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Abstract

The results of an initial investigation of the Singularity Expansion
Method representation of the electromagnetic coupling through a rectangular
aperture in a perfectly conducting sheet are reported. The problem is
formulated in terms of the coupled Hallén-type integral equations for the
dual problem of a rectangular plate. The integral equations are converted to
a system of linear algebraic equations by way of the method of moments with
subsectionally constant expansion functions and collocation testing. Several
techniques used in minimizing the execution time of the computations are
described. Some difficulties in accurately approximating the singularities
of the system of integral equations by the singularities of the algebraic
system are discussed. These difficulties arise because the subsectionally
constant representation for the current cannot adequately represent the
correct edge singularities in the currents on the plate. A set of pole
trajectories indicative of the trends in pole location for the plate is
reported. A listing of the pertinent computer code is provided.
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SECTION I

INTRODUCTION

This report presents the results of an investigation for representing
the transient electromagnetic coupling through a rectangular aperture by
means of the singularity expansion method.

The singularity expansion method, which was introduced by Baum in 1971
(ref. 1), has been subsequently applied to many scatterer geometries.

The essence of the singularity expansion method is the representing of
the temporal response of a body in terms of the complex natural frequencies
for the body.

Taylor et al, point out that the singularity expansion for an aperture
in an infinite perfectly conducting screen can be determined in terms of that
for the complementary perfectly conducting plate by way of Babinet's
principle (ref. 2). This approach was taken in the work reported here. The
remaining discussion is directed to the equivalent problem of determining
the current distributions on the complementary plate geometry.

Rahmat-Samii and Mittra have derived a coupled pair of Hallén—type
integral equations governing the current behavior on the rectangular plate
(ref. 3). The work reported here builds on their work by generalizing the

integral equations and solution method to the complex frequency plane for the

1. Baum, C. E., "On the Singularity Expansion Method for the Solution of
Electromagnetic Interaction Problems," Interaction Note 88, Air Force
Weapons Laboratory, Kirtland AFB, NM, December 1971.

2. Taylor, C. D., Crow, T. T., and Chen, K-T, "On the Singularity Expansion
Method Applied to Aperture Penetration: Part I Theory," Interaction Note
134, Air Force Weapons Laboratory, Kirtland AFB, NM, May 1973.

3. Rahmat-Samii, Y. and Mittra, R., "Integral Equation Solution and RCS
Computation of a Thin Rectangular Plate," Interaction Note 156, Air Force
Weapons Laboratory, Kirtland AFB, NM, December 1973.



SEM application. The same method-of-moments formulation, as described in
(ref. 3), is used, i.e., two-dimensional pulse expansion functions with
collocation testing.

In order that the computation time be practical in a problem of this
complexity, a great deal of care was given to algorithmic streamlining in the
conduct of this work. The streamlining includes maximum exploitation of
geometric symmetry, organization of calculations to make use of redun-
dant terms and partial terms occurring in the calculation, and direct
algorithmic exploitation of matrix sparseness. The end result is a highly
efficient computer code. Key features of the algorithms are dis-
cussed in this report.

The pulse expansion appears to be inadequate in accurately modeling the
rectangular plate. The difficulty, which relates to representing the actual
size of the plate, is demonstrated and discussed herein. Remedies for the
problem are suggested, but they are outside the scope of the present work.

By holding the zoning scheme invariant while the aspect ratio of the
plate was changed, self-consistent pole trajectories for the four fundamental
modes were determined. For the reasons cited above, these poles cannot claim
to be the exact poles for the body. They are, however, indicative of the
trends in the pole behavior for the plate under change in aspect ratio. These

results are reported and discussed in this context.
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SECTION II
THIN-PLATE INTEGRAL EQUATION FORMULATION
FOR COMPLEX WAVENUMBER

Rahmat-Samii and Mittra (ref. 3) give an integral equation formulation
for the rectangular plate subject to time~harmonic excitation. Their results
may be directly extended to the complex wavenumber case. That is, for the
geometry in Figure 1 with exp[st] time dependence, s = o + jw complex, and an
incident plane-wave magnetic field component

=i ia

ia ia .
H [Hox u_ + Hoy uy + Hoz uz] exp[j(k,x x + ky y + kz z)] the following

coupled integral equations result:

L/2 w/2 i
J_(x,y) Ho
X K(x,y|x',y') dx' dy' =‘%‘ E \explj(k x+ k w1
J (x,¥) z | -Ho x y
y X
-L/2 -w/2
+ —lEC[n'l'l [§(n + 1)¢] J
K4 5L % 377 expli(n + 1)¢) J ., (-sp/c)
1 n-1
+ h| exp[j(n - 1)¢]1 J (=sp/c)] (1)
-1 n-1
The kernel is given by
K(x,y | x',y") = exp[-sR/c]/R (2)

with

R=[(x - x")2 + (v - y)4P/2
The Jx(x,y) and Jy(x,y) denote the respective x and y components of current
on the plate; Jn(c) denotes the Bessel function of the first kind; the Cn are
unknown constants; c is the velocity of light; and (p»9) are the polar coor-
dinates for the point (x,y) on the plate. Equation (1) holds for

xe (-L/2,L/2) and ye (~w/2,w/2), and z = 0.

It is pointed out that the two integral equations represented by (1) are
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Figure 1. Geometry of the Rectangular Plate
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coupled through the Cn in the summation in the right-hand side. This sum-
mation is simply a Bessel function expansion of the homogeneous solution to
the wave equation which occurs in the derivation of (1). Details of arriving
at this expansion are found in (ref. 3). The pair of integral equations (1)
is complete in the sense that no additional constraints are needed to cor-
rectly specify the currents. It is noteworthy, however, that current

solutions to (1) sétisfy the Meixner's edge condition (ref. 4). Namely,

LIz - @, y1 - aM?)
I [£W/2 - d), y] » a2
y -1/2? d-+o0 (3)
I % /2 - d)] > da~'"

o

Jmiw2 - a1 - a2
The ability of a numerical solution to approximate the behavior of eqn. (3) is

a key point in a subsequent discussion.

4. Bladel, J. Van, Electromagnetic Fields, McGraw-Hill, New York, pp. 385-387,
1964, ‘



SECTION IIIX

SYMMETRY CONDITIONS FOR THE NATURAL MODE CURRENTS

The natural frequencies of (1) occur when the complex frequency s is
such that there are non-trivial Jx and Jy and the accompanying Cn
satisfying (1) for'ﬁi = 0. Such.Jx and Jy solutions are natural mode
current solutions for the rectangular plate, and the concomitant value of s
is a pole of the plate. The vanishing of incident wavé dependence gives
rise to symmetry in the integral equations. By discerning the symmetry
relations a priori and bringing them to bear upon solution procedures, one
gains significant computational savings in the numerical solution for poles
and natural modes. These symmetry relations are explored in this section.

The excitation-free form of (1) is

L/2 w/2

f f 3, RGxylx',y') ax' dy' = l:—c--z c_ {j“"’l explj(n + 1)1 3_,, (-sp/c) <~
L/2 -w/2
+ 3" expli(a-1)e1 J__, (-sp/c>} (42)
and
L/2 w/2

vt ' v _ TC v 0+l sl ‘
j f I, K(x,y|x',y") dx' dy' = S _OZO Cn{J exp[j(n+1)¢] J 41 (=so/c)
-L/2 -w/2 '
n-1 .
-] explj(n - 1)¢] J__, (-sp/c)) (4D)
By using the symmetry of the Bessel function with respect to order, expanding
the exponentials by way of Euler's identity, and appropriately adjusting the

indices, one arrives at the following equation after some manipulation.

10
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L/2 w/2

1 1
f I JxK dx' dy

-L/2 -w/2

= JEE;ZO jn+l d: [cos(n + 1)¢ Jn_l(-sp/c) -u _; cos(n - 1)¢ Jn_l(-sp/c)]

- jnd; [sin(n + 1)¢ Jn+l(—sp/c) - sin(n - 1)¢ Jn_l(—sp/c)}} (5a)

and

L/2 w/2

f I Jy K dx' dy'
-L/2 -w/2

= JESQZO 1 d: [sin(n + 1)¢ J . (-sp/c) + sin(n - 1)¢ J__ (-sp/c)]

+.jnd; [cos(n+1)¢ J ,1(=se/c) + u _q cos(n - 1)¢ Jn_l(-sp/c)i}

(5b)

where

5 4+
o
1
=1

and

It is noted that the d: multiply terms containing cosine functions in the Jx

equation, while they multiply terms containing sine functions in the Jy
equation. The situation is reversed for the d;.

Because of the symmetry properties of the kernel, the integral operator
on the left-hand sides of (5) produces a function whose symmetry character is
identical to that of the current on which it operates. Then, for a given
current symmetry, only part of the dni on the right-hand side may be non-
zero because of the symmetries possessed by the trigonometric terms. Thus,

the respective symmetries for Jx and Jy’ which are compatible, and the

11



surviving terms in the right-side series may be discerned by 1) postulating a
symmetry for Jx, 2) determining from (5a) which right-hand side terms survive so
as to be compatible with the JX symmetry, 3) observing in (5b) the variation
which terms have non-zero coefficients, and 4) determining the Jy symmetry
conditions compatible with the postulated Jx symmetry conditions.

For example, if Jx is symmetric with respect to the y axis and anti-
symmetric with respect to the x axis, only sin(n + 1)¢ terms with n even are
compatible in (5a). Thus, only d; » I even, may be non-zero. In the right-
hand side of (5b), the coefficients multiply cos(n + 1)¢ terms with n even.
These cosines sum to functions which are antisymmetric with respect to the

y axis and symmetric with respect to the x axis. Stated mathematically, if

I (%y) = J_(-x,5) (6a)
and

I (&%y) = =3 (%,-y) (6b)
then +

dn = 0, for all n, (6c)

=0, n odd, (6d)
and

Jy(x,y) = —Jy(—x,y) (6e)

Jy(x,y) = Jy(x,-y) (6£)

These vector symmetries are in accord with the general symmetry relations
given by Baum (ref. 5). The information in (6) may be used to reduce the
complexity of the integral equations (4), viz., by (6a,b,e,f) the range of
each integration may be halved while by (6c,d) the zero terms of the right-
hand side are known a priori:

L/2 w/2

f f Jx K-+(x,y[x',y') dx' dy'
0 0

=55 14y 3" leintn 4 D 3 Ge/e) ~ stnta - D I Cap/e)]  (Ta)

n even

5. Baum, C. E., "Interaction of Electromagnetic Fields with any Object
which has an Electromagnetic Symmetry Plane,' Interaction Note 63,
Air Force Weapons Laboratory, Kirtland AFB, NM, March 1971.

12
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4)

and

L/2 w/2
‘[ .f Jy K+-(x,y|x',y') dx' dy'
0 0

mC T n+1
=-S—-Zj

L d; [cos(n + 1)¢ Jn+1(—sp/c) + un_lcos(n - 1)¢ Jn_l(-sp/c)]

n even

where

e
K (x,y|x',y") = K(x,y|x',y") - K(x,y|-x",y")

i

+ K(X’YIX"_Y') - K(st|"x"-y')
and

—
K x,y|x',y") = R(x,y|x",y") + K(x,y|-x",y")

1]

- K(x’yIX':_y') - K(X’YI"X""Y')
For subsequent reference

++
K (x,y]x',y")

K(x,y|x',y") + K(x,y|-x",y")
+ K(x,y|x",~y") + K(x,y|=<"',-y")

and

K (xy|x',y") = Kx,y|x",y") - K(x,y|-=x',3")
- K(x,y|x',-y") + K(x,y|-x",-y")
are defined as well. Equations (7) are enforced for z = 0, x ¢ (0,L/2)

and y € (0,w/2).

(7b)

(8a)

(8b)

(8c)

(8d)

Table 1 summarizes the four symmetry cases which are derived as in the

foregoing discussion. By means of this table, four integral equation pairs

can be constructed in the spirit of (7) by replacing the kernels in (7) with

the appropriate kernels from the table and retaining only the non-vanishing

terms in the series expansion.

Figure 2 depicts qualitatively the respective modal current distributions

for the lowest frequency natural reasonance exhibiting each symmetry.

13
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SECTION IV

THE NUMERICAL MODEL

The integral equation pair of the form (7) for each of the four sym-
metry cases can be discretized by the method of moments. In the work reported
here, two-dimensional, subsectionally constant expansion functions were used
with collocation testing. The zoning scheme is represented in Figure 3.

The unknown currents JX and Jy were expanded in piecewise constant
functions as in (ref. 3) with subsectioning of the form given in Figure 3.
Notice that half-width patches are used at the edges of the plate so that
match points lie precisely on the edge of the plate. The half-width pulse
has proved useful in realizing the actual electrical size of a body in one-
dimensional problems (ref. ¢). Some numerical experimentation was also done
with full-sized pulses on the edges and comparative results are reported in
a later section. Some difficulties occur in definition of the edge of the
plate in the present formulation because of the presence of two current
components which have the asymptotic behavior given in (3).. This
difficulty is discussed in a later section.

The boundary condition Jnorm = 0 must be enforced on selected patches
at the edge of the plate as discussed in (ref. 3). Concomitantly, only as
many di's are retained in the right-hand side summation in (7) as
there are current values preassigned to zero. The shaded patches in Figure 3
indicate the selection of patches where a current component is preassigned a

zero value. At the corner patch, both components are preassigned zero values.

6. Butler, C. M., "Integral Equation Solution Methods," in "Wire Antennas
and Scatterers,' Short Course Notes, University of Mississippi,
April 1972. (See also IEEE Trans., v. AP-20, pp. 731-736, 1972.)

