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On Motion Coordination of Multiple Vehicles
with Nonholonomic Constraints

Feng Xie and Rafael Fierro

Abstract— Coordination of multiple vehicles has been of
great interest in the control community. In this paper, we
consider the problem of controlling a team of mobile robots with
nonholonomic constraints to leader-following formations. We
propose that it is more convenient to put the nonholonomic con-
straints inside the model predictive control (MPC) framework.
As the first step of exploration, a dual-mode MPC algorithm
is developed. The stability of the formation is guaranteed
by constraining the terminal state to a terminal region and
switching to a stabilizing terminal controller at the boundary
of the terminal region. The effectiveness of the method is
investigated by numerical simulations.

I. INTRODUCTION

Teams of mobile robots operating cooperatively lead to
many advantages, such as cost-effectiveness, fault tolerance
and robustness. One interesting problem in multi-robot co-
ordination is how to drive a group of robots to a desired
formation. Unmanned ground vehicle (UGV) formations can
provide a promising and efficient alternative to existing
techniques in a wide range of applications. The most ap-
pealing one is the envisioned distributed sensing tasks. Many
researchers have been working on formation problems, and
numerous control algorithms can be found in the literature
(see e.g., [1], [2], [3D).

A nonholonomic model (e.g., unicycle) is commonly
adopted to describe vehicle’s kinematics in UGV coordi-
nation. Basic problems, such as trajectory tracking, point
stabilization and path following, have been studied for many
years. According to Brockett [4], a smooth time-invariant
feedback control law doesn’t exist for the point stabilization
problem. Discontinuous time-invariant or time-variant algo-
rithms have been proposed (see e.g. [5], [6]). Only a few
controllers which can handle the tracking and stabilization
problems in the same control structure are found in the
literature [7].

Recently, model predictive control (MPC) or receding
horizon control (RHC) has gained more and more attention
in the control community. The inherent ability of MPC to
handle constrained systems makes it a promising technique
for cooperative control, especially for multi-vehicle forma-
tion control. Recent work includes [2], [3]. The stability and
feasibility of the MPC algorithms become a new challenge
(see discussion in [8]). MPC details and its properties can be
found in [9]. Applications of MPC controlling nonholonomic
mobile robots are described in [10], [11].
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In this paper, based on previous work [12], [13], we show
that it is more convenient to put the vehicles’s nonholonomic
constraints inside the MPC framework. Moreover, we present
a novel MPC algorithm for mobile robot formations. Since a
stabilizing terminal controller is switched in within a speci-
fied terminal constraint set, the proposed MPC algorithm is
dual-mode [14]. With this dual-mode MPC implementation,
stability is achieved while feasibility is relaxed. For the
choice of stabilizing terminal controller, a comparison be-
tween an input-output feedback linearization controller used
in [12] and a robust formation controller used in [13] is given.

The rest of the paper is organized as follows. In Section
II, some preliminaries are briefly introduced. A dual-mode
MPC algorithm are proposed in Section III. Stability results
are provided in Section IV. Section V contains simulation
results. Finally, concluding remarks and future work are
given in Section VI.

II. PRELIMINARIES

The problem considered in this paper is to drive a team of
nonholonomic vehicles to a desired formation. This section
describes the model used for the mobile agents and the
definition of formation.

A. Vehicle Model

Consider the planar motion of nonholonomic unicycle-
model robots whose kinematics are determined by

T; cosf; O v
Yi | = | sin6; 0 { wl- } (1)
0; 0 1 ‘

where the subscript i € [1,..., N] indicates the i'" UGV.
(z4,y;) are the Cartesian coordinates of the robot, §; €
(—, w] represents the orientation of the robot with respect
to the positive = axis, and v; and w; are linear and angular
velocities, respectively.

B. Formation and Formation Control Graph

Definition 2.1: A formation is a network of agents inter-
connected via their controller specifications that dictate the
relationships each agent must maintain with respect to its
neighbors. The interconnections between agents are modeled
as edges in a directed acyclic graph, labeled by a given
relationship [15], [16].

