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ABSTRACT

Using numerical techniques, an integral equation for the current
distribution along a missile with plume (ionized trail) is solved when the
angle of incidence of the illuminating plane-wave electromagnetic field
is arbitrary. In the theory, the conduciivity of the plume may taper in
any prescribed manner with increasing distance from the exhaust noz-
zles. A model of cylindrical geometry is assumed.

Missiles of electrical length in the range 1.0 <kghmy <37/2 and
plume length in the range 1.0 <kjhm < 9n7/2 are considered. Two val-
ues of the shape parameter 2, = 2 £n (2hy,/a) are chosen: £, = 6 and
£2m = 10, Here ko is the free space wave number, h,, and hy are the
missile and plume lengths, respectively, and-a is the radius of both
the missile and the plume, The numerical work is carried out at a
number of selected frequencies in the range 2.8 <f <13,195 MHz,

A table is provided for the scattering cross sections of missiles
with ionized trails when the electric field is directed parallel to the
missile — plume axis.
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ON THE RESPONSE OF A MISSILE WITH
EXHAUST TRAIL OF TAPERED CONDUCTIVITY
TO A PLANE-WAVE ELECTROMAGNETIC FIELD

Introduction

The underlying objective of this study is to determine the current distribu-
tion along a missile with ionized plume when excited by a plane-wave electro-
magnetic field, This permits, for example, the currents at a selected point
along the missile to be readily compared when the ionized trail is present and
when it is absent. Also, a knowledge of the radar cross sections of missiles

with plumes is of considerable importance.

The missile is represented in the present theory as an imperfectly con-
ducting, cylindrical, receiving and scattering antenna having a smooth surface;
the plume is represented in the same way. Both the missile and plume are

assumed to be of the same diameter but not necessarily of the same length.

The current distribution along the missile and plume is obtained in the
following way: First the nonhomogeneous differential equation for the vector
potential along the missile and its ionized trail is solved, In the solution of the
differential equation, a particular integral occurs having the internal impedance
per unit length as well as the unknown current distribution under the integral
sign. Second, the Helmholtz integral for the vector potential is equated to the
solution of the nonhomogeneous differential equation. The resulting expression
is then solved for the current distribution subject to appropriate boundary condi-

tions by numerical techniques (piecewise linear zoning).

The scattered field from the missile-plume axis is easily determined

numerically as well as the radar cross section of the scattering obstacle.



The scattered field for a DC pulse incident field may be obtained, or the

envelope of the reradiated field retrieved for radar pulse excitation.

Equations for Computing the Current Distribution and
Scattering Cross Section of a Missile with Ionized Trail

Consider a missile of length hm, with plume of length hp’ both of radius a,
as depicted by Figure 1. The origin of a cylindrical system of coordin-
ates is on the missile-plume axis in the midst of the missile propulsion nozzles.
The internal impedance per unit length of the missile has the constant value of

z;n. The plume has a variable internal impedance per unit length of z;(z).

The integral equation for the current distribution along the missile and

plume is
h .
m 47 -jk zcos®
I (z"K(z, z')dz'= -j —(K_ cosk z+K_sink z+ U e
z L 1 o 2 o
-h o
p
2 g
- f z (s)I(s) sink (z - s)ds} s (1)
0 o

. i . .
zl(s) = 2z (s) when -h < s <0; zl(s) =z = const. when0<s<h_ .
p m m

In Equation 1, U = -E* cos W/k_ sin 8.1 When¥ =0 and 6= n/2,
U = E;/ko, where Elz is the incident electric field directed parallel to the axis

of the missile and plume, ko is the free space wave number, and CO is the char-

acteristic resistance of space.
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Introducing the notation H =k h_, H =k h , Z=k z, and A=k a, and
m o m o p o o

p
setting U = 1, Equation 1 may be recast into a form suitable for computation.

This equation is

Hm Z
. 4 i E\ .
I(Eé—)K(Z, £)dé - j Z ;T zl(ki)lé{—) sin (Z - £)d§
-H o oo Jy o o
P
=C cosZ+C, sinZ-jillT JZ cos8 s (2)
Z;o
where
2 .
1 i e_JR
K(zZ, §) = 5 R dm , (3)
0
and
R = (2A sin %)2 +(Z - 6)2 . (4)

. 2 . .
Equation 2 is solved by a linear piecewise zoning technique. A discussion

of this technique for constant z' has been given, 3 In the present application

g

i . . . .
Zp(k_> s taken as piecewise linear over each zone.
o

Evidently the integral equation for the current distribution along a perfectly

conducting unloaded receiving and ‘scattering antenna is

-H . 47
J I(%)K(Z, £)dé = C1 cos Z + C2 sin Z ~ jC_ s (5)
o o
-H



for U= 1 and 8 = #/2. To the accuracy of the work reported here, C, = C1

2
-9 .
x 10 7, thus forcing the current to zero at each end of the conductor by use of the

constants C1 and C2 establishes the fact that the current is an even function when
the incident electric field is directed parallel to the axis of the rod (8 = 7/2).
When 8 # 7/2, C, # 0. The important point here is that it is unnecessary to solve
different integral equations for the even and odd currents separately, and then
employ supefposi'tion to obtain the total current in the scatterer. The matrix
method of solving the problem performs all of these operations in concert. How-
ever, from the viewpoint of computer speed and memory size it may be more
economical to solve two integral equations each over an interval H than one over

the interval 2H,

The radar cross section of the scattering obstacle for parallel polarization

of the electric field (6 = 7/2, ¢ = 0) is defined by the relation

r

(6)

