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A Framework for Hybrid Control Design

Rafael Fierro and Frank L. Lewis

Abstract—This paper presents a hybrid system framework which
considers simultaneously the control and decision-making issues. This
reconfigurable framework can accommodate a wide range of situations,
from aircraft control systems to mobile manipulators. A continuous-state
plant is supervised by a discrete-event system which is based on a theory
of linked finite state machines. The composite system is viewed as an
iterative process where a task is carried out by changing the structure of
the continuous-state plant. An algorithm for a hybrid control design is
provided and illustrated through a mobile manipulator example.

I. INTRODUCTION

In intelligent control of complex systems, one is faced with the
problem of providing stability, performance, and robustness at the
close-loop real-time level, as well as decision-making control with
guaranteed performance at the supervision level. Unfortunately, it
is difficult to formally derive a finite state representation of a
closed-loop continuous-state dynamical system that is suitable for
upper-level decision-making functions with close-loop stability of
the entire system. Any discrete-event representation of dynamical
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Fig. 1. Hybrid dynamical system.

systems must encapsulate the relevantbehaviorsand eventsneeded
for effective decision-making control. A hybrid system framework
is needed for considering simultaneously the control and decision-
making issues.

Hybrid systems have emerged as a technique for modeling and
analyzing a class of autonomous control systems containing both
continuous-state dynamics and logical clauses. In one formulation
of hybrid systems, the continuous-state plant is supervised by a
discrete-event controller. Such a hybrid system consists of three main
components: a plant, a discrete-event controller, and an interface.

This three-layerhybrid framework has attracted the attention of
the control community in the last few years [1]–[3], [5], [10],
[11], [13]–[15]. The plant is often described in terms of differen-
tial/difference equations and has the continuous-state conventional in
system and control theory. In an effort to impart more intelligence
and decision-making capabilities to the system, it may be desired
for a rule-based discrete-event controller to determine the control
and performance objectives of the real-time plant. This requires
an interface to translate between the plant and the discrete-event
controller. The interface converts continuous-time signals to discrete-
event symbols and vice versa. When viewed from above, this
interface, together with the continuous-time plant, becomes adiscrete-
event plantmodeled by a finite automaton. Note thathybrid systems
are very reminiscent of sampled data control, where the plant plus
ZOH plus sampler appears as a discrete-time system.

To define the states of the discrete-event plant, the “events” that
cause changes of state must be defined. One way of accomplishing
this is to partition the continuous-state space into discrete regions by
various methods. In the work of Antsaklis [1], the continuous-state
space is partitioned into regions using “event boundary functions,”
and a nice theory is developed that includes notions of reachability,
etc. Another possibility [17] is to associate discrete states with
different plant outputs, controllers, and/or reference trajectories (c.f.,
[18]), so that changing discrete states corresponds to changing the
plant performance and control objectives.

This paper considers a class of hybrid dynamical system where a
given task is executed as a sequence of closed-loop continuous plant
behaviors. That is, a discrete-event controller selects a continuous-
state controller, a reference trajectory, and an output function from
a library of plant control algorithms, input functions, and output
functions, respectively. The selected plant behavior is kept active for
a certain time until a prescribed plant event or controller event occurs.

This class of decision-making controllers is common, for instance
in modern aircraft controls [20], mobile robots [22], intelligent vehicle
highway systems (IVHS) [9], and flexible manufacturing systems
[12].

The remainder of the paper is organized as follows. In Section II
we present a mathematical model and some definitions of the hybrid
framework introduced herein. Section III discusses the discrete-event
controller. Section IV provides a hybrid control design algorithm
which is illustrated through a mobile manipulator (i.e., mobile base
plus onboard arm) example performing a sequential task in a man-
ufacturing environment. Since discrete state changes correspond to
changes in the structure of the continuous-state plant, guaranteeing
the plant stability becomes an major concern. Thestability problem
is briefly addressed in Section V. Some connections between hybrid
systems and fuzzy logic systems are established in Section VI.
Finally, Section VII gives some concluding remarks.

II. PRELIMINARIES

A. Notation

We collect some notation and abbreviations used in this work:
continuous-state plant (CSP); discrete-event (DE); discrete-event
plant (DEP); continuous-state controller (CSC); discrete-event
controller (DEC); hybrid dynamical system (HDS); finite state
machine or finite automaton (FSM); intelligent control (IC); flexible
manufacturing system (FMS); and Petri nets (PN).

Throughout,<;<+; ; ; denote the reals, nonnegative reals, i.e.,
<+ = [0;+1); integers, and nonnegative integers, respectively.N

denotes the setf1; 2; � � � ; Ng: Let <n and<n�m denote the realn-
space and the set ofn�m real matrices, respectively. IfA 2 <n�m;
thenAT denotes the transpose ofA:

Let 
 be a subset of<n: 
 represents the closure of
;
o its
interior, and@
 its boundary.