16
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By assigning one match point per expansion patch and by retaining one
series expansion term for each current value preassigned in each of the two
integral equations, a consistent (i.e. square) system of linear equations
results. The truncated summation is taken to the left-hand side so that a
homogeneous system results. The matrix organization used to represent these
equations is given in Figure 4. Table 2 defines the computer variables
noted in Figure 4, primarily for reference purposes in the next section.

The matrix that results is a function of the complex frequency s. A
natural resonance occurs when s has a value such that the matrix has a zero
determinant; hence, the homogeneous system of equations has a non-trivial
solution. The next section explores some algorithmic considerations in the

efficient generation and manipulation of the matrix.

18
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NI1

NI2 = NIl

NPREJ

NPREI

NJ1 = NI1-NPREJ
NJ2 = NI2-NPREI
NJ3

NPR%} = NPREI-NPREJ

Table 2

MATRIX FORMUIATION PARAMETERS

Number of match points on the zoned quadrant of the plate.

Number of patches

is preassigned to

Number of patches

is preassigned to
Number of unknown

Number of unknown

along the |x| = L/2 edge where Jx

zero.

along the |y| = w/2 edge where Jy

zero.
current values in Jx expansion.

current values in Jy expansion.

Number of preassigned current values (Also the number of

coefficients retained in summation),

20
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SECTION V
ALGORITHMIC CONSIDERATIONS IN
EVALUATING THE SYSTEM DETERMINANT
Some considerations taken into account in generating the system matrix

and evaluating its determinant efficiently are discussed in this section.
Since these two operations must be repeatedly carried out for many values of
s in the course of determining the natural frequencies of the plate, it is
essential that clean, efficient computer programming and coding be used so
that execution of the program will be affordable. The volume of code in the
algorithms is consistently compromised toward a larger size in order to meet

the following two time-efficient objectives:

1. Avoidance of calculating the same quantity twice; and

2. Avoidance of logical decisions, particularly those which might

be imbedded in loops.
The program is discussed in the context of the following major segments:

Computation of an "interaction matrix";

Construction of the non-zero submatrices of the system matrix
from the interaction matrix;

3. Computation of the series terms' submatrix; and

4. Determinant evaluation.

The major contribution to the elimination of redundant calculations is
the one-time computation of an "interaction matrix" which is made up of the
individual kernel integral terms from (2) for all argument combinations
which occur in the computation. The subsequent program step then picks, by
subscript, entries from this matrix and constructs the appropriate kernel
from one of equations (8) according to the symmetry conditions being solved.
This procedure can be viewed in terms of the layout given in Figure 5a. The

terms in the interaction matrix are those evaluated for the match-point as

21
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shown in the lower left with the source patches indexed over the entire
plate to generate the matrix. Thus, all geometric relationships which occur
in the kernel terms are encompassed in the calculation. Note that all source
patches are full patches for this calculation. The effect of half patches

at the edges is accounted for by weighting by a factor of 1/2 the edge con-
tributions. The kernel integral appropriate to the symmetry is constructed
by summing with correct signs the appropriate elements from the matrix.
Figure 5b gives an example of the four source patches entering into one
kernel integral.

Differing degrees of sophistication are required in the calculation of
the interaction terms depending on the spacing of the patches for which an
interaction is being calculated. For the self patch, i.e., the patch in which
the matéh-point resides, the integration of the kernel must be performed
analytically because of the integrable singularity in the kernel there.
Appendix A gives a series approximation to this integral. The result in
Appendix A is evaluated directly in the program. For the patches adjacent to
the patch containing the match point, the kernel is a rapidly varying but
well-behaved function. The integration over these patches is evaluated
numerically by a polynomial approximation. For patches further separated,
the kernel is slowly varying and the integral is evaluated approximately as
the product of the value of the kernel at the center of the patch and the
area of the patch.

Some minor time economy is achieved in the matrix filling algorithm,
which is a four-dimensional loop. The economy is found in the form of
decision-free indexing, that is, the source contributions from interior
patches, from |x| = L/2 edge patches, from |y| = w/2 edge patches, and from

corners take on different forms. Rather than index over all source patches

23



with logical decisions implemented to discriminate among the four cases
above, four different loops are used.

The computation of the series term submatrix is relatively straight-
forward. Because the Bessel-trigonometric products appear in two terms each,
they are all precalculated and stored in a vector. The individual terms are
then constructed from them.

The determinant evaluation profits significantly from an exploitation
of the sparceness of the matrix. Either of two approaches may be taken to
the sparce matrix manipulations. One is to separate the matrix algebraically
and calculate an inverse as a composite of inverses of terms involving the
submatrices. The alternative approach is to attack the matrix directly with
Gaussian elimination, and to exploit the sparceness directly in the algorithm.
The latter approach was chosen for the present purpose because it is judged
to be slightly faster computationally and because in order to determine
natural mode solutions for the SEM formulation, the homogeneous system of
equations occurring at a pole must be backsolved. The algorithm resulting
from the second approach is described in Appendix B.

The determinant evaluation routine itself appears in Appendix C as

the function routine CPLATE.
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SECTION VI

NUMERICAL CHECKS ON THE ACCURACY OF THE POLES

The results of some numerical checks on the accuracy of the pole location
as determined from the numerical model described in Sections II through V are
reported. It is shown that the model predicts well the poles for narrow
strips possessing essentially thin scatterer resonance properties. Difficul-
ties occur, however, in obtaining self-consistent results under different zone
sizes for plates with larger aspect ratios. It is conjectured that the
difficulty occurs because the subsectionally cqnstant current representation
is inadequate to represent the correct edge behavior for the currents-
particularly the singular behavior for the parallel component. The rationale
behind this conjecture is discussed.

Initial tests on the accuracy of the model were made for a rectangular
strip with a shape ratio w/L = 1/10. Such a strip has an approximate equiv-
alent dipole whose diameter-to-length ratio is 1/10r.

Figure 6 gives the results of'pole determinations for the first two
poles for various numbers of pulses in the expansion of the current and for
two different treatments of the edge pulse. The strip was zoned with one
pulse across a quadrant. The numbers indicated in the figure are the numbers
of pulses along the longitudinal direction of a quadrant. The "half-pulse"
results are those obtained by the zone scheme described in Section IV where
half-width pulses are placed at the edge so that match points fall at the

edge. The "full-pulse" results are those obtained by zoning the plate with

equal-sized pulses over the entire quadrant. In the latter case an
a posteriori adjustment is made in the data correcting the length of the

strip such that the end of the corrected strip lies at the end match-point.

25
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It is seen that the differences are small both for varying order and
increasing pulse density. The NX = 6 results for the second pole show some
departure from the trend established by the results for NX = 4 and NX = 5.
This is attributable to the fact that the matrix is on the brink of numerical
instability for NX = 6. The results for NX = 7, which are not shown, are
observed to be meaningless because of the instability manifested.

For comparison purposes, the first two poles for an equivalent cylinder
(one whose circumference equals the strip width) are given as found in
ref. 7. These results are judged reliable inasmuch as they have been cross-
checked among several integral equation formulations and for several method-
of-moments schemes. The equivalent radius taken is, of course, an approx-
imation. It is seen that the half-pulse solutions compare slightly more
favorably with the cylinder results. Because of this, and moreover, because
the a posteriori data adjustment is avoided with the half-pulse scheme, it
was used consistently in the remaining solutions.

The stable convergence properties of the numerical model exhibited for
the thin-strip solution are not manifested for higher aspect ratios. The
reason for the difference is that the strip is essentially a one~-dimensional
problem and the transverse (y-directed) component of current has little
effect on the dominant longitudinal current. For wider structures the coupling
is significant and inadequacies in the modeling of the singularities of the
currents produce inaccuracies which are highly sensitive to zoning.

Figure 7 shows the results obtained for a pole trajectory as a function

of the shape factor y/j, where the zoning in the y-direction was adjusted

7. Umashankar, K. R., "Transient Scattering by a Thin Wire in
Free Space and Above Ground Plane Using the Singularity
Expansion Method," Interaction Note 236, August 1974.

(See also F. M. Tesche, Interaction Note 102, April 1972.)
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according to the value of w. It is evident that the solutions are unstable
with respect to the zoning on the plate. Attempts to increase the number of
zones significantly to improve upon the situation resulted in numerical
instabilities in the matrix which cause the pole search iteration to fail.

The reason for the difficulty manifested in Figure 6 is believed to lie
in the way that the edge of the plate is defined with the piecewise constant
current expansion. Consider the characteristics of the two current components
along a line traversing the plate in the y-direction as shown in Figure 8.
The correct edge behavior at |y| = w/2 is that given in equations (3). The
zoning scheme, however, forces Jx(x,iw/Z) to take a finite value. The current
extrapolates to a singular point for some y > w/2, i.e., the numerical model
represents a plate whose width is greater than w.

If the number of transverse zones is increased as indicated by the
dashed curve in Figure 8, the steepness of the edge behavior of Jx is
increased, and the extrapolation is characteristic of a narrower plate as
compared to the first case. This narrowing of the effective width in the
model is reflected in an increased Q (resonance quality factor) as the jumps
in Figure 7 indicate.

One is tempted to conclude that a full-width pulse at the edge is a
cure for the problem since the point at which the pulse current is defined
is shifted relative to the edge as zoning is changed with full-width pulses.
The effect of this procedure is to transfer the problem from component of
current whose behavior is singular at the edge to the component which goes
to zero. With full pulses at the edges, the normal component of current
would go to zero interior to the plate rather than at the edge as it properly
should.

An approach which is potentially a remedy for this difficulty is

discussed in the conclusions.
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SECTION VII

POLE TRAJECTORIES AS A FUNCTION OF SHAPE RATIO

Figure 9 gives the results obtained for pole location for the lowest
order pole of each of the symmetries as a function of w/L. Clearly, as the
previous section indicates, the results cannot be taken as the corrept
results for the plate. However, the zoning was fixed for all w/L and the
results are expected to reflect the proper trends for these trajectories.

The ++ and +- modes are in essence dipole modes, and their poles show
the general lowering of Q as w/L increases. (The ++ indicates that the Jx
component is symmetric both with respect to the x and y axes - see Table I.)
The -- mode can be thought of as a dipole mode in the transverse direction.
As a result it shows a strong frequency dependence on the transverse dimension
w, When w/L = 1, the -- mode is identical to the ++ mode rotated spatially
90 degrees, Consequently, the two trajectories coalesce as w/L » 1, when
the zoning is 5x5 so as to preserve symmetry in the numerical mode. The
failure of the 5x3 zone case is due to the reasons outlined in the previous

section.
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SECTION VIII

CONCLUSIONS

The application of SEM to the equivalent proﬁlems of the perfeétly
conducting rectangular plate and‘the reétangular aperture in a pefféctly
conducting screen has been conducted with partial success. The applicability
of SEM and the computational feasibility of detefmining SEM Quantities are
demonstrated. It is further demonstrated that by careful program construc-—
tion, the computational costs of numerical treatment of two-dimensional
problems can be made quite reasonable. The cost of generating a matrix and
calculating its determinant by the methods discussed herein is less than
10 cents for each value of s.

Difficulties arise in the subsectionally constant current zoning be-
cause of a failure to properly model the edge conditions. Whereas Rahmat—Samii
and Mittra (ref. 3) obtained good radar cross-section results with such a
zoning scheme, the pole locations are highly sensitive to the zoning. Radar
cross-section is a far-field quantity, and the integrated effects of the
errors are small there. The pole locations, on the other hand, depend strongly
on the dimensions of the structure,and it is evident that the plate size
must be brought to bear in a precise fashion for the pole locations to be
correct.

The edge problem can be remedied by imposing the edge conditions
(3) directly in the basis set elements for edge zones.

Davis has done this successfully for the circumferential component of current

on a thick cylindrical scatterer (ref. 8). The circumferential current

8. Davis, W. A., "Numerical Solutions to the Problem of Electromagnetic
Radiation and Scattering by a Finite Cylinder," Ph.D. Thesis, University
of Illinois, 1974.
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component is singular at the ends of the cylinder. The introduction of the <
singular basis element will produce a significant complication to the

préblem in that a second singularity, that of the current, must be inte-

grated analytically in order to implement the model with edge conditions

imposed. An independent check on program accuracy is dictated for a

problem of this scope before proceeding with the edge condition approach.
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APPENDIX A

THE SELF~PATCH INTEGRATION

The term for the interaction matrix for IDIF =‘JDIF =0, i{e., where the
match point lies at the center of the source patch, can be written

Ax/2  Ay/2

Is =4 4[. ‘[. K(O,le',y') dx' dy' (A1)
0 0 '

This presumes a unit amplitude expansion pulse over the patch whose dimensions
are Ax and Ay. The symmetry of the kernel with respect to both x' and y' is
employed in the forming of (Al). This integral can be transformed to polar

coordinates as

-1 Ay Ax
tan Ax 2cos¢
I.=4 exp[-sp/c] dp d¢
$=0 p=0
Ax
m/2 2cosé

+ f f exp[-sp/c] dp d¢

tan T %i—
= - %f— J( [exp(-sAx sec ¢/2c) - 1] d¢
¢=0
w/2
+ ‘/‘ [exp(-sAy csc ¢/2¢) - 1] d¢ (A2)
q5=tannl &y
Ax

If the exponential functions in the integrand are then expanded in McLauren
series, the resulting terms of powers of secants and cosecants possess tabu-

lated integrals. The result for three terms retained in the series is
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Ty -4e(- XL 1 g 412 (35) A2

S S 2c Ax
2 1/2
1 sAx Ax(Ax + Ay7) - 358 145 1n q
6 9 2 2c x
Ay
2 1/2
+1/2 (B ) R S vt + - o
2Ay

where

_[(Ax +Ay) +( )]

q(;) [(Ax +‘AY - ”
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APPENDIX B

THE SPARSE MATRIX ALGORITHMS

1. Introduction

This Appendix describes the algorithmic approach to minimize the
computation time involved in Gaussian elimination triangularization of
systems of matrix equations which are "sparsely coupled." The term
"sparsely coupled" as applied in this Appendix implies the matrix equation

form given in (Bl).

r- b ™) ~ )
Ml 0
M] [X] = M, X = B (B1)
0 M
- 2 J — J _

It is clear that in this form the sole coupling between the "upper" and
"lower" systems of equations is contained in the matrix M,. Generally, the
number of columns in M2 is small compared with the order of the overall
system.