Definition 2.2: A formation control graph G = (V,E,F)
is a directed acyclic graph consisting of the following:

o A finite set V = (V7,...,Vn) of N vertices and a map

assigning each vertex V; to a control system (1).
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e An edge set £ C V x V of pair-wise neighbors
encoding the formation between agents. If the ordered
pair (V;,V;) € &, then (V;,V;) ¢ &€, and (Vi,,V;) ¢ €
for all k€ {1,...,N}\i.

e A set of constants F = {Ffj— € R_ xR} defining
control objectives, or set points, for each node j, such
that (V;,V;) € € for some V;,V; € V.

Consequently, by changing Ffjl, we are able to define

different formation shapes for the mobile robot team.

III. CONTROLLERS FOR MULTI-ROBOT COORDINATION

Considering an operator specified the i*" robot motion
a;(t) € R%, i€ {1,...,N} is given as follows

a;(t) = xi(t)i + yi(t)J, (2

where x;(t) and y;(t) represent the respective Cartesian
coordinates in an earth fixed reference inertial frame Z. Let
Fo= [Axf Ayd ] be the desired formation between
robots 1 and j. Axd; € R_ and Ayz € R are the desired
position for robot j in a local Cartes1an reference frame C
attached to robot i. Then the actual formation for robot-pair
i and j is described by Fi; = [Azy; Ayl

Usually, a robot can obtain its neighbors’ positions by
communication, sensing or both. When robots are close to
each other, relative positions can be measured by onboard
instruments and expressed in Polar coordinates. Let Fi‘j- =
[ld 772]] be the desired formation between robots ¢ and j
in a frame attached to robot 7, where ld € Ry is the desired
distance and 7, € [%,38] is the desired relative bearing
angle. The actual formation for robot-pair ¢ and j is described
by Fij(t) = [li; mi;]7, in which the relative distance is
defined as [;;(t) = |a; — a;||,, where |||, denotes the
standard Euclidean norm. The relative bearing is given by
75 (t) = ™+ —6;, where ((t) = arctan 2(y; —y;, z; — ;).

Figure 1 shows the formation configuration for two UGV.
The transformation between F}; and F}; is straightforward.

The formation error for robot-pair ¢ and j is then defined
as e;; = Ft — Fyj.

ij

Robot i

Fig. 1. Formation configuration for two UGV.

A. MPC/Dual-Mode MPC

Different from conventional control which uses pre-
computed control laws, MPC is a technique in which the
current control action is obtained by solving, at each sam-
pling instance, a finite-horizon optimal control problem. Each
optimization yields an open-loop optimal control sequence
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and the first control of this sequence is applied to the plant
until the next sampling instance.

Control (tracking, stabilizing) of robots with nonholo-
nomic constraints can be handled with same MPC algorithm.
See the tracking-stabilizing-tracking simulation below.

Let us define the formation error for the j** robot in a
robot-pair (R;, R;)
A.’E;i — ASL’Z‘j
x]e = Ayij — Ay |- (3)
0; —0;

To obtain the current control u;(k) at time t;, where k
is a nonnegative integer (k € Z*), a finite-horizon optimal
control problem

Pla5 k) = min{ 5, ),

must be solved online. The performance index Jg (:z: k,u;)
is defined as

H
Z 25 (k 4+ ms 25, k)13 + > llug(k +m —1)|%.
m=1
H € N is the horizon length (for simplicity, the prediction
horizon equals the control horizon in this paper). () and R
are positive definite symmetric matrices.

To ensure stability of the MPC algorithm, a terminal
equality constraint z$(k + H) = 0 is commonly used.
Therefore, Ax;; — Aazw, Ay; — Ayfj and 0; — 0;.
However, an equality constraint usually makes the optimal
control problem hard to solve. To balance the stability and
feasibility, the terminal equality constraint can be relaxed
to a terminal region. The MPC algorithm is only required
to drive the error system to the edge of the terminal region.
Inside the terminal region, a stabilizing terminal controller is
switched in and it drives the error system to the equilibrium
point. Such MPC algorithm is dual-mode [14].