B. Hybrid System Model

A class of HDS, commonly found in the literature, considers the
three-layer structure depicted in Fig. 1: a CSP described by differ-
ential/difference equations, a DEC, and an interface. The interface
maps signals from the continuous-state domainS to symbols in the
discrete-state domain� and vice versa. The CSP plus the interface
are viewed as a DEP, which is controlled by the DEC.

The DEC is a five-tuple(Q; C;R; �; 
); consisting of the finite
state set, input set, output set, state transition function and output
function, respectively. The DEC is described by the equation

Discrete-event controller:
q(k + 1) = �(q(k);C(k))

R(k) = 
(q(k);C(k))
(1)

where q(k) 2 Q is the state after thekth event,C 2 C; R 2

R; �: Q � C ! Q; 
: Q � C ! R; k(t) 2 :

The DEP is a five-tuple� = (X ;�; C;  ; '); consisting of the
finite state set, input set, output set, state transition function and output
function, respectively. The DEP equation is

Discrete-event plant:
�(k + 1) =  (�(k); R(k); z(k))

C(k) = '(�(k); R(k); z(k))
(2)

where � 2 X ;� � R � Z; z 2 Z � <h;  : X � R � Z !

X ; ': X � R � Z ! C: z(k) contains the event information from
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the CSP, i.e., a signal that enables the state transition function in the
DEP. The interface equations are

Interface (�=S):
r(t) = �(�(k); R(k))

i(t) = �(�(k);R(k))
(3)

Interface (S=�): z(k) = v(y(t); r(t)) (4)

wherer 2 <p is the reference trajectory,i 2 N is a deterministic
scalar index,y 2 Y � <

p: Functions�: X � R ! Rp and
�: X �R ! N are mappings in�=S; and functionv: Y �<p ! Z

is a mapping inS=�:
The CSP is a five-tupleS = (X;U; Y; f; h); consisting of the state

set, input set, output set, state transition function and output function,
respectively. The CSP and CSC equations are

Continuous-state plant:

_x(t) = f(x(t); u(t))

y(t) = h(x(t); i(t))
(5)

Continuous-state controller:

u(t) = K(x(t); y(t); r(t); i(t)) (6)

wherex 2 X � <
n; u 2 U � <

m; f : X � U ! <
n is assumed to

be Lipschitz continuous,h: X�I ! Y;K: X�Y �<p�I ! U: For
simplicity we assume that the continuous-statex(t) can be measured.
If this is not the case anobservermay be required to estimate the
continuous-state. We will not pursue this.

C. Definitions of Operational Level Behavior Elements for the Plant

Some notions of behaviors and events are needed in any theory of
hybrid systems. Given a plant (e.g., aircraft, mobile robot), with a set
of outputsY (e.g., airspeed, altitude, pitch rate) a set of control inputs
U (e.g., aileron, elevator, rudder, throttle), we define aclosed-loop
behaviorof the plant as(u; y;K; r); whereu(t) 2 U andy(t) 2 Y
are vectors of inputs and outputs,K 2 K is a library of stabilizing
tracking controllers (adaptive, neural net, PID, etc.), andr(t) is the
reference trajectory. The controllerK should be designed so that the
closed-loop system is stable with suitable robustness and performance
properties. All the techniques of control theory can be used. (Compare
with work by Shin [18] where the reference trajectory is selected to
improve plant performance.)

In an aircraft, sample behaviors are “altitude hold mode,” “pitch
rate command following mode,” “glide slope coupler mode,” etc. In
a mobile robot the behaviors include “wall following,” “exploration,”
“obstacle avoidance,” etc. It is seen that by suitable selection of the
controller, plant inputs, plant outputs, and reference trajectories the
full range of natural closed-loop behaviors of any given plant may
be obtained. This is defined as thelibrary of closed-loop behaviors.

The eventsare next defined as occurrences of interest to the next
higher-level controller. Events may be formally defined using ‘event
boundary functions’ in the continuous-state space of the plant (c.f.,
work by Antsaklis [1]). We define the behaviors to include the plant
plus controller—that is, we are discussing closed-loop behaviors.
Thus, the controller guarantees stability of the plant and suitable
performance of the behaviors. In Fig. 1R is a command from a
selected language for the closed-loop system to implement a specific
choice of(ui; yi;Ki; ri); z is a symbol indicating event occurrence.
A DEC or supervisor (c.f., [16]) monitorsC and providesR: The
closed-loop plant plus interface in Fig. 1 can represent, for instance
a workcell in an FMS, an aircraft, a mobile robot, etc.