An algebraic approach to exploiting the sparceness of (Bl) results in
solutions which are given in terms of the several submatrices and their
inverses. (See, for example, ref. 9.) It is well-known, however, that it is
sufficient for the purposes of determinant calculation and equation solution
to triangularize the composite matrix in (Bl). The triangularization process
involves fewer operations than the diagonalization necessary for the calcu-

lation of an inverse.

9. Dunaway, 0. C., "A Numerical Solution for the Distribution of Time-
Harmonic Electromagnetic Fields in an Arbitrary Shaped Aperture in a
Ground Screen," M.S. Thesis, University of Mississippi, 1974.
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Figure Bl. Submatrix Organization for the Sparse Matrix Algorithms, a)
the Original Matrix, and b) Triangularized Form with the
Generated CMAT4
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This Appendix describes an algorithmic exploitation of the sparseness of
the composite matrix in (Bl). That is, a numerical process is given whereby
only the non-zero subelements are stored and operated on, with the compu-
tational operations being those which render the composite matrix M upper
triangular. The determinant of the composite matrix results directly from
this triangu}arization. A solution for X in (Bl) requires a backsolving
process involving the triangularized form of M and a vector resulting from
applying the elimination operations to the vector B Routines to perform
these operations are given as well.

Appendix C gives listings of the routines built on this algorithm. The
triangularization routine is named SPRHOM. The backsolving procedure is
performed by the entry HOMSLV to the routine SPRSLV. (The name entry SPRSLV

backsolves an inhomogeneous system and is not used for present purposes.)

2. The Algorithm

The routine SPRHOM is simply an implementation of the Gaussian elim-
ination procedure with maximum pivot selection applied to the composite
matrix M in (Bl) viewed as a whole. The sparseness of M is exploited by
storing only the non-zero submatrices in (Bl) and skipping the operations
involving zero elements. The result is a substantial saving in both storage
and computation time.

The forms of the input and of the end product for the triangularization
are given in Figure (Bl) with the sizes of the respective submatrices defined.
It is recalied that the fundamental process in the Gaussian elimination
procedure is the elimination of all or part of the elements of a column of
a matrix with respect to a pivot element, commonly the element of greatest

magnitude in the column. That is, for a column under process, the row
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containing the main diagonal element of the matrix which falls in that

column. All or part of the elements not on the main diagonal are "eliminated"
or made zero by subtraction of some multiple of the row containing the col-
umn maximum. In the triangularization procedure, the part of the column com—
prising elements lying below the main diagonal after row exchange are elim-
inated. If the matrix is a part of a system of equations with non-zero right-
hand side, the row operations of exchange and subtraction of a constant
multiple of another row must be performed on the corresponding elements of

the right-hand side vector as well.

The algorithm of the routine SPRHOM operates according to the Gaussian
elimination procedure described above. However, the three submatrices CMAT1,
CMAT2, and CMAT3 are stored individually. 1In addition, the routine generates
a submatrix CMAT4 in the course of selecting pivots for the columns contained
in CMAT2. Further, the "elimination" of elements of submatrices that are
zero a priori is skipped. The result is significant storage and time economy.

In order to minimize logic decisions in the routine, it is organized to
operate sequentially through the partitioned matrix. The steps are as follows
(it is convenient to follow the thinking of these steps by tracing the loca-
tion diagonal of the composite with the aid of Table Bl):

a. Perform conventional Gaussian elimination to zero the elements
CMAT1(I,J) for I > J, i.e., the elements below the main diag~
onal of M. Choose maximum pivot elements in conventional

fashion. Carry row operations into CMAT3.

b. Create CMAT4 by row swapping with CMAT2 so as to choose
maximum pivot elements. Perform elimination to zero CMAT4
elements for I > J and the entire column of CMAT2. The
number of rows created in CMAT2 is NI4 = NT1 - NJ1, the
amount by which CMAT1 is over-square. Carry row opera-

tions across into CMAT3.
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c. Choose maximum pivot rows in columns of CMAT2 with
J > NI4 and swap with rows given by I = J - NI4
(the rows containing the Jth column diagonal element of
the composite). Conduct elimination to zero elements
with I > J + NI4. Carry row operations into CMAT3.

d. Conduct conventional pivot selection and elimination
on CMAT3 to zero elements CMAT3(I, J) with
I >J+ NJ1 + NJ2.

In each column elimination operation, the pivot value is multiplied into a
Product accumulator to produce a value for the determinant of the composite
matrix. The sign of this product is changed at each row swap in accord with
the rates of matrix algebra row operations.

The backsolving routine SPRSLV with its entry HOMSLV operate in a
straightforward manner on the submatrices as reduced by SPRHOM.
Details are omitted here, but the routines may be easily followed in a row-
by-row flow from the bottom of the composite matrix, if one keeps in mind
the row index relations of column 4 of Table Bl. The entry HOMSLV assumes a
zero determinant value resulted (approximately) from SPRHOM and the last
element of the solution vector is picked as unity. (The zero determinant
results from a zero falling at the last diagonal location in maximum pivoting
Gaussian elimination.) The remainder of the homogeneous solution vector is
backsolved conventionally relative to this last element. The vector is then

renormalized so that its maximum element is unity.
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Table B1

PRIMARY INDEXING QUANTITIES IN THE ALGORITHM

Submatrix Size ofl Indices of Mainl Relative Row2 Index
Submatrix Diag. of Compos. of CMAT3 and CRHS
CMAT1 NIl x NI2 J,J) I3=1
CMAT4 NI1 - NJ1 x NJ2 J,1) I3 =1+ NJ1
(can be null)
CMAT2 NI2 x NJ2 (J - (NI1 - NJ1), J) I3 =1 + NI1
CMAT3 NIl + NI2 x (J + NJ1 + NJ2, J) I3 =13
NIl + NI2 -
NJ1 - NJ2

1. Quantities given in terms of input parms. to the routine. Related
internal quantities are given in Figure Bl.

2. Relative to I, the row index of the submatrix in question.
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APPENDIX C

PROGRAM LISTINGS

All code compileable on IBM 0S/360 and 0S/370 FORTRAN levels G or H.

The routine ZANLYT and its service routine UERTST is taken from the program
library FORTUOI made available by the Computer Services Office, University of
Illinois at Urbana-Champaign, Urbana, Illinois 61801. The routines BSLJZ
and BSCJZ are taken from the International Mathematical and Statistical
Library (IMSL). They may not be reproduced apart from this application
program package. The IMSL library is available by subscription from IMSL,

Inc., 6100 Hillcroft, Suite 510, Houston, Texas 77036.
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120

POLE SEARCH PRNGRAM FDR S E M FORMULATION OF THIN-PLATE SCATLTERER
BY L W PEARSON 8/74

IMPLICIT REAL*B8(A,B,D=Hy0-2),COMPLEX*16 (C)
COMMON /GEIM/ XSYM,YSYMyW,NXyNY,IPREAS(10) ,JPREAS (10) ,NPRET,NPREJ
INTEGER MES(%,2)/ SYMM® ,9ETRI®, 000, 0 0, CANTI Y, 1SYMMY, 1ETRI ¢, 10 1/
DATA C/(3.D08,0.D0) /5 PLUS/*+"/,P1/3.141592653589793/
DATA HX/'X*/,HY/'Y )
EXTERNAL CPLATE
DIMENSION ZX(20), INFER(20)
LOGICAL LAUTO
READ(S541,END=999) XSYM,YSYM,NX,NY, WO, WS yWM, CSUNDR y LAUTO
FIRMAT(2A1,2X,213,5F10.4,T80,L1)
IMX =1
IMY=1
TF(XSYM.NE.PLUS) IMX=2
TF(YSYMJ.NE.PLUS) IMY=2
NW= ( WM=W0 ) /WS
IFINN.GT.0) GO TO 105
NW=-NW
WS=-WS
IF(WS*NWLT oWM=WO ) NW=NW+1
DO 200 IW=1,NW
W= WO+ ( TH=1)%WS
IF(.NOT.LAUTOD) GO TN 140
SKIP PAST AUTD ZONING

RIUTINE TD DETERMINE NO OF EXPANSION PULSES BASED ON ELECTRICAL
SIZE NF PLAYTE

TESTWV=.1885D10/DABS(DIMAG{CSUNCR))
1111111177177 7

NPPWVL=6

1117711777717/

FLENX=1/TESTWV

NX=IDINT{FL FNXXNPPWVL )
IF(DFLOAT (NX) LT FLENX®NPPWVL) NX=NX+1
FLENY=W/TESTWY

NY=IDINT{FLENY*NPPWVL )
TF(DFLOATINY) LT, FLENYXNPPWVL) NY=NY+1
NX=MINOINX,5)

NY=MINO(NY,5)

BEGIN SETUP FDR ALTERNATE EDGE PATCH PREASSIGNMENT

NPRET =(NX+2)/3

NPREJ=(NY+2)/13

TF(NX=2*%NPRET42.L F.1.ANDJNPRETI.GT.1) NPREI=NPREI-1

IFINY=-26NPREJ#2.LE.1.AND . NPRFEJ.GT,.1) NPREJ=NPREJ~-1

DO 110 1=1,NPRE1Y

TPREAS(NPREI+1~1)=NX=3%14+3

CIONTINUE

DO 120 J=1,NPREJ

JPREAS(NPREJ+1-J)=NY=-3%J+3

CONTINUE
LOCATIONS WHERE X-DIRECTED CURREN
T IS SET TO ZERN GIVEN AY SUBSCRI

!

00010
00020
00030
00040
0005/
90060
00070
00080
00090
00100
00110
00120
00130
90140
001 50
00169
00170
00180
00190
00200
00210
00220
n0230
00240
00250
00260
00270
00280
00290
00300
00310
0032w/
00330
00340
00350
00360
00370
n0380
00390
00400
00410
00420
00430
00440
00450
00460
00470
00480
90490
00500
00510
00520
005320
00540
00550
00560
00570
0058¢
00590~
00600
00610



N

200
999

PTS (NXyJPREAS) AND Y-DIRECTED BY
(IPREAS ,NY)

WRITE(6,2) WyCSUNNDR .

FIRMAT({*1ENTER ITERATION' ,/,'DSHAPE RATIOD =',F5.3’éx.
1*STARTING FREQ =!',2D12.4)

WRITE(6,3)

FIRMAT('0',10X, 'CUR SYMMEfRY'.6X,'PULSFS',3X.'PREASSIGN LOCYINS?)
WRITE(6,4) Hx,(MES(I’IMX’QI*1’4)QNXQ(IPREAS(J,9J=IQNPREI’
FORMAT(' ' ,Al ’."DIR' 95x,'4A4’ !69 SX'IOIB’

WRITE(6,4) HY’(MES‘I’I“Y)'131'4,’NYQ(JPREAS‘J,’lelNPREJ,
WRITE(6,45)

FORMAT (0,11 X,*'COMPLEX FREQ®* y1 TXy *DETERMINANT ?)
CX(1)=CSUNDR

CALL lAN{YT(CPLATE,l.0—50,4,0,1,I.CX,IOO'INFER,IER)
WRITE(6,6) ZX(1) )

FORMAT ('ORETURN FROM ITERATION',/, *OPOLE LOCY'N?,2E12.4)
CALL MODE

CSUNDR=CX{(1)

CONTINUE

GO TO 189

STap

END

45

00620
00630
00640
00650
00660
00670
00680
00690
Do700
00710
00720
00730
00740
00750
00760
00770
00780
00790
00800
00810
00820
00830
00840



