From (18),
it is clear that e(f), é(f) € £, and from (24), it can be seen that i(f) € L«; then V(1) € L.
Considering that V(7) is lower bounded by |[r(7)|?, by the Barbalat’s lemma lim,_,, V() = 0.
This means that lim,_,~ k2|[r(¢)]|*> = 0, or #(f) - 0 as t — co by Rayleigh-Ritz theorem [22].
Since (18) is a stable first-order differential equation driven by r(f), it can be ensured that
lim;_,» e(t) = 0 and lim,_, , é(¢) = 0. O

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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4.3. Output feedback formation control algorithm (OFB)

In the previous subsection, a RSFB control law was designed that did not require the knowledge
of the leader’s speed and acceleration, but the knowledge of §;(¢), something difficult to obtain
in practice. In this subsection, the RFSB controller is extended to an OFB control algorithm to
avoid this drawback.

Let the unknown vector s;(¢) be estimated using a HGO [23] as follows:

§1(0) = 5200 + % (s5(1) — §1 (1) (31)

$20) =~ w0 — £0(z5. 1) = &G )2 + 5 (55(0) = $1(0) (32)

where oy, o € Rigz are constant diagonal matrices, called HGO gains, and ¢ € R is the HGO
constant. The HGO gains are chosen such that the roots of

s+ s +or =0
have negative real parts. The HGO constant has to be designed such that the estimated variable,

$»(1), converges to the real values, §;(), fast enough to stabilize the whole system. Let the
estimation errors be defined as

1
m (1) =~ (i) = 51(1) (33)
1y(1) = $5(1) — $2(2) (34)
Using (31)—(34), the dynamic observer error system is given by
enfi(1) = —oun (2) + n,(1) (3%5)
ena(t) = —oam (1) — elg(zip, vy + &u(zij, v Vi(0)] (36)

Let the vector 5(¢) be defined as 5(¢) = [T (1), n}(H]" € R?, then

en(1) = Aon(t) + ¢f (1) (37)
where
—oy I
Ay — 12 R 0, e R>?
-0y 0

is a null matrix, I, € R>? is an identity matrix, and

0

ﬂg:[ eR*

—gs(zij, vi)ny — gz, v) Vi)

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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If ¢ > 0 and dr = (1/¢)dz in (37), then

O _ o) (38)
dt

Equation (38) is called the boundary layer system.
Let W () be a non-negative function for the boundary layer system defined as

W(n) =n"Pon (39)
where Py e R¥* is a positive definite matrix such that PyAy + AOTPO = —1, then
dw  dnT d
= Py TPy = [l <O (40)
dr dr dr

Consequently, the boundary layer system has the properties

2anin(P)[NIF < W (1) < Jmax(Po)InlI?

. ow
W=W17'< — ol 0<y,<1

ow
20| < 20t 1 = it @

From (41), it is clear that the origin 5(r) =[0,0,0,0]" is a globally exponentially stable
equilibrium of (38). The solution for the error dynamics (35)—(36), #(t), contains terms of the
form (1/e) e=“/, for some w > 0. Note that #(¢) can be very large if ¢ is small enough, because its
amplitude is O(1/¢). Then, the new feedback control design based on HGO is saturated to avoid
the peaking phenomenon on #(f),

w(1) = sat{—g "' (zj )[P($2, zys» v}) + 2K($(1) — $2(1)) + Ke(t) + a(1)]} (42)

Remark 4.3

The RSFB controller (22) designed in Section 4.3 is globally asymptotically stable.
Theoretically, the observer error will not cause the system to become unstable using the OFB
controller (42), but it is still necessary to use saturation to prevent over-exceeding the control
strength due to peaking phenomenon.