D. The State Discretization Problem and Homomorphism Theory

Referring to Fig. 1, the fundamental issue in hybrid-state systems
is that the plant evolution equation and the evolution description

Fig. 2. Hybrid system’s commutative diagram.

of the DEP are over two different algebras. Thestate discretization
problem addresses the following issue: given a continuous-state plant
description (either continuous-time or discrete-time) determine a DEP
description over a specified algebra. The state discretization problem
is akin to thetime discretization problem in control systems, where
the problem is to determine, given a continuous description of the
plant, a discrete-time description that includes the sampler plus the
hold mechanism.

To see what is involved, consider the following simplified problem.
Let there be prescribed the continuous-state system(X;U; f) with
X the state-space,U the input-space, andf : X � U ! X a state
transition function. In this representationX;U are function spaces
whose elements are functions of a scalar parametert in some specified
setT; and operation related tof are specified in some algebra. An
example is the linear time-invariant system

_x = Ax +Bu � f(x; u) (7)

wherex(t); u(t) with the timet 2 < and operations carried out over
the standard(+; �) matrix algebra.

Given a set of discrete statesX ; with a set of specified operations,
and an input alphabet�; define an operator (“generator”)F : X ! X

and an operator (“inverse actuator”)G: U ! � as shown in the
commutative diagram of Fig. 2. It is now desired to determine a
finite state description(X ;�;  ) such that

 =F � f � G
�1 (8a)

 (F (x); G(u)) =F (f(x; u)) (8b)

for every x 2 X;u 2 U: It is now clearly seen that the problem
resides precisely in defining the DE state evolution function : X �

�! X : This is intimately related to the theory ofhomomorphisms.
If the DEP has a rule-base transition function, thenX is the set
of logical state vectors, with operations of (AND, OR), and we are
dealing with semiring homomorphisms. That is, the underlying group
structure is defined by the selection ofX;U and the operations of
interest.

This framework seems to provide a scheme of attack that includes
as well the time discretization problem, whereX = X = <

n and
F is the sampling operator

F (x) =
k

x(k�)�(t� k�) (9)

where �(�) is the Kronecker delta and� is the sampling time.
Moreover, the widely usedfuzzy logic controlscheme is related to
this framework in the sense thatF;G�1; and denote fuzzification,
defuzzification and inference map, respectively. Some connections
between hybrid control systems and a class of fuzzy logic control
systems are established in Section VI.

III. U PPER-LEVEL DE DESIGN–LINKED FSM

We have just shown how to approach the design and analysis of the
lowest level hierarchical step in a hybrid system architecture. Using
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Fig. 3. FSM interconnected hierarchically.

the following structure, it is not difficult to formalize the design of the
higher DE levels. The structure addresses considerations of various
researchers who are by now contending thatstrict hierarchiesare
unsuitable for real-world planning and control problems.

It is well-known that FSM can be used to model plans, tasks,
behaviors, etc. Formally, a FSM is defined asM = (Q;�; �; q0; F );

whereQ is the set of states,� is an input alphabet,� is a transition
function, q0 is the initial state, andF is the set of final states.
A FSM is a special case of a Petri net, wherein each transition
has a unique place both upstream and downstream. Unfortunately,
FSM have some limitations for intelligent control (IC) purposes as
they cannot accommodate shared resources or task choices. That
is, the interconnections of FSM provide insufficient generality for
control interconnections in real-world systems. FSM can be formally
interconnected in several ways, including the hierarchical method in
Fig. 3. In this figure, each FSM contains another FSM with well-
defined entry and output states. The composite FSM here is also a
FSM. However, the more generallinked FSM structure depicted in
Fig. 4 is more suitable for control purposes.

In Fig. 4, it is obvious that the state transitions are activated by
control links into PN-like transitions, and that each transition causes
some “outputs” oreventsto occur. The control links and event links
are connected to either upper-level FSM, the event links become
“status signals,” when connected to lower level FSM they become
“commands.”

The overall linked FSM is not a FSM, but has a more general
PN structure that can accommodate shared resources, conflicts, and
decisions. Thus, the techniques, for instance in [16], can be used
to define aFSM2 (the PN supervisor) in Fig. 4. The linked FSM
structure is nothing more than a formal PN representation ofMealy
machines, where each state has a single associate input and output.

The hybrid (low level) in an IC hierarchy can also be represented
as in Fig. 4. Then, the states in the FSM1 represent the operational
plant behavior elements just defined. That is, each state represents a
specific closed-loop plant behavior(ui; yi;Ki; ri): With each change
of state,FSM1 would send commandsR to the closed-loop system to
change the controller, the reference trajectory, or the output measured
or control inputs employed.

Within this framework, where DE state changes correspond to
changes in thestructure of the continuous-state plant (including

Fig. 4. FSM with control and event links.

reference controllers and reference trajectories), it will be important
to study thestability of the continuous-state part of the system as the
changes in DE states occur.