For a robot-pair (R;, R;), which has an ordered pair
(Vi,V;) € & in the formation control graph G and a set
point Fl‘j € F, a control input u; needs to be determined
for robot j. With the assumption that robot 7’s current and
future control action 4; are known to robot j, the formation-
error system for robot j € {1,..., N} at time ¢; can be
defined as follows

25 (k+1) = f(x5(k), u;(k)),
a§(k) € X, uj(k) €U, (4)

where f(-) is continuous at the origin, with f(0,0) = 0;
X C R? contains the origin in its interior; &/ is a compact
subset of R? containing the origin in its interior.

Now let us define the terminal region &'y, which is a
convex compact subset of X containing the origin in its
interior. Therefore, we can define a set X', where XfUXy =
X and X7 ﬁ Xy = @. Inside &y, a stabilizing terminal
controller uj is employed to drive the system (4) back to
the origin. Note, the terminal region Xy should be positively
invariant for the system xz$(k 4+ 1) = f(z$(k),u] (k)).
Methods for constructing X'z, which indeed is the terminal
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controller’s region of attraction, can be found in [14], [18]
(local linear controller case). For a nonlinear controller which
has a region of attraction X, such as (12), the terminal region
can be a ball B,, which contains the origin.

The incremental cost in the optimal control problem for
robot j € {1,..., N} is defined in the manner of [18]

L(x§, uj) = Ma§)L (x5, uj), 5

where ; ¥
0 if 2¢ € f
€) = ’ J
Aa3) {1, otherwise ’

and
L(x5,uz) = 2515 + llusl|%- (6)

Clearly, the incremental cost L(-) is continuous at the origin,
with L(0,0) = 0.

For robot j € {1,...,N}, given (V;,V;) € £ and F}! €
F, qi(k) and g;(k), ui(k +H —1,--- ,k; k) at any update
time instance ¢y, the optimal control problem is now defined

P(x5, k) fmln{JH(:c k,uj)}, (7)
where
H
T (25, kyug) = Y L(@S(k+ms k), u(k+m—1; k), (8)
m=1
subject to
2§k +1) = f(25(k), u; (k)),
vi(k+ H) € Xy, ui(k) €U. )

From the definition of incremental cost, the objective
function Jy(z§,k,u;) is greater than or equal to 0 and
Ju (5, k,uj) =0 only when z§ = 0 and u; = 0.

The solution of optimal control problem (7) is denoted
as u*(k) = uj(k +m — 1;k). The optimal state tra-
jectory under this control action is z$*(k) = z§"(k +
m; k). The corresponding optimal performance index is
Jg(k) = Ju(x§™(k + m;k), k,uj(k +m — 1;k)) where
mel,...,H].

Now the dual-mode model predictive controller for robot
j€{1,..., N} is stated in the following algorithm.

Algorithm:

Data: initial states of robots ¢;(0), ¢;(0), H € N.

Initial: At time instance t;, = 0, if xj(O) € Xy, switch to
the terminal controller u] for all k such that z¢(k) € Xj.
Else set ;(l;k) =0 and 4;(l;k) =0foralll € [k,..., k+

H — 1]. Then solve optimal control problem (7) for robot
J and obtain uj(l;k), where | € [k,..., k+ H — 1]. Set
u3 (k) = uj(k; k) and apply u$ (k) to the system.

Controller:
1) At any time instance t:

a) Measure current state ¢;(k) and measure or re-
ceive current state g;(k).

b) If z5(k) € Xy, switch to the terminal controller
u; for all k such that 25 (k) € Xy. Set up (k) =

J
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c) Else, with 4;(l; k) and @;(l; k) as initial guess,
solve optimal control problem (7) for robot j and
obtain u} (l k:) where | € [k,..., k+H—1]. Set

2) Over time interval [tk, tht1):

a) Apply uj(k) to the system.

b) If z5(k) € Xy, set 4;(lk +1) = u] (I), €
[k+1,..., k+ H].

c) Else, compute 4;(l;k + 1) as

w1 k)
{ ol (k + H)

d) Transmit @;(-; k+1) to all robot n that (v, v,) €
& and receive 4;(;k +1).