The closed-loop formation tracking error dynamics under the OFB control law (42) is
(1) = =Kr(2) = 2Ky (1) + gs(zi, vi)na(0) + g(zi5, v) Vilt) — ;(2) (43)

4.3.1. Stability analysis of the OFB controller. In this subsection, we prove that the combined
closed-loop system (37) and (43) is asymptotically stable. The proof is done in three steps: in the
first step, it is shown that there exists an invariant set for the closed loop OFB system based on a
composite Lyapunov function. In the second step, we show that any trajectory will be trapped
into this invariant set in finite time if the HGO constant ¢ is chosen small enough. In the third
step, it is demonstrated that this invariant set is globally uniformly ultimately bounded
(GUUB).

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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Let # = R? be the region of attraction of system (16) with control law (42). Let Z, be a
compact set in the interior of #. Let the compact set &, which contains the origin of (43), be
defined by 2. = {r(t) € Z|V(t)<c}, where V(¢) is defined in (29) and ¢ > max,cq, V' (¢) is a small
positive constant. The set &, is a compact subset of #Z and &, is in the interior of Z.. Let the
compact set Z, be defined by Z, = {5(r) € R W (1)< pe?}, where W(r) is given in (39), p is a
positive constant to be selected later, and ¢ is the HGO constant. Finally, let the set X. be
defined as X, = 2. x 9, € R°.

The derivative of (29) for (e(?), é(t), n(¢)) € {V(t) = ¢} x 2, verifies

Vi< — kollrIiFol — a1 lln()ll]
< — kpu(p — Lie) (44)
with o1 = (g, + 2k12) /ki2, 0y = max.,llg,(z;, v)ll, k12 = max(k, k2), g = min.eg, {0}, and

L] = Ul\/m'

Analysing the derivative of (39) for (e(?), é(t), n(t)) € Z. x {W(t) = pe*} we find

”’7( )” (1 — 4||Polloge) — M[IIrz(t)II — 4|Pollave]

||f1(t)|| @I [ p
< - (I — 4||Pofloye )2( 2 4IIPo|I0') (45)

with ¢, = max;,, IA,HgL(ZI/a V})Vk(l)“
Taking p = 1602||P0|| and ¢ = min(1/40,||Pol, 1t/ L1), for every 0 <e<g, we have

W< —

V()<0

for (e(1), é(t), 5(1)) € {V (1) = ¢} x D,, and
W()<0

for (e(?), é(1), n(t)) € Do x {W(t) = pe?}. Therefore, X is a positively invariant set.

Let us show that the trajectory of the system is trapped in this set. The initial state satisfy
((0), é(0), 7(0)) € Z, x 2, where 2 is a compact set such that 2 = R*. Using (33)—(34) it can be
seen that

o)<
€
where ¢3 € Rs¢ is an appropriate constant. Because (e(0), é(0)) € &,, we have
lle(r) — e(O)l| < c5¢
lle(t) — é0)]| < cht
(@) = r(O)l| < cat (40)

where 012’, 5, c2 € Ryy are some positive constants. Therefore, there exists a finite time Ty,
independent of &, such that (e(?), é(7)) € Z; for all 7 € [0, Tp]. In consequence, when ¢ € [0, 7] and
W (n(1))=pe?, from (45), W()< — (1/2e)|ln()|>. Then

W< —— W(t) (47)

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
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1118 0. A. A. ORQUEDA, X. T. ZHANG AND R. FIERRO

with p; = 1/2||Py||. The solution for (47) is
740 g'u—zz exp (—& t) (48)
g &

with , = c3||Po||. As it can be seen from (48), lim,_,~, W(7) = 0. Let T, be the time for which
W(t) falls below to pe?, it must satisfy

W) < exp(-ELT) <pe” (49)

In consequence, T;,>(¢/u;) In(uy /pe*) and lim,_,o T, = 0. Then, it is possible to choose & small
enough such that T, =1 Ty, for all ¢ € (0,¢,]. It follows that W(n(T;))<pe* for all ¢ € (0, ).
Choosing &* = min(ey, &), the trajectory (e(r),é(r),n(r)) enters into the invariant set X; in
te[0,7T,] and remains in X, for all t>7, and every 0<e<el. Moreover, the trajectory
(e(1), é(1), (1)) is bounded by (46) and (48), for 7 € [0, T;] and ¢ € (0, £f].