Finally, it is observed that linked FSM can be represented as
the logical matrix controller equations. In fact, linked FSM yield
a structure block matrix formof rule-based controller. This allows
matrix analysis and refinement of the design of the deadlock removal,
and show how dispatching rules can be used in outer control loops
for conflict resolution (see [12] for details).

It should be clear that linked FSM include hierarchical structures,
but also nonhierarchical structuressince FSM can be linked in
parallel at the same level.

A. Task Definitions and Specification as FSM

A plan represents a sequence of actions that achieves a given goal.
A ‘feasible goal’ is an ordered sequence of ‘primitive goal actions’
i.e., closed-loop behaviors. Plans can be represented by a finite state
machine. The arcs in the FSM represent an ordering in the states
required to accomplish a goal state.

Depending on the task, the upper-level FSM in our linked FSM
structure are generated and nested into the system with control and
event links (which are transparent to the task planner). Thus, in
our “hybrid structure,” the lower level DE systems represent the
fixed plant-plus-controllers (the resources), while the upper-level DE
systems are evanescent or “virtual” and are reconfigured as the task
change.

IV. A H YBRID CONTROL DESIGN ALGORITHM

In this section, we apply the hybrid framework given by (1)–(6)
to a mobile manipulator performing a task in a manufacturing plant.
Consider the system shown in Fig. 5. A mobile manipulator [22] has
to pick and move an object from the conveyor belt in positiona to
positiond: It releases the object in positiond and repeats the task.
When the mobile base goes froma to d (right), the DEC selects
the controllerK1 which considers the mass of the object and drives
the mobile base with linear velocityv1(t): On the other hand, if
the mobile manipulator goes fromd to a (left), the DEC selects the
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Fig. 5. Mobile manipulator.

controllerK2 which drives the mobile base faster, i.e.,v2(t)>v1(t):
When the mobile base reachesa or d; the DEC selects the controller
K3 to drive the onboard arm to pick/release the object. This example
is an extension of a case study presented in [6].

The design algorithm considers the three layers of the hybrid
system in Fig. 1, separately. In each layer we define states, inputs,
outputs, and the corresponding transition and output functions. Then
the appropriate interfaces and connections between layers are defined.
The algorithm consists of five steps: 1) find an abstract model
representing the continuous-state system and define the ‘important’
events in the CSP, 2) define the DEP, 3) design the DEC, 4) design
the interface between the DEP and the CSP, and 5) verify the
performance of the entire hybrid system. If the performance is not
satisfactory, then return to steps 1)–4).

1) Abstract representation of the CSP:The continuous-state sys-
tem, plant plus low-level servo controller, is represented by an
abstract model which captures the main features of the original
system. In this example, we describe the position of the mobile base
by a first order differential equation given by

_x =�i(�x+ u); i = 1; 2

y = x: (10)

If the mobile base goes to the right the controllerK1 is used and
�1 = 2:5 (s�1): On the other hand, if the mobile base goes to the
left the controllerK2 is used and�2 = 5 (s�1): Therefore, the
mobile base moves faster after releasing the object. The time signal
u(t) represents the desired position of the mobile base. We neglect
the dynamics of the manipulator, assuming that the time for picking
and releasing the object is very short.

2) Discretization of the continuous-state plant:The DEP is a
qualitative representation of the system with respect to a given
task. It should give the required information to the DEC in order
to accomplish the task successfully. The continuous-state spacex(t)
is partitioned in a number of regions and a plant event is defined
for each region. In this example, the DEP states are given by the
mobile base position�1(k) = fa; b; c; dg; and the end-effector
action �2(k) = f0 � pick object; 1 � release objectg: The
DEP inputs (i.e., commands) are given by the position command
U1(k) = f0 � right; 1 � leftg and the onboard arm command
U2(k) = f0 � hold; 1 � releaseg: The DEP dynamics are given by

�1(k + 1) = 1(�1(k); U1(k))

�2(k + 1) =U2(k)

C1(k) = �1(k)

C2(k) = �2(k): (11)

The state transition function of the mobile base position is given
in Fig. 6. From this figure we can infer the oscillating nature
of the mobile base position when it performs the task repeatedly
(c.f., switching trajectories inbang-bangcontrol). Although some
information details are lost in the abstraction process, the fundamental
properties of the system behavior do not change.

Fig. 6. “Next” mobile base position.

Fig. 7. FSM representation of the DEP.

Whenever the mobile base crosses certain boundaries an event is
generated and theevent functionk(t) is increased by one. The event
function has the same meaning as time in discrete-time systems.
However in DES the sampling interval is not uniform. The FSM
representation of the DEP is showed in Fig. 7.