lek+1,...,
l=k+H

k+ H —1]

B. Input-Output Feedback Linearization Controller

For the choice of terminal controller, an input-output feed-
back linearization controller (denoted as Separation Bearing
Controller, SBC) developed in [17] can be used. Set points,
are desired distance l;;ij and desired orientation nflj relative
to the leader. The control law determining u; = [v; w;]|T
based on the position of R;, which stabilizes the position of
R; relative to R;, is [17]

Vj = 84 COSYij — l”(b” + wi) sin’yij + v; cos (91 — 9]‘>,
w; = E(SU siny;; + lij (bi; + w;) cos vi;
+uv; sin (6; — 6;)), 10)
where
vij = mij +0i =05,
sij = kil — 1),
bij = k(0 —mij), (11)

and k; and ko are positive constants.

C. Robust Formation Controller

Notice that, the SBC controller requires leader’s velocity
information, which may not be available To overcome this
limitation, a robust control law, u , which stabilizes the
formation between robot-pair 7 and j is proposed in [13]

1 02

R _ -1 1, S Vi 2

ui = g7() 2 cosvijsiny; |
l?] 71] ’71]

_2K6U — Kzeij — ﬁl sgn(eij)> 5 (12)

where
—COoS7Y;;  —v;sinyy 9% 2
) = . ; e R=*°,
g( ) |: ésm'yij _l% COS’}/Z‘j ]
. . . . ke 0
v; is the linear velocity of robot j, K = 0 ko | k12 €

R, and (3; are positive constant control gains. Details of this
robust formation controller will be explained in Section IV.
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IV. STABILITY RESULTS
A. Dual-Mode MPC

Since inside X, a stabilizing terminal controller ujT is
used, when the state enters Xy, the error system will converge
to the origin according to the stability properties of controller
uT'. The stability of the system (4) is guaranteed if the state,
x5 (k), starting from any x$(0) € X'\ X}, reaches Xy within
finite time under the the dual-mode MPC Algorithm (see Fig.
2).

Fig. 2. State trajectory.

Assumption 4.1: For the incremental cost L(
exists a K-function r(-) such that L(x§,u;) >
all z5 € X\Xy and all u; € U.

Assumption 4.2: For all x§(k) € X\Xy,
is unique.

Before presenting the main result of this sub-section, we
state the following lemma (motivated by [14], [18]) which
will be invoked later.

Lemma 4.3: Suppose assumptions 4.1, 4.2 are satisfied.
Then for all k£ € Z* such that both % (k) and x§(k+1) are in
X\ X}, under the dual-mode MPC algorithm, the following
inequality

u;), there
(||:17€H) for

u* (k) exists and

Tk +1) = T5(k) <~k + DI)  (13)
holds.

Proof: By Assumption 4.2, u7(k) and uj(k + 1) exist, so
do the optimal performance index J}; (k) and Jj;(k + 1).

To find J};(k + 1), the dual-mode MPC algorithm solves
the optimal control problem (7) from an initial control guess
aj(l;k+1), 1 € [k+1,...,k+ H], which is constructed
from the result of previous optimization on time t;. Obvi-
ously, J5;(k+1) < jH(ze-(-), k+1,4,;(l; k+1)). Therefore,

Ti (k) < Ju(z Jrr (k).

(14)

Follow the construction of ;(I; k + 1), which is described
in the algorithm given in Section III-A, we have

Jy(k+1)— () k+1a(l k+1)) —

Jr(@S() b+ 1,0,k + 1)) — Ji (k) =
L(xje*(k +1; k),uj‘(k, k))
+L(x§(k+ H + 1;k), uf (k+ H)). (15)
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Since z§(k + H + 1; k) € Xy, we have
L(zi(k+ H + 1;k),uf (k+ H)) = 0.

In addition, assuming the system model is perfect, we have

L(xj*(k + 1L k),uj(k; k) = L(x§(k + 1), u}(k; k).
Therefore,

Ji(k+1) = Jp(k) < —L(z5(k + 1),uj(k; k). (16)
Clearly, with Assumption 4.1, inequality (13) holds. ]

We now state the main stability result for the proposed
dual-mode MPC in the following theorem.