SUBRDOUT INE MODE 00854

IMPLICIT REAL*8(AoB,D=H,0~Z),COMPLEX*16 (C) 00860

SAMMON /MAT/ CMATX(25,25) CMATY(25925) CHOM(S50,10) sCMAT4(10425), 00870

INPT CHS yNDIM1 o NDIMCT,NDIMCJ s NORD 00880

SOMMON /GENM/ XSYMyYSYMyWoNXoNY s IPREAS(10 ), JPREAS (10),NPREL, NPREJ 00890

DIMENSION CPRX(5,5),CPRY(5,5) 00900

DIMENSTON €4 (50) 00910

NPRE=NPRET+NPRE Y 00920

NPREIM=NPREI-1 00930

NPRE JM=NPRE J-1 00940

CALL HOMSLY(CMATX ,NPTCHS,NPTCHS=NPREJ,NDI ML, NDIMI o 00950

1 CMATY , NPTCHS ,NPTFHS=NPREL NDIM1,NDIM1, 009 60

2 CHOM,NDIMCT ,NDTMC S, CMAT 4, NDTMCJ 4 NDIML, CJ o NORD) 00970

NXM1=NX-1 | 00980

NYM1=NY-1 00990

NSURS=0 01000

DI 470 JS=1,NY 01010

DN 450 1S=1,NXM1 01020

J=(JS=-1)ENX+T S 01030

CPRX(1S,JS)=CI(J-NSUBS) 01040

JM=J=NSUBS 01050

450 CONTINUE 01060

J=JS*NX 01070

TF(JS.NE.JPREAS (NSUBS+1)) GO TO 460 01080

NSURS=MINO(NSURS+] , NPRE JM) 01090

CPRX(NX, JS)=(00y0.) 01100

GO TO 470 01110

460 CPRX(INX,JS) =C J( J-NSUBS) 01120

470 CONTINUE 01130

DO 500 1S=1,NX 01140

D3 500 JS=1,NYMI 01150

J=(JS—-1)%YX+1S 01169

CORY(IS,JS)=C JINPTCHS -NPREJ+J) 01170

500 £INTINUE 01180

NSJRS=0 01190

DA 530 1S=1,NX 01200

J=NYMIENX+TS 01210

1F(1S .NE.IPREAS(NSURS+1)) GO T 510 01220

SPRY(TS,NY)={ 0. ,0.) 01230

NSUBS=MINO(NSUBS+1,NPPETM) 01240

50 TN 530 01250

510 EPRY(IS,NY)=CJ(NPTCHS=NPRE J+ J-NSURS ) 01260

530 CONTIVUE 012790

WRITE(6,16) 012 80

16  FNAMAT( 10Kk &4xNATURBL MODE#%&k%?,/, '0X-DIRECTED CURRENT') 01290

DD 540 T=1,NX 01300

WRITE(6,17) (CPRX(T,d) 9d=1,NY) 01310

17 FIRMAT('0',5(2D12.4,2X)) 01320

540 CONTINUE 01330

WPTTE(6,18) 01340

18 FIRMAT(10Y-DIRECTED FURRENT!) 01350

DM 550 T=1,NX 11360

WRITE(6,17) (CPRY(I,d)¢d=1,NY) 01370

550 CONTINUE 01380

WRITF(6,19) 01390

19  FIRMAT(TOHOMOGENENUS EXPANSTON COEF!IST) 01400
WRTITE(6,17) (CJ(2#NPTCHS-NPREST ),1=1,NPRE) 01410 ~/

RETURN 01420

END 01430
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2Nz Nel

O YD

o]

(g Na)

COMPLEX FUNCT ION CPLATE*16(CSUNGR)
DETERMINANT EVALUATINON ROUTINE FOR HALLEN-TYPE AUGMENTY ED MOMENTY

MATRIX FOR THE THIN PLATE SCATTERER

FOR S € M APPLICATINNS
BY L W PEARSON 8/74

IMPLICIT COMPLEX*16(C) o2 EALXB(A,ByD=HyO0~Z)
SOMMON /GEOM/ XSYM,YSYM,W,NX,NY,IPREAS(10) yJPREAS (10),NPREI,NPREJ

COMMON /MAT/ CMATX(25,25),CMATY(25,25),CHCOM(50,410)+CMAT4(10,25),

INPTCHS yNDIM]L yNDIMCT ,NDIMCJ,NORD

REAL*8 DRARG, DIMARG,DRBES(20),DIMBES(20),DUM1{20) ,DUM2(20)4DUM3(20

1) 4DUMA({20)

DIMENSION CINTER(10410),CINTX(25)CINTY(25),CCOSTM(10),CSINTM(10)

INTFGER MES(4,2)/'SYMMY,IFTRY 1, 01,0

"y PANTI*, 1SYMM! s ETRT Y, 1C?/

DATA C/(3.D0840.D0)/yPLUS/"+'/,P1/3.141592653589793/

NDIM1=25
NDIMC 1=50
NDIMCJ=10
NDIM=50

FORMULATION SETUP ROUTINES

™MX=1
IMY=]
IFUXSYMJNELPLUS) TMX=2
TF(YSYMLNELPLUS) IMY=2

NPTC4S=NXENY

NXM]1=NX~-1
NYM] =NY-1
EDGFAC=0..5

EDG2=EDGFAC*EDGFAC

DX=1./(FLOAT(2%NX=2)+2%EDGFAC)
DY=W/(FLOAT{2%NY-2)+2%ENGFAC)
NXT2=NX*2

NYT2=NY*2

CS=CSUNCR/2/C

INTPTS=13
DXINT=DX/12
DYINT=DY/12

NSYMX=={-1)**%x]IMX
NSYMYy==(~])*x MY

NSMTT=NSYMY
NSMTT T =NSYMXENSYMY
NSMIV=NSYMX

NINDX=2
TF(NSMITT.GT.0) NINDX=1

NSCO0S=1
IFUXSYM.EQLPLUS) NSCOS=2

IM(X/Y)=2 TINDICATES ANTISYMMETRIC
DISTR COF X-~DIRECTED CURRENT WRT X
/Y AXIS

TCT NC COF CURRENT PATCHES

PROPORTIONAL WIDTH OF EDGE PULSES

CORNER FACTOFE

NORMALTZED LAPLACFE VARIABLE

NUMER TINTEG PARMS

SIGNED SYMMETRY INDICATOQRS

SIGNS CF KEPMEL FOR EA NUAD'S CON
TRIBUTICON

NINDX = 1 INDICATES EVEN-EVEN NR
CDD-0DD SYMMETRY FOR X-DIR CURR

b7

01440
01450
01460
01470
01480
01490
01500
01510
01520
01530
01540
01550
01560
01570
01580
01590
01600
01610
01620
01630
01640
01650
01660
01670
01680
01690
01700
01710
01720
01730
01740
01750
01760
01770
01780
01790
01800
11810
01820
01830
01840
01850
01860
01370
01880
01890
01900
01910
01920
01930
01940
01950
01960
01970
01980
01990
02000
02010
02020
n203n
02040



OO

[

I NeEeXKeNe]

200

210

220

NSCOS = 2 INDICATES EVEN SYMM WRT
Y FOR X DIR CURR (I £ COSINE EXPA
NSION OF HOMGENENUS SOL!N)

NPRE=NPRET+NPRE
TOT NC DF PREASSIGNED CURR VALHS
NPREJM=NPREJ-1
NPREI M=NPRET -1
NPREP1=NPRE+1
END OF INPUT/SPECIFICATION ROUT INES

ROUTINE T FILL INTERACTION MATRIX FROM WHICH MOMENT MATRIX IS
CONSTRUCTED

DIAG=DSQRT{DX*DX+DV*DY)
ALNXTM=2%DLNG (( DI AG+DY )/ DX)
ALNYTM=2%DLOG ((DIAG+DX) /DY)
DYBDX=DY/DX

DXBDY=DX/DY

CSDX=CS*DX

CSDY=CS*DY

2SDX2=CSDX*CSDX
CSDX3=CSDX*CSDX2
CSDX4=CSDX2*CSDX2
CSDY2=CSDY®CSDY
CSDY23=CSDY*CSDY2

CSDY4=CSDY2#*CSDY2
COMPONENT TERMS FOR SELF-PATCH SE

RIES

CXTERM=-0.SDO*CSDX*ALNXTM+Q.SDO*CSDXZ*DYBDX-CSDX3*(DXBDY*DIAG/(12*

10Y)+ ALNXTM/24) +C SDX4*DYRDX* (1+0Y BDX:DYBDX/3) /24

CYTEQH=-0.SDO*CSDY*ALNYTM+O.SDO*CSDYZ*DXBDY-CSDY3*(DYBDX*DIAGI(IZ*

10X)+ ALNYTM/24) +CSDY4*DXBDY* (1+DXBDY *DXRDY/3)/24
CALC INDIV SERIES FOR SELF-INTER

CINTER(141)==2/CS*(CXTERM+CYTERM)
COMPUTE SELF-INTERACTICN

DD 220 1S=1,2

XS=(FLOAT(IS)-1.5D0)%nX

DY 220 JS=1,2
L30P TN CALC ADJACENT PATCH INTER

IF{IS*JS.EQ.1) GN TN 220

YS=(FLNAT(JS)-1.5D0)*DY

DY 210 TINT=1, INTPTS

XP=FLOAT(TINT-1)%DXINT
NUMER INT WRT X LOOP

X2TM2=XS+XP

X2TM2=X2TM2% X2TM2

D) 200 JINT=1,INTPTS

YP=FLOAT (JINT -1 )*DY INT
NUMER INT WRT Y LONP

Y2TM=YS+YP

R=DSORT (X2TM2 +Y2TM&Y2TM)

TINTY({JINT) =CDE XP {~2%(C S¥R) /R
EVAL INTEGRAND

CONTIMUE

CALL DWEDDLIZINTY,INTPTS,DYINT,CINTX(IINT))
INT WRT Y TC YIELD X INTEGRAND

CONTINUE

CALL DWEDDL(CINTX,INTPTS,DXINT,CINTER(IS,JS))
INT WRT X

CONTINUE
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DD 250 YS=1,NXT2
X2TM2=DFLOAT( IS~-1 ) *DX
X2TM2=X2TM2& X2TM2

DY 250 JS=1,NYT2
LOOPS FOR REMAINDER OF INTERACTIN

N CALC'ED BY ONE-PT RECTANG RULE
IF(IS#JSelT o4 0RISLFN.2.AND.JSEQL2) GO TO 250
Y2TM=FLOAT(JS-1)%DY
R=DSORT(X2TM24+Y2TM*xY2TM)

CINTERUIS,JS)=CDEXP(-2%CS*R ) /R%DX*DY
CONTINUE
END JF LOOP TO FILL INTERACTION MATRIX

BEGIN CONSTRUCTION OF MOMENT MATRI X

DO 350 IM=1,NX
DI 250 JM=1,NY
INDEXING OF MATCH=-PNINTS OVER ENT
IRE QUADRANT
T=(JM=1 ) RNX+IM
ONE-DIM MATCH-PT INDEX GEN'ED
COL'WISE ALONG X-DIRECTINN
NSURS=0
DN 330 JS=1,NYM]
INDEX OVER SOURCE PATCHES Y-DIF
JD1=TABS(JM-JS)+1
1ST AND 2ND QUAD J 'DIFFERENCE
INDEX?
JD2=gM+JS
3fD & 4TH QUAD J 'DIFFERENCE
INDEX*
NDTE YHAT *DIFFERENCE INDICES' AR
E = "INDEX DIFFERENCE' +1 FOR THE
SAKE OF FORTRAN INDEXING
DC 310 1S=1, NXM1
INDEX OVER SOURCFE PATCHES X-DIR
ID1=TABS(IS-IM)+1
1ST & 4TH QUAD '[IFF INDEX!
ID2=1S+1IM
2ND £ 3PD QUAD ¢ NIFF TNDEX!
J=(JIS-1)%NX+1S
ONE=-DIM SPURCE-PT TNDEX
CO=CINTER(IN]1,JD1)+NSMITI*CINTER(ID2,JD2)
SUM QOF SNURCE CCNT FROM 0T & QITI
CE=NSMIT*CINTER(ID?2,JD1)+NSMIVECINTER(ID] ,JD2)
SUM OF SNURCE CONT FROM QII § OIV
CMATX(TI,J-NSURS)=CN+ F
SUBMAT ENTRY FOR X-DIR CURR?S
CMATY(I,J)=C0-CF
SURMAT ENTRY FOR Y-DTR CURR?S
NITE THAT EVEN Q'S CNNT NEGATIVE
FOR Y-DIR CURR1S
CINTINUF

END OF SOURCE LCOP FOR INTEPICR PATCHES

CONSTRUCTIDN QOF SOQURCE TERMS FRCM ABRS(X)=A EDGE FOLLOWS
ID1=TABRS{NX~-TIM)+]

ID2=NX+1M

J=J S&NX
4o
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CI=CINTER(ID1,JD1 )+NSMITT*CINTER(ID2,4D2)
SUM OF SOURCE CONT FROM QI & QITl
CE=NSMIT*CINTER(TID2,JD1) ¢+NSMIV*CINTER(1D1,4D2)
SUM OF SOURCE CONT FROM QII € Qlv
CMATY(1,J)=(CO-CE)*EDGFAC
SUBMAT ENTRY FOR Y-DIR CURR'S
NDTE THAT EVEN Q'S CONT NEGATIVE
FOR Y-DIR CURR'S
IFCJS.NE.JPREAS(NSUBS+1)) GO TO 325
NSUBS=MINO(NSUBS+1, NPREJM)
G0 1O 330
CMATX{ Ty J-NSUBS)=(CE+CD) *EDGFAC
SUBMAT ENTRY FOR X=DIR CURR'S

END ROUTINE FOR ABS(X)=A EDGE TERMS

CONTINUE

END LDOP OVER Y COORD FOR INTER IOR PATCHES

BEGIN ROUTINE FOR CONSTRUCTION OF SOURCE TERMS FOR ABS{Y)=B EDGE

JD1=TABS(NY=-JM)+1
JD2=NY+JM
NSUBRSJ=NSUBRS
NSUBS=0
D3 340 1S=1,NXM1
INDEX DCWN X CODRD'S INTERINR
PATCHES
ID1=TABS (IS-IM)+1
ID2=IS+1M
J={NYML) *NX+1S
CO=CINTER(IDL,yJDL)+NSMITI*CINTER(ID2,JD2)
SUM OF SCURCE CCNT FROM QI € QIIt
CE=NSMTT#CINTER(ID2,JD1) +NSMIVXCINTER(ID1,JD2)
SUM OF SCURCE CONT FROM QII & OIV
CMATX(T4J=-NSUBSJ) =(CE+CN)*ENGFAC
SUBMAT ENTRY FOR X~DIR CURR?'S
IFCTS.NELIPREASINSURS+1)) GN TO 335
NSURS=MINOI{NSUSS+1,NPREIM)
GD T2 340
CMATY(T,J-NSUBS)=(rN-TE)*EDGFAC
SUBMAT ENTRY FOR Y=DIR CUPRR!'S
N2TFE THAT EVEN Q'S CONT NEGATIVE
FOR Y<-DIR CURR?'S
CINTINUE

END ROUTINE FNR ABS(Y)=B FDGF
CONSTRUCTION CF CNRNER SOURCE TERM

ID1=TABS(NX-IM)+1
ID2=NX+IM
J=NXENY
CI=CINTFRIIDL,JDL )+NSMIYTCINTER(ID2,JD2)

SUM OF SOURCE CONT FROM QI & QIII
CE=NSMIT#CINTER(ID2,JD1) ¢NSMIVRCINTER(TIDL ,JD2)

SUM. OF SNURCE CONT FRCOM QIT & QIV
IFINYNFL.JPREAS(NPREJ)) CMATX(T y J-NPREJM) =(CE+CN) *EDG?