3) DEC design: The DEC supervises the performance of the DEP
and chooses the inputs to perform the given task. When the mobile
base goes to the right, the end-effector holds the object. The end-
effector releases the object in positiond and the mobile manipulator
returns to positiona:

The DEC state is given byq1(k) = f0 � to right; 1 � to leftg;
and the DEC input,UC1(k); is the mobile base position. Note that
we just need one state in the DEC because the action of the end-
effector depends on what direction the mobile base is moving. The
DEC dynamics are given by

q1(k + 1) =�(q1(k);UC1(k))

R1(k) = q1(k)

R2(k) = 
(q1(k); UC1(k)) = q1(k+ 1): (12)

The closed-loop DE system is defined as

UC1(k) =C1(k)

U1(k) =R1(k)

U2(k) =R2(k) (13)

and the dynamics of the closed-loop DE system become

DEC:
q1(k+ 1) = �(q1(k); �1(k))
R1(k) = q1(k)
R2(k) = 
(q1(k); �1(k));

(14)
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Fig. 8. The closed-loop DE system.

DEP:

�1(k + 1) =  1(�1(k); q1(k))

�2(k + 1) = 
(q1(k); �1(k))

C1(k) = �1(k)

C2(k) = �2(k):

(15)

The closed-loop DE system is presented in Fig. 8.
4) Interface design(S=�;�=S): A real number is assigned to

each symbolic desired position of the mobile base, and an integer in
the setf1; 2g is assigned to the symbolic controller selectioni(t) as

u(t) =�(�1(k);R1(k)) = �( 1(�1(k);R1(k))

u =

0 if  1(�) = a

2 if  1(�) = b

4 if  1(�) = c

6 if  1(�) = d,

(16)

i(t) =�(�1(k);R1(k)); i =
1 if R1(k) = 0

2 if R1(k) = 1.
(17)

Let " be a small positive constant. A plant event is generated
whenever the actual position of the mobile base is near a predefined
position in the setfa; b; c; dg; more formally

z(k) = v(y; u); z(k) =
1 if ju(t)� y(t)j<"

0 otherwise.
(18)

The DEP representation of the CSP does not change; however,z(k)

enables the state transition function and increases the event function
k(t) as

�1(k + 1) = 2(�1(k); q(k); z(k)) (19)

 2(�) =
�1(k) if z(k) = 0

 1(�) if z(k) = 1
(20)

k(t) =
k + 1 if z(k) = 1

k if z(k) = 1:
(21)

Note that only when a plant event is generated, i.e.,z(k) = 1; the
discrete-state representing the robot’s position�1 changes to a new
state.

Fig. 9 depicts the closed-loop HDS. Finally, Fig. 10 shows a
simulation of the hybrid system. Note that the mobile manipulator
moves faster when it goes to the left.

V. THE STABILITY PROBLEM IN HYBRID DYNAMICAL SYSTEMS

In this section we shall consider the stability of the hybrid system
introduced in Section II. The discrete-event dynamics is abstracted

Fig. 9. The closed-loop HDS.

Fig. 10. Mobile base position.

away in order to study the stability of the continuous-state part of the
hybrid system. The hybrid systemH given by (1)–(6) isembedded
(c.f., [23]) into a switched system~H given by

_x(t) = fi(x(t)); i 2 f1; 2; � � � ; Ng � N (22)

and

i(t) = g(i(t
�

); x(t)) = j; if i(t
�

) = i and x(t) 2 
ij

(23)

where x 2 X � <n is the continuous-state, andi 2 N is the
discrete-state. The evolution functionf(�) is assumed to be globally
Lipschitz, i.e.,f(�) 2 C1(<n): Let 
ij denote a region of<n such
that for anyi 2 N we have: 1)
ij with j 2 N cover the state space
<n; and 2)
ij and
ik with j 6= k do not overlap. It is assumed that
if the continuous-state hits a certain boundary@
ij (i.e., a switching
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event) the discrete-state is given by (23) whereg: N �X ! N is
the simplifieddiscrete-state dynamics.

Some definitions are required in order to proceed.
1) A valid switching sequenceS; for a given initial continuous-

statex0; is defined by the pair(ik; tk) as

S = f(i0; t0); (i1; t1); � � � ; (ik�1; tk�1); (ik; tk); � � �g (24)

wheret0<t1< � � � <tk�1<tk; andik 2 N: As it can be seen, the
evolution of the system is governed by the vector fieldfi (�) on the
interval tk � t< tk+1: We shall calltk a switching time.

2) We define an increasing time sequenceTk

Tk = ft0; t1; t2; � � � ; tk�1; tk; tk+1; tk+2; � � �g: (25)

3) If in a ball B(r0) = fx 2 <njxTx<r20g; the functionV (x)

is positive definite and has continuous partial derivatives, and if its
time derivative along any state trajectoryx(�) of system _x = f(x);

is negative semi-definite, i.e.,_V (x) � 0; thenV (x) is said to be a
Lyapunov functionfor the system_x = f(x) [19].