Theorem 4.4: Let assumptions 4.1 and 4.2 be satisfied.
Using the terminal controller (12) and the kinematic model
(1), the dual-mode MPC is asymptotically stabilizing with a
region of attraction X

Proof: According to the analysis at the beginning of this
section, since inside X, a stabilizing terminal controller u]T
is used, when the state enters Xy, the error system will
converge to the origin asymptotically. We only need to prove
that from any x5(0) € X\ X}, under the dual-mode model
predictive controller, the state will be driven into Xy within
finite time.

As the definition of X, it contains the origin in its interior.
There must exist a constant 7 > 0 such that for all z§(-) €
X\ Xy, we have ||z$(-)|| > r. Then, with the definition of
K-function, inequality

A5 = w(r) (17)

holds.

Suppose that a finite time t; doesn’t exist such that
z$(k) € Xj. Because of Lemma 4.3, by adding inequality
(13) from 0 to k, we have

k

Jr (k) — < =Y llla5n
n=0
sk ([l5(R)DT

< —kmin{x([|z5(0)[), .. (13)
for all k € Z*. Then according to inequality (17), we have

—kmin{x([|z5(0)[]),...,k([z5(k))} < —kx(r). (19)
This means
Jy (k) — J5H(0) < —kk(r), forall k € Z*. (20)

However, (20) implies that Jj, (k) — —oo as k — oo.
This contradicts that Jy (k) > 0 for all & € Z*. Therefore,
there exists a time ¢, such that z$(k) € Xy. The stabilizing
property of the controller follows ]

B. Input-Output Feedback Linearization Controller

Theorem 4.5: Assume that the lead vehicle’s linear ve-
locity along the path g(t) € SE(2) is lower bounded i.e.,
v; > Viin > 0, its angular velocity is also bounded i.e.,
lwill < Wiax, the relative velocity §, = v; — v; and
relative orientation d9 = 60; — 6; are bounded by small
positive numbers €1, €2, and the initial relative orientations
Hez(to) — Gj(tO)H < cqm, with 0 < ¢; < 1. If the control
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law (10) is applied to robot R;, then the formation is stable,
and the system outputs /;;, 1;; converge exponentially to the
desired values [19].

Remark 4.6: Note that, to guarantee stable behavior of
R;, we would require v; > 0. Otherwise, the internal
dynamics 6; of R; may be unstable. Let the orientation error
be expressed as ¢g9 = w; —w;. After incorporating the angular
velocity for the follower (10), we obtain

ég = —% sineg + €(wi, eq), @1

J
where £(+) is a nonvanishing perturbation for the nominal
system (equation (21) with £(-) = 0), which is itself (locally)
exponentially stable. By using the stability of perturbed
systems, it can be shown that system (21) is stable when
v; > 0. A detailed proof of Theorem 4.5 and explanation of
internal dynamics can be found in [19].

C. Robust Formation Controller

Let us define the following filtered signal 7(t) = [r;r3]T €
R2

T(t) = éij + Keij. (22)

Differentiating (22) with respect to time, we can get

l L sin

Tij
l% COS ;5 SIN Yy
2

+f2()w] + f3(-)wivi + Kéij. (23)

where f1(-), f2(-), and f3(-) are functions of Fj;(t), v;(t),
and Yij (t)
Assumption 4.7: Inside the formation, the leader robot is
. . . . d d d T
stably tracking some desired trajectories w@! = [v{ w!]

i
. g - a1T . .
wd = [vid wﬂ € R? with w?, o4

r(t) = vF + g()u; + ()

bl

4 wd, @l € Lo so that we
can assume w;, @w;, wW; € Loo.

Assumption 4.8: All other terms in (23) except w; and
w; are known.