If the initial state satisfies (e(0), é(0), 7(0)) € &, x 2, then the trajectory of the system will be
inside X, for all 7> T, and 0 <¢<e}. Because, from (48), lim,_,o W (n(7)) = 0, it is possible to find
&3 = £3(09) <e&T, for any given small value 0y, such that

o
@l <= (50)

for 1= T, = T,,(d).
Let the compact sets &, and %, be given by

D1 = {(e(t),é(t) € R - |Ir(1)|P <2Lye} (51)
and
Dy = {(e(1),e(t) € R : V(D) <v(e)} (52)

with v(e) = maXHrI|2<2Lls{ V(0)}. If (e(2),é(1) & 21,
V(< = Lknlr@)?
Let &4 = &4(d9) be chosen such that &, is in the interior of &, and
D5 < {(e(1),é(r) € R - |le(D| <7 o llE(D)]| <3 6o}
Then for all (e(2), é(1)) € D, (e(1), (1)) & 2
V(< — Sknlir@)P

Therefore, the set £ = &, x 2, is positively invariant and every trajectory in &, X &, enters X
in finite time 73, = T,(do), for ¢ € (0,&4]. Let &5 = min{es, &4} and T} = max{T,, T, }, therefore

lle@Il + NIl + lIn(n)ll < o (53)
with 69 > 0, ¢ € (0, 5], and 1= T). Then (e(?), é(r), n(¢)) is GUUB.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2007; 17:1106—1128
DOI: 10.1002/rnc



UNMANNED VEHICLE CO-ORDINATION 1119

5. SIMULATION RESULTS

In this section, simulations are presented that validate the performance of the decentralized
control algorithms designed herein. All simulations were written in C ++ on a Linux platform
using MPSLab," a motion planning, simulation, and virtual perception software library written
by one of the authors [24, 25].

The initial positions of the robots in simulations shown in Figures 3-13 are ¢,(0) = [0,0,0]",
q1(0) = [—2,—1,0]", and (0) = [-2, 1,0]", and their initial velocities are equal to 0.01. The
parameters of the controllers are k; = k, = f = 5.0, the sampling time is 10 ms, the edge
specifications are s{, =[2.0,—37]" and 5§, =[2.0,3n]". To avoid excessive chattering, the
function is used

(1) = f tanh(24.53 e(1))

In the first case, shown in Figures 3-7, the leader follows a straight line path with constant
velocity u;(f) =[1.0m/s, 0.0 rad/s]T. In the second case, depicted in Figures 812, the leader
follows a circular path with constant velocity u;(f) = [1.0m/s, 0.3 rad/s]T. The velocity bounds
for the follower vehicles are |v;(1)|<1.6 and |w;()|<11.5, j = 1,2.

The decentralized controller is able to drive each robot to the desired relative distance and
desired bearing angle. Figures 3 and 8 show the trajectories of the robots by using the OFB
controller with ¢ = 0.001. Figures 4 and 9, and Figures 5 and 10 show the decentralized control
inputs and the tracking error of follower 1 for the three controllers, with linear and circular
trajectories, respectively. It should be noted that not only the tracking error but also the control
effort degrade. Notwithstanding, the behaviour using the OFB controller is quite satisfactory.

Figures 6 and 11, and Figures 7 and 12 illustrate the effects of the selection of the HGO
constant ¢ on the control input and the tracking error, respectively. As ¢ decreases, tracking
errors decrease and control efforts increase during the transient response, when the observer has
not achieved steady state.

Figures 13 and 14 show simulations of the OFB controller with three- and seven-robot
systems in the 3D simulation environment MPSLab. Figure 15 shows the edge specification for
the simulation shown in Figure 14. As it can be seen, the results in the environment MPSLab are
quite remarkable.