4) xe is an equilibrium point of the hybrid system (22) iffi(xe) =
0 for all i 2 N:

5) The equilibrium point of the hybrid system (22) isstableif for
every"> 0; andt0 2 T0 there exists a� = �("; t0)>0 such that for
anykx(t0)�xek<� and for anyi(t0) 2 N; we havekx(t)�xek<"

for all t � t0: The equilibrium point is said to beuniformly stableif
� = �("): Moreover, the equilibrium point is said to beasymptotically
stableif it is stable andkx(t)� xek ! 0 ast!1:

In the framework presented in Section II, the decisions of the
DEC are associated with changes in the closed-loop plant behavior.
Therefore, the stability of the continuous-state part of the hybrid
system depends on the decisions of the DEC. If thebehaviorsshare
a common Lyapunov function, then any arbitrary sequence between
them can be proven to be stable. In this case, aseparation principle
holds; that is, the design of the DE controller and the servo controller
can be carried out independently [8].

In general finding a common Lyapunov function that represent a set
of behaviors is not an easy task.Multiple Lyapunov function theory
may be used to study stability of hybrid systems [4].

We should like to study the stability of a hybrid system where
switching sequences may be periodic, aperiodic, finite or infinite,
and include some unstable modes. In the next theorem we provide
some stability criteria for hybrid dynamical systems.

Theorem: Assume that there exists a finite number of scalar
positive definite functionsVi(x): X ! <+; with i = 1; 2; � � � ; N

and continuous first order partial derivatives, corresponding to the
continuous-state vector fields_x = fi(x) with fi(0) = 0; for all i:

a) LetS be the set of all valid switching sequences associated with
the system, andtk be the switching times if the following holds.

i) There are nojumps, i.e., x(t�k ) = x(t+k ) = x(tk);8k:

ii) There exists a positive definite function�(x) such that

DV (x(tj) � ��(x) (26)

where

DV (x(tj)) � Vi (x(tj+1))� Vi (x(tj)); 8ij 2 N: (27)

iii) Vi is radially unbounded, i.e.,limkxk!1 (Vi(x) = 1:

iv) tmin � tk+1 � tk<1 with tmin> 0 8tk 2 Tk; then the state
of the system globallykx(t)k ! 0 as t ! 1 over S:

b) If conditions i)–iv) in part a) above are satisfied, and in addition
we have

v) Vi is nonincreasing and_Vi< 0 8i; then the origin of the
continuous-state space of the hybrid system is a globally uniformly
asymptotically stable equilibrium point overS:

c) Let SN = f(i0; t0); (i1; t1); � � � ; (iN ; tN); (i0; t0+�); � � �g be
a periodic valid switching sequence with period�: If assumptions
iii) and iv) hold, and ii) is modified as follows.

ii*) There exists a positive definite function�(x) such that

Vi (x(tj +�))� Vi (x(tj)) � ��(x); 8ij 2 N (28)

then the state of the system globallykx(t)k ! 0 as t ! 1 over
the periodic sequenceSN :

d) Given a hybrid systemH whose dynamics are governed by
(22) and (23). If assumptions iii) and iv) hold, and v) are valid for
all regions
ij and in addition we have

vi) the Lyapunov functions have the same value on the boundaries
@
ij ; that is V1(x) = V2(x) = � � � = VN (x) for all x 2 @
ij ;

then the origin of the continuous-state space of the hybrid system is
a globally asymptotically stable equilibrium point (c.f., [6]).

Proof: (Outline)
a) SincefVi (x(tj))g is a strictly decreasing sequence and lower

bounded by zero, thenlimk!1 Vi (x(tk)) = L � 0 exists [21] and

lim
k!1

[DV (x(tk))] � lim
k!1

[��(x)] = 0 (29)

this implies thatlimk!1 x(tk) = 0:

b) Considering ii) and v) it can be shown that for any initial time
t0 2 T; for a given "> 0; and for anyi(t0) 2 N; there exists a
� = ("; t0)> 0 such that for anykx(t0)k<�; we havekx(t)k<"

for all t � t0: Clearly, the system is stable in the sense of Lyapunov.
Convergence was proved in a), and by using iii) we can conclude that
the equilibrium point of the hybrid system isasymptotically stable in
the large. Note that theenergyof the hybrid system can be thought
of being bounded by a nonincreasing sequencefVi (x(tj))g for all
t> t0:

c) Similar to a).
d) Suppose the continuous dynamics is governed byfi (�);

and the continuous-state hits a boundary@
i i at tk+1;

then the discrete-state becomesik+1 and the continuous-state
dynamics switch to fi (�): Let ~H denote the embedded
switching system of the original hybrid systemH; and
~S = ff(i0; t0); (i1; t1); � � � ; (ik; tk); (ik+1; tk+1); � � �g denote
the valid switching sequence. Considering ii), iii), v), and vi), it can
be shown that the origin of the continuous-state space of~H (H) is
a globally asymptotically stable equilibrium point.