Lemma 4.9: Let the auxiliary function I'(t) € R be

defined as follows

20T [fi()mi + f2()as + f3(-)wivi — Brsgn(es;)] .
(24)
If the control gain (3; is selected to satisfy the sufficient
condition

B > ()@ + fo()wos + f3()mvill, + (25)
1 d(f1()mi + fo() @i + f3()wivi)
man dt 2’
where kmin = min {kq, k2}, then
t
[ rirar <. 26)
to

where the positive constant (, € R is defined as

G £ Bulles(to)lls — el (to) [f1(to)wilto)
+fa(to)zmi(to) + f3(to)mi(to)vilto)], (27)
where the notation || - ||; denotes the £ norm.
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Theorem 4.10: The control law of (12) ensures that all
system signals are bounded under closed-loop operation and
the tracking error is asymptotically stable in the sense that
Hm e (t), é:5(t) = 0.

Remark 4.11: Notice that, the robust controller proposed
here does not require the leader robot’s velocity information
and there are no internal dynamics. This is a big improve-
ment to the SBC controller described in Section III-B. The
only limitation here is that the reference robot’s velocity can’t
be zero. Otherwise, v; needs to be zero and the inverse of
¢(+) cannot be computed. In summary, for the SBC controller,
it fails when v; < 0. For the robust controller, it only fails
when v; = 0. In addition, this robust controller is globally
stable, which means that it has a region of attraction X. This
alleviates the difficulty of finding a terminal region.

V. SIMULATION RESULTS

The effectiveness of the control algorithms presented in
Section III is investigated by numerical simulations. In the
figures, each robot is depicted by an arrow within a circle.
The orientation of the robot is shown by the orientation of
the arrow.

A. Tracking-Stabilizing-Tracking

A realistic scenario is illustrated in Figure 3. The reference
robot 1 first moves forward from position (0, 0). Then it stops
for some time and finally starts to move backward. This
scenario happens when some algorithms are implemented
for the reference robot 1 to avoid obstacles. Usually this
tracking-stabilizing-tracking case is not considered under a
single controller approach. To keep the formation, a con-
troller switching is required. However, a simulation shows
that this case can be handled within the MPC framework.
The desired formation is Fi, = [—20, —10] and it is achieved
by the MPC controller. Note, a conventional MPC controller
is used here.

40

30

-80 -60 -40 -20 0 20 40
X

Fig. 3. Trajectory of a robot following a reference vehicle which moves
forward, stops, and then moves backward according to an MPC controller.

B. Follow a Leader Moving Backward

Figure 4 shows the response of robot j; following a
reference robot ¢ which is moving backward under the robust
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formation controller (12). This scenario cannot be handled by
the SBC controller since it fails when the leader’s velocity is
negative. The desired formation is F% = [100, 5F]. Robot i
starts from position (0, 0) and moves backward with constant
speed v; = —17.5. Robot j starts from (150, 200) and moves
backward. The formation is achieved by the robust formation
controller.

1200 T T T T T T T T

1000 ®

800

600 -

400 -

200

-200 0 200 400 600 800 1000 1200 1400 1600

X

Fig. 4. Trajectory of a robot following a reference robot which is moving
backward according to the robust formation controller.

C. Control of a Chain of robots

The formation response shown in Figure 5 is according to
a dual-mode MPC with the robust formation controller (12)
as the terminal controller. The prediction horizon is set to
H = 6. The formations for each robot-pair are F{, = Fg; =
FY, = Ff = [-20 0]T. The control constrain set is defined

asU =1V w]TeR2:15§V§50,—0.3§wg0.3}.

100 -

50

100

150

p I I I I I
2400 -300 ~200 -100 0 100 200

Fig. 5. Five robots in chain formation according to a dual-mode MPC with
robust formation controller as the terminal controller.

VI. CONCLUSIONS

In this paper, a dual-mode MPC algorithm that allows a
team of mobile robots to navigate in formations is developed
and proven to be stable. Simulations show the effectiveness
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of the proposed dual-mode MPC algorithm. Additionally,
we show that it is more convenient to put the tracking and
point stabilizing problems of nonholonomic robots inside
the MPC framework. For the choice of stabilizing terminal
controller, analysis and simulation show that the robust
formation controller is better than the SBC controller.
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