SURMAT ENTRY FCR X-DIR CURR'S
IF(NXJNELTPREAS (NPRFT)) CMATY(1,J=-NPREIM)= [CO-CF)*FDG2
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SUBMAT ENTRY FOR Y-DIR CURR'S
NOTE THAT EVEN Q'S CCMY NEGATIVE
FOR Y-DIR CUPR!'S

CONTINUE
END DF MOMENT MATRIX INTERACTICN CONSTRUCTION

BESIN ROUTINE TO ENTER HOMOGENEOUS SOL'N EXPANSION €OL'S IN MATRIX

NBES =2%NPRE
HIGHEST DRDER BESSEL FUNCTION IN

HOMOGENEOUS SOL'N EXPANSION
IF{NINDX.EQ.2) NBES=NBES-1
ONE LESS IF EVEN INDEX EXPANSICON
DT 400 IM=14NX
X={FLOAT{IM)-0.5D0)*DX
DY 400 JM=1,NY
Y=(FLOAT (UM)-0.5D0) *DY
I=(JM=1)%NX+IM
INDEXTING THRU MATCH-PTS
PHI=DATANIY/X)
RH4O=DSQRT (X% X+Y%Y)
POLAR CNORD'S OF MATCH-PTS
DRARG=2%*DIMAG(CS ) *RHD
DIMARG=-2%DREAL(CS) *RHD
ARGUMENT OF BESSEL FN'S
IF(DABS{DIMARG/DRARG) .LT.1.E=20) GO TN 364
1F REAL ARG SKIP TN REAL BES CALL
CALL BSCJZ(DRARG, DIMARG, DRRES,DIMBES,NBFS,0.D0,1691ERF,DUM1,DUM2,D
1UM3 ,DUM4)
GFY TABLE OF BESSEL FUNCTIONS
GD TO 368
TALL BSLJZ(DRARG,DRBES ,NRES,0.D0,16, IEPR,DUML,DUM2)
CALL ZEROZ(DIMBES,2%(NBES+1))
CALL ZEROZ(DIMRES,2%(NBES+1))
SET UP PURE REAL RES FUNGCTINNS
CeosSTM(L)=0
CSINTM(1)=D
LERD 1ST TERM COEF CONSTRUCTINN
VEFTORS
DD 370 I1=1,NPREP]
INDEX THRU CALC OF CNEF CONSTR
VECTOP
TNDX=2%TI-NINDX
CALC SERIES INDEX
IFUINDX.EQ.0) GO TN 370
SKIP CALC OF BFELCW TERM FOR ZERD
INDEX - IT WAS SET TC ZERN ABNVE
ARG=DFLOAT( INDX~1 ) *PHI
ARGUMENT OF SIN FN
CBES=DCMPLX{(DPBES ( INDX),DIMBES{ INDX))
CCOSTMITT)=DCOS (ARG )*CBES*4%P]
CSINTMUTIT)=DSIN(ARG)*CRES*4%PT
CALC COEFF CONSTRUCTION TERMS
CONTINUE
DY 380 JJ=1,NPREJ
LCCP TG REPLACE CPL'S FOR PREASSI
GNED J TERMS
J=JPREAS(JJ) =NX
INDEX CF COL BEING REPLACED
INDX=2%JJ-NINDX
51
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372

380

381

382

390
400

405

20

SERTES INDEX FOR REPLACING TERM
G2 T2 (371,372),NSCCS
SELECT PRCPER SERIES CCEF ACCORDI
NG TO Y SYMMETRY CONDITION
NSC0S=2 INDICATES COSINES IN X
CURRENT EO
CHOM(TI9JJ)==PI/(2*CS)*(0.D0y 100 )**INDX*(CSINTM(JJI)=CSINTM{JI+1))
CHOMINPTCHS+I yJJ) ==PI/(2%CS)*(0.D0y1.D0 ) *x*INDX*(CCOST™M(JJ) +
1CCOSTM(JJ+1))
GO YO 380
CHIM(T9J3J)==PT1/(2%CS)*(0.D0y1.DO)** (INDX+]1 ) %(CCOSTM(JI+1)~-
1CCOSTMIJ))
CHOMUT #NPTCHS 9 JJ) ==P1/ (2%LS)*(0 D051 D0 )** { INDX+1)*{CSINTM(JJI)+
1CSINTM{JI+1))
CONTINUE
D0 390 1I=1,NPREI
J=(NY-1)*NX+I PREAS({IY)+NPTCHS
LOOP TO REPLACE COL'S FOR PREASSI
JJ=IT+NPREYJ
GNED T TERMS
INDX=2%{T1I+NPREJ)-NINDX
63 T) (381,382),NSCOS
CHOM(T4JJ)=~PI/7(2%CS)*(0.D0y 1.D0)**INDX*(CSINTM(TTI+NPREJ) -
ICSINTM(ITI+NPREJ+1))
CHOMUT#NPTIHS yJJ)==PI/(2%CS)*(0.D091.D0)**INDXX(CCOSTM{TI+NPREJ) +
1CCOSTM{IT+NPREJ+1))
50 70 390
CHOM(I,JJ)==PI1/(2%CS)*(0.D0y1.D0)**{ INDX+1)*(CCNSTM(TI+NPREJ+]1)~-
1CCOSTM(ITI+NPREJ))
CHOM(TI+NPTCHS 9y JJ)==PT/(2%CS)%*(0.D0,1.D0) *&( INDX+1) *
1(CSINTM(TI+NPREJ)+CSINTM{TI+NPREJ+1))
CONT INUE
CINTINUE

END OF MOMENT MATRIX CONSTRUCTICN

CONTINUE

CALL SPRHOM(CMATX yNPTCHS yNPTCHS-NPREJyNDIM1,NDIM1,

1 CMATY NPTCHS yNPTCHS -NPREI ,NDIM1,NDIM],

2 CHOMyNDIMCI,NDIMCJ,CMAT 4,NDIMCJ,NDIM1,CDET)
FRAT=CDABS(CMATX(1,1))

CPLATE=CDET/FRAT

WRIYE(6,20) CSUNDOR,CPLATE

FORMAT(' *,5X 92E12.4,5X92F12.4)

RETURN

END

52

04499
04500
04510
04520
04530
04540
04550
04560
04570
04580
04590
04600
04610
04620
04630
04640
04650
04660
04670 o/
04680
04690
04700
04710
04720
04720
04740
04750
04760
04770
04780
04790
04800
04810
04820
04830
04840
04850
04860
04870
04880
04890
04900
04910
04920
04930
04940 ~



(2Nl NaNaNsg]

95

oo

100
105

107

O 6 OO o 0o

110

112
115

SUBROUTINE SPRHOM(CMAT1yNI1yNJ1,NDIMITI,NDIMLIJ,CMAT2,NI2,NJ2,NDIM2I
19NDI M2J,CMAT3 yNDIM3IIyNDIM3 JoCMATS yNDIMLTI o NDIM4J,CDET)
IMPLICIT COMPLEX*1&(C)oREAL*8(A4ByD~HoC~2)

SUBROUTINE TO DIAGCNALIZE AND CALC DETERMINANT OF A SPARCELY-
COUPLED MATRIX

BY L W PEARSON 7/74
REVISED 5/75

DIMENSICN CMAT1 (NDIMLIJNDIMLJ)yCMAT2(NDIM2T,NDIM2J),CMAT3INDIMII,

INDIM3J) yCMATS(NDIM4T,NDI MG J)

NI3=NI1+NI2

NJ3=NI3~NJ2-NJ1 '

CALL ZEROZ(CMAT4, 4*NDIM&IXNDIM4J)

CDET =1
INITIALIZE PRODUCT ACCUMULATOR

NPR=3

NJ1M1=NJ1~1

NJ1lL=NJ1

IFINJ2+NJ3.GE.1) GO TO 95

NJ1L=NJlL~-1

NPR=1

DO 155 M=1,NJ1L
INDEX ACROSS CoOL

MP1l=M+]

FMAX=CDABS (CMATL(M,M))

K=M

IF(MP1.GT.NI1) GO TO 105

DO 100 I=MP1,ANIl
LOCP TC SEARCKF FOR PIVOT IN MTH
CoL

FCK=CDABS(CMAT1 (I,M))

IFIFCK.LE.FMAX) GG TO 100

K=1
IF LARGER ELEMENT FOUND MARK ROW
FMA X=FCK
USE NEW LARGE ELEMENT AS COMPARI-
SON VALUE
CONTINUE
CSTOR=CMATL1(K,M)
SAVE VAL OF PIVOT ELEMENT
CDET=CDET*CSTOR

MULT PIVOT INTO PROD ACCUMULATGR
IF(K.EQ.¥) GO TC 115

IF PIVOT CN DIAG SKIP ROW EXCH
CDET=—-CDET

CHANGE SIGN BECAUSE OF ROW EXCH
DO 110 J=M,NJ1

LOOP TO EXCH DIAG AND PIVOT ROWS
CSTO=CMATL(K,J)
CMAT 1{ K,y J)=CMATL(M,J)
CMAT1 (M, J)=CSTC
CONTINUE
IFINJ3.LT.1) GO TO 115
DO 112 J=1,NJ3
CSTO=CMAT3(K,J)
CMAT3(KyJ)=CMAT3(M,J)
CMAT3(M,J)=CSTO
CONY INUE
CONTINUE
IF(MP1.GT.NI1) GO T0 155

53
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DO 150 I=MPl,NIl
CFAC=CMAT1(1I,M)/CSTOR

ELIMINATICEN LOOP FOR CMAT1

ELIMINATION FACTOR
IF(MP1.GT.NJ1) GO TO 125
DO 120 J=MP1l,NJ1

LOGP ACROSS ROW IN CMAT3
CMATL(I4J)=CMAT1(I,J)-CMATL(M,J)*CFAC
CONT INUE
IF(NJ3.LT.1) GO TO 150

DO 130 J=1,NJ3
LOCP ACROSS ROW IN CMAT3

CMAT3( I, J)=CMAT3(I 4J)-CMAT3( N, JI*CFAC

CONT INUE

CONTINUE

CONTINUE

NI4=NI1-NJ1

IF(NI4.LE.O) GO TC 290

BEGIN ROUTINE VO CREATE/'DIAGONALIZE®' CMAT4

NPI V=Nl 4
IFINI4&.GT.NJ2) NPIV=NJ2
DO 250 M=1,NPI1V

MP 1=M+1
FMAX=CCABS(CMAT2(1,M))
K=1

IFINI2..T7.2) GO TO 205
DO 200 1I=2,N12

LOCP TO SEARCK FOR PIVAOT IN MTH

coL
FCK=CDABS{CMAT2(1I,¥))
IF(FCK.LE.FMAX) GC TC 200

K=1
IF LARGER ELEMENT FOUND MARK ROW
FMAX=FCK
USE NEW LARGE ELEMENT AS COMPARI-
SON VALUE
CONTINUE
CSTOR=CMAT2(KsM)
SAVE VAL OF PIVOT ELEMENT
COET=CDET*CSTOR
MULT PIVOT INTO PROD ACCUM
CDET=-CDET

CHANGE SIGN OF DETERM BECAUSE OF
EXCHANGE FROM CMAT2 TO CMAT4

DD 210 J=M,NJ2

LOOP YO EXCHANGE DIAG AND PIVCT R

RGWS
CSTO=CMAT4(M,J)
CMAT4 (M, J)=CMAT2(KyJ)
CMAT2(Ky J)=CSTC
CONTINUE
K3=K+N]1l
M3=NJ1+M
IF{NJ3.LT.1) GO TO 213
DO 212 J=1,NJ3
CSTO=CMAT3(K3,4)
CMAT3(K3,J)=CMAT3 (M3,J) 54

INDEX ACROSS COL FOR CMAT4 DIAG
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CMAT3(M3,4)=CSTO
CONY INUE
IFINI2.LT.1) GC TC 290
DO 250 I=1,NI2
LOOP TO CARRY ELIMINATION INTO
CMAT2
I3=NI1+1
CFAC=CMAT2(I, M)/CSTOR
IF(MP1.GT.NJ2) GO TC 242
DO 240 J=MP1l,NJ2
LOCP ACROSS ROW OF CMAT2
CMAT2( 19 J)=CMAT2(1 4 J)=CMAT 4( M, J)*CFAC
CONTINUE
IF(NJ3.LT.1) GO TO 250
00 245 J=1,NJ3
LOOP ACROSS ROW OF CMAT3
CMAT3(13,J)=CMAT3(13,J)-CMAT3(M3,J)%CFAC
CONTINUE
CONTINUE

END ROUTINE TO *DIACGONALIZE® CMAT4

IF(NI4.GE.NJ2) GO TO 390
IF DIAGONAL DOES NOT PASS THRU
SKIP CIAGONALIZATICON FOR CMAT2

BEGIN ROUTINE TO °*CIAGONALIZE' CMAT2

NI4P1=NI4+1

NJ2L=NJ2

IF(NJ3.GE.1) GC TC 295

NJ2L=NJ2L~-1

NPR=2

DO 350 M=NI4P1,NJ2L

MI=M-NI4

M3=MI+NI1l

MP 1=M+]

MIP1=M]I+1

FMAX=CDABS {CMAT2(¥I,4M))

K=M]