This section provides a basic framework for the stability analysis
of a class of hybrid systems. Note that in (23), the “next”i(t) depends
on the evolution of the continuous statex(t): Therefore the switching
sequence (24) does depend on the continuous state implicitly. In fact,
we focus our analysis on hybrid systems with astatic DEC, i.e., the
switching device has no memory. A more elaborated stability analysis
is beyond the scope of this paper. The interested reader is referred
to [4], [6], [21], and [23].

VI. FUZZY LOGIC CONTROL SYSTEMS

VIEWED AS HYBRID CONTROL SYSTEMS

A fuzzy control system is a special class of hybrid dynami-
cal systems. In fuzzy systems a finite rule base interacts with a
continuous-state plant. Furthermore the communication between the
fuzzy controller and the controlled plant is by using the so-called
fuzzifieranddefuzzifierinterfaces. We can view a fuzzy logic control
system as a hybrid system as follows: 1) the DEC of the hybrid
system is replaced by a fuzzy logic controller, 2) the eventgenerator
(S=�) andactuator(�=S) of the hybrid system interface (Section II,
Fig. 1) are replaced by a fuzzifier and a defuzzifier, respectively, and
3) in both hybrid and fuzzy structures the continuous-state plant is
modeled by ordinary differential/difference equations.
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Consider a single-input, single-output dynamic system of the form

_x(t) = f(x; u) (30)

wherex 2 <
n is the state variable,u(t) 2 < is the system input,

f : <n
� < ! <

n is a smooth mapping defined on an open set
� � <

n
� <: The hybrid control problem consists of linearizing

the system (30) at various operating points and designing local
controllers that satisfied certain performance criteria. The next step
is to realize a DEC that switches between the local controllers when
the continuous-state hits some predefined boundaries.

This hybrid control problem can be solved by using fuzzy logic
techniques where systematic methods are available. A set offuzzy
logic-based linear modelscan be constructed as follows. Define a
fuzzy rule base of the form

R
(i)
: IF x1 is XXX

(i)

1 & � � � & xn is XXX
(i)
n ;

THEN _x = Aix+Biu; i = 1; 2; � � � ; N (31)

whereXXX(i)

k ; k = 1; 2; � � � ; n; are the fuzzy numbers corresponding
to state variablesx(t) for the ith rule andAi andBi are matrices
of appropriate dimensions. Let!(i) denote the truth value of theith
rule, and�XXX(�) denote the membership function forXXX: By using
the product-inference rule, it yields

!
(i)

=

n

j=1

�
XXX

(xj): (32)

TheN fuzzy rules (31) partition the state spaceX 2 <
n into N

regions
i: It is assumed thatX =
N

i=1

i and
i; i = 1; 2; � � � ; N

are compact sets. The partition
i is defined by the set

fxj!
(i)
(x) � !

(j)
(x) with i 6= j; and j = 1; 2; � � � ; Ng

and the boundary@
ij (i.e., 
i \ 
j 6= )

fxj!
(i)
(x) = !

(j)
(x) with i 6= j; and j = 1; 2; � � � ; Ng:

Each linear model (31) can be considered as a local representation
of the nonlinear system (30) in region
i: Then, the following fuzzy
logic rule defines what controller to connect to the actual nonlinear
plant

R
(i)
: IF x1 is XXX

(i)

1 & x2 is XXX
(i)

2 & � � �& xn is XXX
(i)
n

THEN ui = �Kix; i = 1; 2; � � � ; N: (33)

Equation (33) provides alocal control law. The gainKi 2 <
1�n

is a local state-feedback controller for each fuzzy logic-based linear
model.Ki(x) can be designed by using any technique (e.g., LQR,
pole placement,H1):

The closed-loop local system becomes

_x = [Ai �BiKk]x � Hix; x 2 
i and i = 1; 2; � � � ; N:

(34)

Note that system (34) is compatible with the hybrid model introduced
in Section V. Therefore, the stability results outlined in that section
can be applied to this class of fuzzy logic systems [8].

VII. CONCLUSIONS

We have presented a hybrid framework to model and analysis
a class of IC systems where a real-time continuous-state plant
is supervised by a discrete-event controller. The structure of the
continuous-state plant, i.e., closed-loop behavior, changes asynchro-
nously in response to a DEC command.

The behavior of the upper DE levels is modeled by linked FSM.
It has been shown that the interconnections of linked FSM provide

sufficient generality for IC purposes as they can accommodate shared
resources, task choices, and conflicts.