The magnitude of the reradiated far-zone electric field Er, again directed

parallel to the axis of the scatterer is given by the formula

kogo hrn
|E_| = I (z")dz'| | (7)

. i
Substituting Equation 7 into Equation 6, remembering that U = 1 so that EZ = ko,
. 2 .
the formula for the normalized monostatic radar cross section crI | /)\o of the mis-

sile plume configuration in a form suitable for computation is obtained. It is

2
I Ci m £
—5 3 I{—1]d¢ . (8)
A 167 ko
o) -H
P
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Conductivity Profiles and Formulas for the Internal Impedance
per Unit Length of an Ionized Trail

Some plume conductivity profiles of interest are

v(h +2)

P
h
o(z) = o(-h ) + ["(0) - o(-h )] sin? (T P -1 , (9)
9 P 2 el/ -1
z + hp v
o(z) = 7l-n ) - Er(—hp) - o(O)] w i (10)

In these expressions -hp <z<O0andv >0 but need not be an integer. Figures
2 and 3 present plots of Equations 9 and 10, respectively. Evidentlyo(0) = 3.54
x 107 mhos/m (aluminum) and G(-hb) = 10 mhos/m. Also hp = 17 meters in
these figures, but the same curves are obtained for hp = 17"n meters, where n is

an integer.

The exponential conductivity profile is given by the relation

o(z) = o(0) e? (-hps z <0) . (11)

Evidently fixing the values of o(0) and a'(—hp') determines v. Equation 11 was used

in the numerical work reported in this paper.

The complete formula for the internal impedance per unit length of a solid

cylindrical conductor is

. J (ka)
i_ k o
" 2malo + joe) J (ka) (12)




subject to the inequalities h >> a and Ikl >> ko. Here ‘

2 .
k =Jw e - joou . (13)

In Equation 13 € = eoer = 8.85 Er X 10-12 farads/m, and uo =47 x 10“7 henry/m.

The parameters o and € may be functions of z provided o(z) and e(z) do not

change too rapidly with z. Additionally, if o>we, one may write

k(z)Jo[k(z)a]

i _ .
2 (z) = 27-ra0'(z)Jl[k(z)a] : (14)

with

ot G (Z)
(1 - j)\/w—— : (15)

k(z) 5

If desired the ionized trail may be considered a thin-wall tubular conductor.

In this case4

i 1
Z(Z)—m. (16)

Here a, the missile and plume radius, is determined from the relation

2hm>
Q=2 (T , (17)

and the wall thickness t should be computed at the point of greatest plume con-

ductivity by setting

10
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t=0,1d , (18)
S

where ds, the skin depth, is given by

_ 2

It is of importance to observe that Equation 16 is frequency independent.

Current Distributions Along Missiles and Plumes

A number of curves are provided for the current distributions along mis-
siles and plumes of various lengths at selected frequencies. These are exhibi-
ted in Figure 4. By definition, 'Qm = 2 £n (2hm/a). In the numerical work,

'Qm = 6.0 or 10,0, At any specified value of koz the total current is found by
taking the square root of the sum of the squares of the real and imaginary parts
of Iz(z). In four drawings the effect on the current distributions brought about by
allowing g to change, is shown. In the table some monostatic scattering cross

sections for missiles with ionized trails are presented.

Concluding Remarks

Readers are reminded that in all of the numerical work presented in this
paper a(-hp) = 10weo. Truncation of the plume at some other conductivity level
may make a substantial difference in the current distributions and scattering

cross sections of missiles with ionized t{rails.

The turbulence generated in the plume by the shock wave, the degree of
inhomogeneity in the ionization of the plume in the radial direction is ignored, as

well as discontinuities in the surface of the ionized trail that may give rise to
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reflections in the current flowing along the plume and missile, i.e., bring about ‘
partial resonances at certain frequencies. The supposition is made that the
hypothetical missile with ionized trail applies during the missile launch phase

while the vehicle is at relatively low altitudes and fuel burning is in progress.

At low altitudes electromagnetic coupling exists between the missile-plume
and its collinear image. Evidently, at early times the plume even makes contact
with the earth. (At broadcast frequencies and longer wavelengths, when the earth
acts essentially like a perfect conductor, the total length of the scatterer is
doubled when the image is taken into account,) These effects are ignored in the
theoretical development. This is tantamount to making the assumption that imme-
diately following launch the missile-ionized trail configuration is in free flight,

and all other conductors and dielectrics in the universe are in the far zone.