IF(MIP1.GT .NI2) GO TO 305

DO 300 I=MIP1,NI2
LOCP TO SEARCH FOR PIVCT IN MTH
coL

FCK=CDABS(CMAT2(1I,¥))

IF(FCK.LE.FMAX) GO TO 300

K=1
IF LARGER ELEMENT FOUND MARK ROW
FMAX=FCK
USE NEW LARCE ELEMENT AS COMPARI-
SON VALUE
CONTINUE
CSTOR=CMAT2(K M)
SAVE VAL CF PIVOT ELEMENT
K3=K+NI1
CDET=CDET*CSTOR

MULT PIVOT INTGC PRCD ACCUMULATOR

IF(X.EQ.MI} GO TC 315
IF PIVOT ON DIAG SKIP ROW EXCH
COET=-CDET

55 CHANGE SIGN BECAUSE OF ROW EXCH
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DO 310 J=MyNJ2
CSTO=CMAT2(K,J)
CMAT2( Ky J)=CMAT2(MI4J)
CMAT2(MI»J)=CSTO
CONTINUE

IF(NJ3.LT.1) GO TC 315
DO 312 J=1,NJ2

CSTO=CMAT3 (K3 ,J)
CMAT3(K3,J)=CMAT3(M3,))
CMAT3(M3,J)=CSTO

CONTINUE

CONTINUE

IF(MIPL.GT.NI2) GO TO 390
DO 350 I=MIP1,NI2

I3=1I+NI1
CFAC=CMAT2(1I,M)/CSTOR
IF({MP1.GT.NJ2) GO TO 335
DO 330 J=MPl,NJ2

LOOP FOR EXCH IN CMAT3

ELIMINATICA LOOP

LOCP ACROSS ROW OF CMAT2

CMAT2( 19 J)=CMAT2(19J)-CMAT2(MI,J)*CFAC

CONTINUE
IF(NJ3.LT.1) GO TC 350
DO 345 J=1,NJ3

LOCP ACROSS ROW IN CMAT3

CMAT3(13,J)=CMATI(I3,J)-CMAT3(M3,J)*CFAC

CONT INUE
CONTINUE

BEGIN RCUTINE TO *'CIAGONAL IZE*

NJ3M1=NJ3~-1
IFI(NJ3ML.LT.1) GO TC 455
DO 450 M=1,NJ3M]

MPl=M+]

MI=M+NJL1+NJ2

MIP1=MI+1

FMAX=CDABS (CMAT3(MI,M))
K=M1

IF{MIP1.GT .NI3) GO TO 405
DO 400 I=MIP1,NI3

FCK=CDABS(CMAT3(IM))
IF{FCK.LE.FHAX) GO TO 400
K=

FMAX=FCK

CONT INUE

CSTOR=CMAT3(K,M)
CDET=COET*CSTOR
IF(K.EC.MI) GC TO 415

CDET=-CDET

CMAT 3
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INDEX ACRQOSS COL

LOCP TC SEARCH FOR PIVCT IN MTH
coL

IF LARGER ELEMENT FOUNC MARK ROW
USE NEW LARGE ELEMENT AS COMPARI-
SO VALUE

SAVE VAL CF PIVOT ELEMENT

MULT FIVOT INTO PROC ACCUMULATOR
IF PIVOT ON DIAG SKIP ROW EXCH
CHANEGE SIGN BECAUSE OF ROW EXCH

01760
01770
01780
0179/
01800
01805
01810
01820
01830
01840
01850
01860
01900
C1910
01920
01930
€1940
01950
01960
01970
01980
01990
02000
02005
02010
02020
02030
02040
02060
0207¢
2080w’/
02090
02100
02110
02120
02130
02140
02150
02160
02170
02180
02150
62200
02210
02220
02230
02240
02250
02260
02270
02280
02290
02300
02310
02320
02330
0234(
c2350
02360

02370
02380



410
415

445
450
455
461

462
463

DO 410 J=M,NJ3
LOOP TO EXCH DIAG AND PIVCT ROWS
CSTO=CMAT3(Ky J)
CMAT3(Ky J)=CMAT3(MI,Jd)
CMAT3(MI,J)=CSTO
CONTINUE
CONT INUE
DO 450 I=MIP1l,NI13
ELIMINATICN LCOP
CFAC=CMAT3(1,M)/CSTOR
DO 445 J=MPLl,NJ3
LOOP ACROSS RCOW IN CMAT3
CMAT3(1,J)=CMAT3(],J)-CMAT3(MI,J)*CFAC
CONTINUE
CONT INUE
GO TO (461,462,463), NFR
COET=CDET*CMATI(NI 1,NJ1)
RETURN
COET=CDET*CMAT2(NI2,NJ2)
RETURN
COET=CDET*CMAT3(NI3,NJ3)
RETURN
MULT LAST ELEMENTY INTC DETERM
END
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02390
02400
02410
02420
02430
02440
02480
02490
02500
02510
02520
02530
02540
02550
02570
0251712
02574
02576
02578
02582
02584
02600
02590
02610
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SUBROUT INE SPRSLV (CMAT14NI 19 NJ1oNDIM1I,NDIMLJ9CMAT2,NI2,NI2yNDINM2]
19yNDIM2J9CMAT3,NDIM3I4NDIM3Jy CMAT4yNDIM&I ¢yNDIM4JsCRHSoC SCLN)

SUBROUTINE TO BACKSCLVE A TRIANGULARIZEC SYSTEM OF SPARCELY-
COUPLED LINEAR EQUATION

BY L W PEARSON 7/74

REVISED 5/75

STORAGE FORM COMPATIBLE WITH THE TRIANGULARIZATION RCUTINE SPARCE

THE ENTRY *HOMSLV® BELCW ALLOWS THE SCOLUTION FOR NATURAL VECTORS
OF HOMOGENEOUS SYSTEMS PROVIDED THE DETERMINANT OF THE SYSTEM IS
ZERO

IMPLICIT COMPLEX*16(C)REAL*8(AyByD-HyC-2)

DIMENS ION CMATL1 (NDIMLIsNOIM1J)y CMAT22(NDIM2IoNDIM2J) CMATI(NDIM3I N
10IM3J) yCMATL (NDIMSLIJNDIM4J ) s CRHSINDIM3I)yCSOLNINDIM3I)

LOGICAL LHOM

SETUP FOR INHCMOGENECUS SYSTEM

LHCM=_.FALSE.
SET INDICATOR FOR INHOM ENTRY

NI3=NI1e¢NI2
NO ROWS IN COUPLING SUBMATRIX
NJ 3=NI 3-NJ1-NJ2

NO CF COLS

NI4=NI1-NJ1
NO ROWS IN SECONDARY COUPLING
SUBMATRIX

ND2=NJ2-N14
NO OF DIAGCNAL TERMS GF MATRIX
IN CMAT2

NPR=3

IF(NJ3.LT.1) NPR=2
SET INDICATOR FOR NULL CMAT3
DEGENERACY
IFINJ34NJ2.LT.1) NPR=1
SET INDICATOR FOR NULL CMAT2 &
CMAT3
GO TO (81,82,83) 4 NPR
GO MAKE FIRST DIVISION FOR RIGHT-
MOST MATRIX
CSOLN(NI3)=CRHS(NI3)/CMAT1(NI1,NJ1)
GO TO 10¢C
CSOLN(NI3)=CRHSINI2)/CMAT2(NI2,NJ2)
GO TC 100
CSOLN(NI 3)=CRHS(NI3)}/CMAT3(NI3,NJ3)
SOLVE FOR 'LAST®' UNKNCOWN
GO YO 100
GO TG SCLN ROUTINES

END OF SETUP FOR INHCM SYSTEM
BEGIN ENTRY/SETUP FOR HOMOGENEQOUS SYSTEM

ENTRY HOMSLV(CMAT1,NI1yNJLoNDIMIIyNDIMLIJ,CMAT24NI2yNJ2 NDIM2I,NDIM
L2JyCMAT3 yNOIMITI yNCIN3IJoCMATS 9yNCIMGIyNCINM4), CSOLNyNCORD)

LHCM= .TRUE.

ss LOGICAL INDICATOR FOR HOMOGEN SYS

Q0010
00020
00030

00040"/

00050
00052
00054
00056
00060
00070
00089
00090
gc100
00110
00120
00130
00140
00150
¢C160
00170
00180
00190
00200
00210
00220
00230
00240
00250
00260

00270
00280~

00290
00360

00320
00330
00340
00350
00360
00370
00380
00390
00400
00410
00420
GC430
00440

~/
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200

212 2 K2

NI3=NI14NI2
NJ3=NI3=NJ1-NJ2
NI4=NI1-NJ1
ND2=NJ2-NI4&

CSOLN(NI3) =1
ASSIGN ARBITRARY ELEMENT IN SCL'N

END SETUP FCR HOMCGENECUS ENTRY
BEGIN BACKSOLVE FOR EQUATIONS INVOLVING ONLY CMAT3 (LAST NJ3 EQS)

FMAX=CDABS(CSOLN(NI3))
IMAX=NI3
IF(NJ3.LT.2) GC TC 200
SKIP ROUTINE IF ONLY LAST VARIABL

COUPLES (IT WAS SOLVED/ASSIGNED
ABOVE)
00 150 IC=24NJ3
ICM1=IC~1
I=NI3~1IC+1
I=NI3-IC+1
CALC MATRIX ROW INDX FROM
COMPLEMENTARY INDX
JO3=I-NJ1-NJ2
COL INDX FGCR CMAT3 WHICH DEFINES
DIAG CF MATRIX
CSUM=0
00 110 J3C=1,ICM]
LOOP TO ACCUM NEGATIVE SUM OF
PREVICUSLY CALC'D UNKNS
J3=NJ3+1-43C
COL OF COEF IN CMAT3
J=NI3+1-J3C
ROW OF UNKN IN CSCLN
CSUM=CSUM~CMAT3 (1,J3)*CSOLN(J)
CONTINUE
IF( «NOT .LHOM) CSUM=CSUM+CRHS(1)
ADD R H S TO SuM
CSOLN(T)=CSUM/CMAT3(1,4D3)
DIVIDE BY DIAG COEF
IF (CDABS(CSOLN(I)).LE.FMAX) GO TO 150
FMAX=CDABS{CSOLN(I)})
IMAX=1
CHECK FOR MAX ELEMENT
CONTINUE

BEGIN ROUTINE TO SCLVE FOR ELEMENTS INVOLVING CMAT3 € CMAT2

IF(NJ3.GE.NI2) GO TO 300
SKIP ROUTINE IF DIAG DOES NOT
PASS THRU CMAT2 :

00 250 IC=1yND2

ICM1=IC~-1

12aNI2-NJ3+1-1C

I3=NI3-NJ3+1-1C

JD2=NJ 2+ 1-1IC

NCM1=NJ3+1C~-1

CSUM=0

IF(NJ3.LT.1) GO TO 215

00 210 JC=1,NJ3

' LOOP TO SUM CONTRIB FROM CMAT3

59

00450
00460
00470
00480
00490
00500
go510
60520
00530
00540
00550
00560
00570
00580
00590
00600
00610
00620
00630
00640
00650
00660
00670
cc680
00690
00700
00710
00720
00730
00740
00750
00760
00770
00780
00790
00800
00810
00820
00830
00840
00850
00860
00870
gos8so
00890
00900
00910
00920
c0930
00940
00950
00960
00970
00980
00990
01000
C1010
01020

01030
01040



J3=NJ3+1-JC 01650 -

J=NI3+1-JC 01060
CSUM=CSUM=CMAT3 (13,J3)*CSOLNJ) 01070

210 CONTINUE 01080~/
215 IF(ICM1.LT.1) GO TO 225 01090
c SKIP IF NO TERHS CONTRIB FR CMAT2 01160
DO 220 J2C=1,ICM1 01110
J2=NJ2+1-42C 01120
J=NI3-NJ3+1-J2C 01130
CSUM=C SUM=CMAT2( 1 2,J2) *C SOLN{J) 01140
220 CONTINUE 01150
225 IF{.NOT.LHOM) CSUM=CSUM#CRHS{I3) 01160
CSOLN(I3)=CSUM/CMAT2(12,402) 01170
IF (CDABS (CSOLN(I3)).LE.FMAX} GO TO 250 01180
FMA X=C DABS{CSCLN(1I3)) 01150
IMAX=] 012060
250 CONTINUE 01210
01220
BEGIN ROUTINE TO SOLVE FOR ELEMENTS INVOLVING CMAT3 ECMAT4 21230
1240

(2 X2 K3l

300 IF(NI4.LT.1l) GO TC 400
DO 350 1C=1,NI4

aan

14=NI4+1~-1C 01260
JD4=14 012170
I3=NI1+1-1C 01280
CSUM=0 01290
IF{NJ3.LT.1l) GO TO 315
DO 310 J3C=1,NJ3 Cl300
J3=NJ3+1-J3C 01310
J=NI3+1-J3C . 01320
CSUM=CSUM=CMAT3(13,J3)*CSOLN(J) . 01330
310 CONTINUE ’ 01340
315 NSUBS=ND2+1C~1 01350
C NO CF NON-DIAG CMAT4 EL'S IN EQ 01360
IF(NSUBS.LT.1) GO TO 325 01370
DO 320 J4C=1,NSUBS 01380
Ja4=NJ2+1-J4C 01390
J=NI3~NJ3+1-J4C Cl400
CSUM=C SUM=CMAT4(I4,J4)*CSOLNUJ) Clel0
320 CONTINUE 01420
325 IF(.NOT.LHOM) CSUM=CSUM+CRHS(I3) C1430
CSOLN(I3)=CSUNM/CMAT4{14,14) 01440
IF(CDABRS(CSOLN( I3)3.LE.FMAX) GO TO 350 01430
FMAX=CDABS(CSCLNI{I3}) Cl460
IMAX=13 01470
350 CONTINUE ’ 01480
01490
BEGIN ROUTINE TC SCLVE EGQ*S INVOLVING CMAT3 €& CMAT1 €1500
01510
400 IF(NJ1.LT.1) GC TQ 455
DO 450 IC=1,NJl 01520
I=NJ1+1-1C 01530
ICM1=]IC-1 C1540
CSUM=0 01550
IFINJ3.LT.l) GO TO 415
DO 410 J3C=1,NJ3 01560
J3=NJ3+1-J3C L5872
J=NI3+1-J3C 0158&"}
CSUM=C SUM=CMAT3(1,J3)%«CSCLN(J) 01595
410 CONTINUE 01600