Since DE state changes correspond to changes in the structure of
the continuous-state plant, guaranteeing the plant stability becomes
an major concern. It is not enough to design stable and robust low-
level controllers without considering the DE decisions. The same is
applied for the higher-level discrete-event system; as it reasons over
an approximate abstract model, the commands may not always be
consistent with the actual state of the continuous plant. Section V
presents the rudiments of a Lyapunov stability theory for a class of
hybrid systems where a discrete-state system supervises a multimodal
continuous-state plant. Stability of the continuous-state part of the
system is analyzed by using multiple Lyapunov functions.

Note that hybrid systems are similar to the widely used fuzzy
logic systems. We believe hybrid systems provide a more general
framework which can benefit from the results available in fuzzy
theory. This idea is illustrated using the well-known Takagi–Sugeno
fuzzy model.
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Defining Visual Languages for Interactive Computing

P. Bottoni, M. F. Costabile, S. Levialdi, and P. Mussio

Abstract—A novel definition of visual languages allows a uniform
approach to satisfying the needs of visual reasoning faced in visual
human–computer interaction. The way the machine associates a com-
putational meaning with an image, and conversely, the way it generates
an image on the screen from a computation are formally described. A
definition of visual sentence and of visual language as a set of visual
sentences is discussed. A hierarchy of visual languages is derived in
relation with the requirements for intelligible, manageable and trustable
interaction between humans and computers.

I. INTRODUCTION

Interactive computing is the present challenge of computer science
[1]. Nowadays the computer is primarily seen as a communication
tool, and modern graphical workstations have placed more emphasis
on human–computer interaction (HCI) via pictorial representations,
including images, sketches, diagrams, forms as well as text. Pictorial
representations play two fundamental roles: communication between
humans and programs and communication among humans through
computers. In both cases, pictorial representations are the exchanged
messages. Humans act on them to steer the computation and/or the
communication. Computer systems act on them to respond to human
requests and to synthesize the state of the interactive computation.

Pictorial representations have been widely used in scientific and
technical communication and reasoning [2]. In HCI, pictorial repre-
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sentations carry a computational meaning, thus becoming a means to
drive the underlying machine program.

In this paper we formalize the way the machine associates a
computational meaning with an image and, conversely, the way it
generates an image on the screen from a computation. To this end,
we regard the messages exchanged during visual human-computer
interaction as images, in that they are represented on a screen which
is structured as a rectangular array of pixels, and we generalize the
concept of image to any arrangement of signs appearing on the whole
screen.

We define a visual sentence as a three-component structure con-
sisting of the image on the screen, its meaning, i.e., the program
managing the computation, and the relations between program and
image components.

The main contribution of this paper is the definition of a set
of visual sentences in a human-computer interaction as a visual
language; it is shown how such a language may be constructed from
a finite generator set. This provides the framework to formalize the
relations between images and meanings. The meanings are formalized
as strings of attributed symbols, generalizing the seminal work of
Fu [3] in pattern recognition. Operations on visual sentences are
defined which preserve the structure of operations on the separate
components. As a consequence, pictorial and visual alphabets are
defined.

A further result of this paper is a hierarchical taxonomy of
visual languages with respect to the requirements for intelligible,
manageable and trustable interaction between humans and computers
[4]. Such a hierarchy is obtained by framing the theory of visual
languages within the theory of formal languages. In particular, image
components are characterized via a bidimensional generalization of
the concept of string, and constructive operations on bidimensional
strings are introduced.

The paper is organized as follows. In Section II, related work is
briefly surveyed. Section III illustrates the basic concepts of images,
descriptions and visual sentences, together with their constructive
operations and the corresponding alphabets. Visual languages are
defined in Section IV. Properties of visual sentences and visual
languages are studied in Sections V and VI, respectively, and a
hierarchy of visual languages is derived. Further developments of
the proposed theory are outlined in the conclusions in Section VII.

II. RELATED WORK

It is acknowledged that a visual language is a tool for a human
to interact with the computer to perform a task [5]. Several authors
agree that the interaction must be controlled by the human who retains
responsibility of the work [4]; moreover, the two agents, human and
computer, must understand each other, and the computer must be
trustable for the human. Our approach contributes to the solution
of this problem by formalizing the relations established between
images and meaning by each agent. This is the basis for the study of
(dis)agreement between a human and a computer in interpreting an
image or expressing a meaning by an image.

Evolving the model of Abowd and Beale, reported in [6], a typical
interactive session is modeled as follows [7]. A human looks at a
display, interprets the image appearing on it to understand the state
of the work, decides which action to perform next, and composes
(i.e., materializeson the screen) new messages to tell the computer
the action to perform. On the computer side, the program manages the
screen bitmap: the messages composed on the screen by the human
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