It appears that the maximum enhancement of missile current would occur
when the plume is very highly conducting and of sufficient length to effect reson-
ance at the frequency of the incident electromagnetic field. If the over-all length
of the missile and its plume is less than one-half wavelength at the frequency of
the incident field, as the length of the plume or its conductivity is decreased, one
would expect the amp]itﬁde of the missile current distribution to decrease. Thus
the plume may be regarded as a missile tuning element. And even if the electri-
cal properties of the plume should turn out to be those of an essentially pure
dielectric at some given frequency (an unlikely circumstance), it is still possible
that the missile current might be increased somewhat over the current that
would exist if the plume were absent. This is true because a dielectric rod may
also act as a tuning element. If the plume is considered to possess homogeneous
electrical properties, have no discontinuities in its surface, and to be infinitely
long, no resonances are possible. Particular attention is invited to the fact that
if a reactive junction impedance is developed between the missile and plume,
resonances< can be obtained for missiles and plumes of almost any length. Also,
for nonwavey surface (i.e., not corrugated) plumes of finite length having appro-

priately tapered conductivity resonances can be eliminated. ‘

12
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Evidently, the current at the center of the missile when the plume is
considered to be perfectly conducting will be larger in magnitude than the
resulting current at the same point when the plume has some uniform finite con-
ductivity., Also, the magnitude of this current will be even smaller if the con-

ductivity decreases along the plume axis rather than remains constant.

In this study the missile is considered to be made of commercial grade
aluminum so that the internal impedance per unit length along the missile is
constant, and is essentially of zero value. It is assumed that immediately to the
rear of the exhaust nozzles the conductivity of the gases equals that of the mis-
sile and decreases in a prescribed manner with distance from the nozzles.

Accordingly, no charge builds up at the junction of the missile and plume.

Figures 2 and 3 are plots of Equations 9 and 10, respectively. Although
these conductivity profiles are not used in the present study, they may be of

interest to the reader as an aid in further missile-plume studies.

13




1

—— e Y -

D L T S

TABLE

Monostatic Scattering Cross Section of a Missile
with Ionized Trail for Parallel Incidence of the Electric Field

2 2
kolm kohp 'Qm f (MHz) Y /Ao l{ohm kohp - f (MHz) 7 /AO
1.0 3.0 10 2.8 0.20094 1.0 3.0 6 2.8 0.27755
1.0 2,0 10 2.8 0.14862 1.0 2,0 6 2.8 0.51764
1.0 1.0 10 2.8 0.00441 1.0 1.0 6 2.8 0.03552
1.0 0.5 10 2.8 0,00067 1.0 0.5 6 2.8 0.00426
nl2 3n/2 10 4,398 0.12193 n/2 3n/2 6 4,398 0.30534
72 ” 10 4,398 0.14297 7/2 ” 6 4,398 0.30131
nl2 nl2 10 4,398 0.41608 nl2 n/2 6 4,398 0.56174
nl2 nl4 10 4,398 0.03286 nl2 nl4 6 4,398 0.27105
2.0 6.0 10 5.6 0.13568 2.0 6,0 6 5.6 0.38740
2.0 4,0 10 5.6 0.13427 2,0 4,0 6 5.6 0.34921
2.0 2,0 10 5.6 0.20324 2.0 2.0 6 5.6 0.38019
2.0 1.0 10 5.6 0.51416 2.0 1.0 6 5.6 0.68848
n 3n 10 8.796 0.62829 m 37 6 8.796 1.8698
- 2n 10 8,796 0.20181 m 27 6 8.796 1.5535
7 w 10 8.796 0.16260 m m 6 8,796 0,46941
7 nl2 10 8,796 0.17400 m nl2 6 8.796 0. 45255
3n/2 9n/2 10 13,195 1.6044 3n/2 9n/2 6 13.195 5,6192
3n/2 3n 10 13,195 0,79039 3m/2 37 6 13,195 2.9459
3n/2 37/2 10 13.195 0.38238 3n/2 3n/2 6 13.195 2,2283
3n/2 3n/4 10 13.195 0.19663 3n/2 3n/4 6 13,195 0.63343

NOTES: 1, The conductivity of the ionized trail is exponentially tapered.
2. The conductivity of the missile and the starting point of the plume is o(0) = 3,54 x 107 mhos/m,

3. The conductivity at the point of truncation of plume is o-(-hp) = 10we, where w = 2nf and €, = 8.85 x 10—12
farads/m. Hence, o(-hp) <o(0). A, is the free-space wavelength,

4. The internal impedance per unit length zl is evaluated at each zone boundary from the exponentially
decaying o(z). The function z}(z) is then taken to be piecewise linear across each zone in the integration.

5. The defining relationship for z! implies that the missile and plume are both solid conductors.

6. o, is the scattering cross section for parallel incidence of the electric field; A, is the free-space
wavelength.
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