415 IF(ICM1.LT.1) GC TC 425 60 Ci&10



420

425

-

OO00A o000

450

455

500

DO 420 JC=1, ICM1

J=NJ1+1-JC

CSUM=C SUM=CMAT1(1,J)*CSCLN(J)
CONTINUE

IF(.NOT.LHOM) CSUM=CSUM+CRHS (I)
CSOLN(I)=CSUM/CMATI1(I,I)

IF(CDABS (CSOLN(I)).LE.FMAX) GO TO 450
FMAX=CDABS(CSCLN(I))

IMAX=]

CONT INUE

END OF SOLUTION

IF{ .NOT.LHOM) RETURN

RETURN IF INHOM SYSTEM

BEGIN NORMALIZATION ROUTINE FOR NATURAL VECTCR FOR HOMCGENEOUS

CASE

CSCALE=1./CSOLN{IMAX)

DO 500 I=1,NI3
CSOLN(I)=CSOLN(I)*CSCALE
CONTINUE

RETURN

END
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01620
01630
01640
01650
01660
01670
Cl680
01690
01700
01710
gl720
01730
01740
g11750
01760
01770
01780
01790
1800
01810
01820
01830
C1840
01850
C1860
0187¢



100

SUBRJUTINE FOPYZ(X,YeN)
DIMENSION X(1),Y(1)

DD 100 I=1,N

X(1)=yY(1)

CONTINUE

RETUIN

FND

62

09340/
09350
09360
09370
09380
09390
09402
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100

SUBRDUTINE ZEROZ(TIARRAY,N)
DIMENSION TARRAY(1)

DD 100 I=1,N

TARRAY(1)=0

CINTINUE

RETURN

END

63

09410
09420
09430
09440
09450
09469
0947¢C



100

200

SURROUTINE OWEDDL(FCNyNyDELTA,VINT)
IMPLIZIT REAL*8(A-H,N-7)

COMPLEX*16 FCNyCyVINT

DIMENSTON FCN{N)

DIMENSION ZNEF{6)

DATA COEF/24D0¢95.0091N046.D0y1.D045.D0/
IF((N-1)/6%6.EQ.N=1) GN TO 100
WRITE(6,1)

FORMAT (*OINCORRECT PNINTS T3 WEDDLE')
A=1/0

CONTINUE

VINT=0

D3 200 J=1,4N

JCOEF=J=-({J-1)/6) %6
VINT=VINT+COEF(JCOEFI*FCN(J)

CINTINUE

VINT=(VINT-FCN{1)~-FCN(N) )} *(0.3D0090,D0} *DCMPLXI(DELTA,0.D0)

RETURN
END
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09510
09520
09530
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09580
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N9610
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QZANLYT....OQ.OD.‘....0..00..0".’.......0......"‘..0..’.0...0.....0..2AN09670
ZAN0O9580

FUNCTION - DETERMINATION OF ZERQS OF AN ANALYTIC COMPLEX ZAN09690
FUNCTTION USING MULLER'S METHOD WITH ZANDO9700

DEFLATION ZANO9710

USAGE CALL ZANLYT (FyEPS,NSIGyKNyNGUESS,)NyX, ITMAX, ZAND9720
INFER,TER) ZANDST730

PARAMETERS A FUNCTION SUBPROGRAM, F(Z)y WRITTEN BY THE ZANBST40
USER SPECIFYING THE EQUATION WHCSF ROQTS ZANO9750

ARE TN BE FCUND. ¥ MUST BF TYPE-NAMED AS ZANO9760

FOLLOWS - COMPLEX FUNCTION Fx16 (Z) ZANN9T70

1ST STOPPING CRITERICN., A ROCT Z IS ACCEPTEDZANN9TS8D

IF ABSTLUTE VALUE QOF F(Z) .LE, EPS (INPUT) ZANO9790

= 2ND STOPPING CRITERION, A RNLT IS ACCEPTED ZAN09800

IF TWO SUCCESSIVE APPRCXIMATIONS T0 A GIVEN ZANO9810

RODT AGREE IN THE FIRST NSIG DIGITS. (INPUT)ZANOS820

NATE. IF EITHER CR BCTH NF THE STNPPING ZANQ09830

FRYITERIA ARE FULFILLED, THF RNC™ IS ZAND9840

ACCEPTED, ZANNDI8S5D

THE NUMBRER CF KNCWN ROCTS WHICH MUST BE STOREDZANO986N

TN X{1)yeeesX{KN), PRICR TN ENTFY TO ZANLYT ZANO98TD

- THE NUMBER OF INITIAL GUESSES PROVIDFD. THESE ZANNG880

GUESSES MUST RF STORED IN X(KN#+1)yeoeey 2ANO989D

X(KN+NGUESS) AND NGUESS MUST BE SET EQUAL ZAND930)

TC ZERD IF NP GUESSFS ARE PPOVIDEN. (INPUT) ZAND9910

THE NUMBER NF NEW ROCTS TO RE FOUND BY ZAND9920

ZANLYT (INPUT) ZANN9930

A LONG-WORD COMPLEX VECTMR ARRAY TF LFENGTH LANQ9940

eGEe 3H(KN#N) e X{1)yeeayX(KN) ON INPUT ZANOS9950

MUST CONTAIN ANY KNOWN FOOTS. X(KMN+1)jgeeey ZAND9960

X{KN+#N) ON INPUT MAY, AT THE USFR'S CPTICN, ZAND9SOTN

CONTAIN INITIAL GUESSES FNR THE N NEW LAN0O998D

ROOTS WHICH ARE TC BE COMPUTED, N NUTPUT, ZANN9990

XOKN#1 ) yauay XOKN#N) CONTAIN ETTHEP A ROPT  ZAM100OD

CORRECY TO WITHIN A CONVERGENCE CRITFRCN ZAN100O10

CR THE VALUE(12345678.12345678N+0,12345678. ZAN10020

12345678D+0) INDICATIVE OF A FATLURE TO ZAN10030

ATHTEVE THE SPECIFIED CNNVERGENCE FNR THAT ZAN1004S

RONT, SAY X{KN+J). IN THE LATTEF CASF, THE ZAN100S50

MOST RECENT APPROXIMATION TO X(KN+J) 1S ZAN1IDODG6D

AVATLABLE IN X(ISUR)y, WHERF ISUR=2%x({KN+N)+J ZANLNQTN

= THE MAXIMUM ALLCWARLE MUMPER CF ITERATINNS ZAN1008D

PER ECRAT (INPUT) ZAN10D9D

AN INTEGFR VECTCP CF LENGTH .CF. KN+N. ON ZAN101GO

OUTPUT TNFER{J) CONTAINS THE NUMBER NF ZAN1011D

JTERATIONS USED IN FINDING THE J-TH RCOT ZAN1C120

WHEN TOMVERGENCFE WAS ACHIEVED. IF Z2N10130

CONVFRGENLCE WAS NCT CRTAINFD IN ITMAX ZAN10140

ITERATIONS, INFFR(J) WILL CONTAIN ITMAX+1 LAN1C150

(nuTPyYT™) LAN101 6D

FRROR PARAMETER (NUTPUT) ZAN10170

r WARNING FRROR = 32 + N ZAN1018"
r N =1 FATLURE T0 CONVERGE WITHIN ITMAX LANIGYI 9N
C ITFRATIONS FOR ONF OF THE (M) MFW ROATS TR ZAN10O20D
C BE FOUND ZAN10210
c PRECISION pouRLE ZAN106220
r REQ'D IMSL ROUT INFS - UERTSY ZAN1023¢C
r AUTHOR/IMPLEMENT(R To Go JAHNSCN/L. Lo WILLTAMS LAN10249
r L ANGUAGE FORTRAN ZAN1IO25D
Co'.ooo---.. ORS00 00N s 00t sPNsBRLEONSIOLIBIRIOIOSTOIRITOROBLORLEOBE S ..-..-........ZéNlO?.GC
c LATEST R - SEPTEMRER 1, 1971 LAN1027D

65
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X{TITEMP)

SUBROUTINE ZANLYT

COMPLEX*16

DOURLE PRECTSTON
DIMENS ION

1ER = 0

ONE =

EPS1 =

1COND = 0
IROMB = 0O

MB1 = KN+1

M2 = KN+N
LSTART = MA2+1

MP5 = MRI+NGUESS
D) 2 1 = MPG,MB2
X{1) =
L = MB1
IF (KN EQ.
DG 3 1 = 1,KN
INFER(TI) = O
YTEMP = MR2+41
X(ITEMP) =
ITEMP

X{1)
JK =0

D7 = CDABS(X(L))
IF (QZ .LE,.

RT =
ASSIGN 15 TN NN
GY T3 135

X0 = FPRT

RY =
ASSIGN 20 TN NN
G0 TN 135

X1 = FPRT

H = X{L)=RT

RT = X{L)
ASSIGN 40
(Y Y3 135

TO NN

R = =-0ONE
ASSIGN 30
50 TN 138
X0 = FPRT
RT = NONE
A5ST5N 35
373 TY 11325
X1 FPRT
9T
M = =NDNE

ASSIGN 40 TN NN
51 7Y 135

X2 = EPPT

D =

TO NN

O NN

"

"

Ny
T
T2

ONE + D
XA %D%D
X1%#DD*DN

X(1)
MB2+ITEMP

(FyEPSyNSIGyKNyNGUESSyNy Xy ITMAX, INFER, IER)
X{1) yONE Dy DD +DENIDY yFPRT,,FRT,

H'RT'T".Q’.Z' T39TEMQXOQ XI'XZQR! 'FQXX
NZ,FPS,EPS]

INFER( 1)

(1.00+00, 0, 0D+00)
10.0D+00**(-NSTG)

SET NUMBER DF ITERATIONS

(0.D+04y0.D+0)

0) GO TN 5

1.0D-15) GO TH 25

RRCT ESTIMATE NOT EQUAL TO ZERG

{«9D0+00, N.0D+00) *X( L)

ROOT ESTIMATE EQUAL TOQ ZFRD

("0.50*00,0-”0"‘00,

BEGIN MAIN ALGORTITHM

66

ZAN1G283
LAN102S0
ZAN10320D
ZAN10310
ZAN10320
ZAN10330
ZAN10340
ZAN10350
ZAN10360
ZAN10370
ZAN10380
ZAN10390
ZAN10400
ZAN10410
LAN1042C
ZAN10430
ZAN10440
LAN10450
1AN10460
ZAN1INATO
ZAN1D480
ZAN1D49D
ZAN10500
ZAN10510
ZAN10O520
ZAN10530
IAN10540
ZAN1055D
TAN1O560
LAN10O570
ZAN10580
ZAN1N59D
LAN10600
ZAN1O610
ZAN10620
ZAN1D620
LANL G640
ZAN10450
LAN10660
ZANYOSGTO
ZAN1D680
IAN10690D

LAN12T700

ZAN10710
ZAN1QT20
ZANLINT30
LAN10T740
ZANINTS)
ZAN10760
ZAN10D770
LANINT8D
LAN10790
ZAN1IN8DD
ZANLNB1D
2aN10820
24M1083D
LAN1 0840
ZAN108350
ZAN1086D
ZAN1D8T0
ZAN10R 8D
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60
65

70
75

80

CIF (QZ .LE.