6. CONCLUSIONS

This paper presents a robust multi-vehicle output feedback (OFB) decentralized controller.
Using the main result of this work, an OFB controller, each robot only requires a single camera
to maintain a specified formation shape. The formation specification is given by the relative
distance and bearing angle between each robot and its leader. A HGO is used to estimate the
states of the robot and its neighbour(s).

A theoretical analysis based on Lyapunov stability theory has been performed to prove
asymptotic stability of the RSFB formation controller (Section 4.2), and GUUB stability of the
OFB formation controller (Section 4.3).

Yhttp://marhes.okstate.edu/ ~ orqueda/mpslab.html.
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5 -
— Leader
— Follower 1
4 — Follower 2
3 ~
2 —

1 1 1 1 1 1

-2 0 2 4 6 8 10

Figure 3. Trajectories of the leader robot and two followers for the straight line path case.
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Figure 4. Velocity comparison between controllers (20), (22), and (42) for the straight line path case.
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Figure 5. Error comparison between controllers (20), (22), and (42) for the straight line path case.
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Figure 6. Control effort comparison with ¢ = 0.1,0.001 for the straight line path case.
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Figure 7. Output error comparison with ¢ = 0.1,0.001 for the straight line path case.
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Figure 8. Trajectories of the leader robot and two followers for the circular path case.
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Figure 9. Velocity comparison between controllers (20), (22), and (42) for the circular path case.

0.1 T T T T T T T

0.05 .
o e
— -0.05 ,
g
— -0.1 .
v
-0.15 ]
; ---FSFB | |
-0.2 F — RSFB

-0.25 v OFB | A

_03 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 35 4

time [sec]

T T T T T
---FSFB | -
— RSFB | A
.§ ]
= ]
< .
1.5 2 2.5 3 35 4

time [sec]

Figure 10. Output error comparison between controllers (20), (22), and (42) for the circular path case.
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Figure 11. Control effort comparison with ¢ = 0.1,0.001 for the circular path case.
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Figure 12. Output error comparison with ¢ = 0.1,0.001 for the circular path case.
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Figure 13. Snake view of the simulation with three robots.

Figure 14. Snake view of the simulation with seven robots.
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Figure 15. Edge specification for the simulation with seven robots.

Simulations in a realistic 3D environment verified the performance of all the formation
controllers. Currently, the multi-vehicle decentralized control methodology is being tested on
actual car-like mobile robots. Future research will focus on the analysis of input-to-state
stability properties of this controller [18], effects of formation reconfiguration on the
connectivity and stability of the communication graph and control graph, respectively.

APPENDIX A
A.1. Proof of Lemma 4.1

Let P;(¢) be defined by

Pi(t) = /l L(t)dz

fo

Substituting (18) into (25) and integrating in time,

i) = / deT(T)g&r)V(r)d B / de (= D gn(ets)) de

+ / ' (K g, (t)Vi(r)dt — p / eT(t)K T sign(e(r)) dr (A1)

fo

with g,(t) = g,(z;(¥), v;(1)). Integrating by parts the first term on the right-hand side of (54)

Pr(t) = e (g (O Vilt) — e (t0)gu(t0) Vilto)

) /e UCLLC P /

+ /t 'K g, (t)Vi(r)dr — p / eT(1)K " sign(e(t)) dt

fo

s1gn(e(r)) dt
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Since K = KT and f;ﬂ (de(r)/d7) sign(e(t)) dt = |le(?)|l; — lle(to)ll;, we have

PL(D) = Blleto)l; = € (10)g.(10)Vit0) + " DDV i(0) = Bl
of | eT(r)K{gv(r) Vite) — pign(e(e) — K [eu(o) V,(r)]} dr
=&+ 02D Vil) = Bl
+f | eTmK{gv(r) Vo) — Bsign(e) ~ K- [g,(0) Vi(r)l} dr

with £, = Blle(to)ll; — € (to)g:(10) Vilto).

As it can be seen, if f is chosen such that

dig,()Vi(0)]

B> gVl + ki | =

2

with ki, .= min(ky, k»), then the second and third right-hand terms are less than zero. Hence,

/ " Lwde<s,
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