XX = X2%DD

T3 = X2%D

Bl = T1-T2+XX+T3

DEN = BI®BI=(4.0D40,0.D4+0) *{XX*T]1~-T3%{T2~XX))

USE DENOMINATOR CF MAXIMUM AMPLITUDE

Tl = CDSQRT(DEN)
T2 = Rl + T1
T3 = B - T1
0Z = CDABS(T2) - CDARS(T3)
IF (QZ .GE. D) GO TO 60
DEN = T3
GO TO 65
DEN = T2
TEST FOR ZERC DENOMINATOFR

CDABS(DEN)
cGTo 1.0—15’
ONE
((=-2.7D400,0.ND+00)*XX)/DEN
DI * H

RT + H

QZ =
IF (92
DEN =
DI =
H =
RT =

GO TN 75

CHECK CONVERGENCE OF THE FIRST KIND

CDABS{H/RT)
EPS1) 60 TN
ASSIGN 85 TP0 NN

QZ =
100

62 T 135

85

90

95

100
105

110

115
120
125

QZ = CDABS(FPRT )-CDABS(X2*(10.000,0.0D0))
IF (02 .LT. 0.D+0) GN TN 95
TAKE REMEDIAL ACTION TO INDUCE
CONVERGENCE
DT = DI*(0.5D+00,0.0D+00)
H = H¥{0.50+00,0.0D+00)
RT = RT=H
G2 7] 135
X0 X1
X1 X2
X2 FPRT
D = DI
50 T0 50

A ROOT HAS REEN FOUND
FRT = F(RT)
X(L) = RT
TTEMP = MB2+L-IBOMR
X{ITEMP) = RT
ITEMP = MB24MR2+L
X(ITEMP) = RT
CHECK TO SEE TF COMPLEX-CCNJUGATE
1S ALSC A RNOT
IF (CDABS(F(DCONJGIX(LI))) .GT. 10.D+0%CDABS(FRT)) GO TC 115
QZ = CDABSIX{L)=- DCONJRIX(L)))
IF (ICONJ .NE. 0 .NR, 0Z .LT. 1.00-8) GO TC 115
TSTART = L+2
TNSERL = L+l
D2 110 INSERT = ISTART,MR2
XCINSERT) = X(INSER])
TNSER1 = INSERT
X(L+1) = DCINJGIX(L))
ICINY = 1
67 TY 120
1FONY = 0
SONTINUE
INFER(L) = JK
67

ZAN10890
LAN10900
ZAN1091)
ZAN10920
ZAN10930
ZAN10940
ZAN10950
ZAN10960
ZAN19970
LAN10980
ZAN1099)
ZAN1100C
ZAN11010
ZAN11020
ZAN11030
ZAN11040
ZAN11D5)D
ZAN11060
ZAN11D70
ZAN11080
ZAN11090
ZAN11100
ZAN11110
ZAN11120
ZAN1113D
ZAN111 40
ZAN1115D
ZAN11160
ZAN11170C
ZAN11180
ZAN11190
ZAN11200
ZAN11210
ZAN11220
LAN11230
LAN1124D
ZAN11250
ZAN11260
ZAN11270
ZAN11280
ZAN11290
ZAN1130D
ZAN11310
ZAN11320
ZAN11330
ZAN11340
ZAN11350
ZAN1136n
ZAN11370
ZAN11380
ZaN11390
ZAN11400
ZAN1141)
ZAN11422
ZAN11430
ZAN11440
ZAN11450
ZAN1146D
ZAN114T70
ZAN11480
ZAN11490



12 Ee ]

5O

130
135

140

145

150

160

170
175

180

185
9000

9505

5 3L =

L = L+l
IF (L .LE. MB2) GO T §
RETURN TO CALLIMNG PROGRAM
30 TD 185
JK = JK+1
IF (JK .GT. ITMAX) GO TO 180
FRYT = F(RT)
FPRT = FRT
TEST TO SEE IF FIRST RNOT IS BEING
DETERMINED
IF (L .EQ. 1) GO TN 160
IF (L LE. IBOMB+1) GO TO 160
COMPUTE DENCOMINATOR FOR MDCIFIED
FUNCTION

LIMUP = MB2+L-IBCMB-1
DI 150 1T = LSTART,LIMUP

TEM = RT - X(1)

0Z = CDABS(TEM)

IF (0Z .LY. 5.0D0-15) GN TO 175
FPRT = FPRT/TEM

CHECK CONVERGENCE NF THE SECOND KIND

QZ = CDABS(FRT)
IF (0Z .GE. EPS) GO TO 170
CDABS(FPRT)
1F (92 .LT. EPS} O TD 105
50 TD NNy(15,20,30,35,40,85)
RT = T * (1.0000010+40,0.0D+0)
67 TN 135

WARNING FERRLCR; [TMAX = HMAXTIMUM
1ER = 33
INFER(L) = ITMAX + 1
1AOMA = IROM8 + 1

XIL) = (12345678.12245678D0+40,12345678, 123425780+ 0)
ITEMP = MB2 + MR2 4+ L

K{ITEMP} = RY

L =1L+

IF (L «LE. MR2) ¢CO TN &

IF (IER LED. 0) 50 T2 9005

CONTINUE

CALL UERTSTITFER *ZANLYT® ]

RETURN

END

68

ZAN1150C
ZAN1151 0w’
ZAN11520
ZAN11530
ZAN11549
ZAN11550
ZAN11560
ZAN11570
ZAN11580
ZAN11590
ZAN11600
ZAN11610
ZAN11620
ZAN11630
ZAN11640
ZAN11650
ZAN11660
ZAN11670
ZAN11680
ZAN11690
ZAN11700
ZAN1171)
ZAN11720
ZAN11730
ZAN11740
ZAN11750
ZAN11760
ZANL1770

ZAN11780~

ZAN1179)
ZAN1180C
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ZAN11820
ZAN11834
ZAN11840
ZAN11859
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ZAN11880
ZAN11890
ZAN11500
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.UERTST...Q......Q..'. ....".‘;.....‘.....O.......O..........'.’........UERIIQZO

- UER11930

FUNCTION ~ ERROR MESSAGE GENERATION UER11940
USAGE -~ CALL UERTST(IER, "NAMEXX!) UER11950
PARAMETERS  IER - ERROR PARAMETER. TYPE + N WHFRE UFR11960
TYPF= 128 TMPLTES TERMIMAL ERROR JER11970

64 IMPLTES WARNING WITH FIX UER1198)

32 IMPLIES WAPNING UER 11990

N = FRRCR CODE RELEVANT TO CALLING RCUTINEJER12000

NAMEXX - NAME 3F THE CALLING ROUTINE UER12010
AUTHOR/IMPLEMENTER = PEDER SVENDSEN UER12020
LANGUAGE - FNRTRAN UER12030
...."..‘........‘...........'...“‘..‘.....'...ﬂ.................'.'Q'UER1204C
LATEST REVISION - JANUARY 19, 1971 IJFR120 50
UER12060

SUBROUTINE UERTST (1ER,NAME) UER12070

c JFR12080
DTMENS TON ITYP(5,4),IRIT(4) UER12090
INTEGER®? NAME (3) UFR12100
INTEGER WARN ,WARF ,TERM, PRINTR YER12110
EQUIVALENCE (IBIT(1),WARND, (IBIT(2),WARF),(IBIT(3),TERM) UFR12120

DATA ITYP JUWARNY JVING 1,0 1yt 't ', UER 12130

* "WARN W VING( ', "WITH! ¢ FIX',?) 1, UER12140

* 'TEPMI, tINALY,? ', ' ', UER12150

* *NPN=* " DEFT®y 'NED t,¢ 'y "/, UER 21 60

* IRIT / 32464,128,0/ ER12170

DATA PRINTR /7 6/ UER 12180
1ER2=1ER YER] 2190

. IF (IER2 .GE. WARN) GO TO § UER12200
e NON=DEFINED UER12210
1ER1=4 UER12220

GO TO 20 UER12230

5 IF (IER2 .LT. TERM) GO 70 10 UER12240

r TEPMINAL UFR1225)
1ER1=3 JER12260

5N T 20 UER12270

10 IF (IFR2 .LT. WARF) GNP TN 15 UER12280

y WARNING{WITH FIX) UER12290
IER 1=2 JER12300

GD TY 20 UER1231)

c WARNING UERP 12320
15 1ER1=1 JER1233D

c FXTRACT IN° UFR12340
20 TER2=1FR2-IRIT(IFR1) UFR12350

c PR INT ERRPR MESSAGE JFR12360
WRITE (PRINTR,25) (ITYP{T,TER1),1=1,5),NAME, IFR2 UER12370

25 FIRMAT(! &€k T M S LUFRTST) %k% 1 ,584,4X,3A2,4X,12) UER12380
RETURY UER1239)

END UER12400



10

20

20

40

70

130

160

230
240

280
290

320

380

430

480
490

SUBRIUTINE BSLJZU{XyFIyNMAX,4,ND,TERR,FJAPRX,RR )

IMPLICIT REAL*8 (A-Hy,0-2)
DIMENSION FJU(1)4FJAPRX(1),RP(1)
NMAXT=NVAX
[TFINMAXTL.GE.N)GO TN 27
IF(DARS(A).LF.1.0D=15)G6N T 10
GD T 20

IFRR =4

RETURN

NMAXAR=TABS (NMAXT)

NMAXT=1

IF(A.GT.0.0)G0 T3 40
IF(DABS(A)LEL.1.0ND=15)6G0 TN 40
I1FRR=1

RETURN

IF(A.LT.1.0)G0 TN 70
TRR=2

RETURN

IF(XeGTe042)G0 TO 130
IERR=3

RETURN

YER2=0
EPSLON=,5D0%10,%%x{-ND)
NMP1=NMAX+1

DY 160 N=1,NMP)
FJAPRX(N)}=0.0
SUM=(X/2)%%A/DGAMMA(] ,+4)
D1=2.,3026D0%ND+1.3863ND0
IF{NMAXTY LEL,0)GN TD 230
¥=.5D0%D1 /NMAXT '
CALL TZ(Y,TANS)
R=NMAXT*TANS

G0 TO 240

R=0.0

Y=.T73576D9%D1 /X

TALL TZ{Y,TANS)
S=1.3591D0%Xx TANS
TRF{R.GT,S)RN TN 280
NU=1+#IDINT(S)

52 T7 290

NU=1+IDINT(R)

M=0

FL=1.

LIMIT=(NU/2)

M=M¢ |

FL=FL*(M#A)/(M+1,.DD)
IFIMLTLIMITIGN TO 320
M= 2 %M

R=0,0

S=Oo’}

DENDOM=2,%(A+N) /X=R
ITF(DABS{DENOM ) oLEL1.0D=15)DENAM=DENNM+],0D-15
R=1,/DENNM

NMAN2=MDD(N, 2)

IF(NMAOD2 .NEL.O)G0 TN 48N
FL=FLX(N+2,D0)/(N+?.%A)
FLMRDA=FL %(N+A)

G0 TN 490

FLMBRDA=0,0

S=R¥{FLMARDA+S)
IFI{NJLE.NMAXT )RR (N) =P 70

00012410
00012420
00012430
00012440

00012450

00012460
0n012470
00012480
00012490
09012500
00012510
00012520
00012530
00012540
00012550
00012560
00012570
n0012580
00012590
00012500
N0012610
00012620
00012630
00012640
00012650
00012660
00N12670
00012680
00012690
00012700
00012710
00012720
00012730
70012740
00012750
00012760
00012770
n9N12780
00012790
00012800
70012812
90012820
00012832
00012840
00012850
00012860
n0012870
00012880
00012899
00012960
00012910
20112920
00012930
00012940
n0012950
00012960
00012970
00012980
00012990
00013200
00013010

~/



560
570

610

640

650

N=N-1

IF{N.GE.1)GC TO 390

FJL1)=SUM/{1.+9)

IF(NMAXT.EQ.0)GD TD 570

DO 560 N=1,NMAXT

FJIN+1)=RR(N) *FJ(N)

DD 640 N=1,NMP]
TF(DABSI{FJ(N)=FIAPRXIN)I/FJI(N)).LELEP
DI 610 M=1,NMP1

FJAPRX{M)=FJ (M)

NU=NU+5S
G0 Y0 290
CONTINUE

IF{NMAX.GE.O0) RETURN
FJ(2)=2.%A*FJ (1) /X=-FJ(2)
TF(NMAXAB.EQ.1)RETURN

D) 650 N=2,NMAXAR
FI(N#L)=2.%(A-N)IXFJIN)/X-FJ(N-1)

RETURN
END

71

SLON)GO TO 640

00013020
00013030
00013040
00013050
00013060
00013070
00013080
00013090
00013100
00013110
00013120
00013130
00013140
00013150
00013160
n0013170
00013180
00013190
00013200
00013210



40
70

<0

110

1490

290
300

450
460

1

SURRIUTINE BSCJZ(XsVoUyVoNMAX oA ¢NDoTERR,UARPRX,VAPPRX,RR1,RR2)

IMPLICIT REAL #8 (A-H,7-2)

DIMENSTON U(100),V(100),UAPPRX{100) VAPPRX{100),RR1(100),

RR2(100)
IF(A.GE.0.0)G0 TO 40
1ERR=1
RETUIN
IF(A.LT.1)G0 TO 70
I1EQR=2
RETURN

IF(XaGT0.0)G0 TO 110
IF(DABS(Y).LE.1.0D-14)GN TO 90
G0 THh 110

1ERR=3

RETURN

IFINYAX.GE.0)GO TO 140

IERR=4

RETURN

1ERR=z0

EPSLON=,500%1 0, %% (-ND)

NMP1=NMAX+]

NN 200 N=1,NMP1
JAPPRX{N)=0.0
VAPPR2X(N)=0.0

‘Y1=DABS(Y)

L2=XEH24 YH%D -
RZ=DSORT (RZ2)
TF(DABS(X).LE.1.0N-14)G0 T 290
PHI=DATAN2(Y1,X)
IF(XeLT.0.2) PHI=3.141592653589793D0 + PHI
57 ™0 300
PHI=]1.570796326794896D0
C=DEXP (YL )*(RZ/2.)%*A/DCAMMA (1.+A)
SUM2=A %PHT - X
SUM1=C*DENS (SUM2)
SUM2=C£DSIN(SUM2)
N1=2.3026D0*ND+1. 386300
IF(NMAX.GT.0)GO TN 380
".=0.0
50 TN 390
PARAM=.5D0%D] /NMAX
CALL TZ(PARAM,TANS)
R=NMAX*TANS
$=1.3591DN*RZ
PAAM=.73576D0*(D1-Y1) /R2Z
CALL TZ(PARAM,TANS)
TELY] .LT.D1) S=S*TANS
IF{R.GT.SIGO TO 450
U=1+IDINT(S)
30 TN 460
NU=1+IDINT(R)
N={
FL=1.
c1=1.
CZ"—O‘
N=V+1
FL=FLA(N+2.%4 )/ (N +1.00)
C=-C1
ClaC2
c2=cC
TFIN.LT.NUIGO TO 500 72

B8SC13220
B8SC13230
8SC13240
BSC13250
BSC13260
BSC13270
BSC13280
3sC13290
BSC13300
BSC13310
3sC13320
BSC13330
BSC13340
BSC13350
8SC13360
BSC13370
3sC13380
BSC13290
BsCi3400
BSC13410
BSC1342D
3sC1343¢C
BSC13440
B8SC13450
BSC13460
BSC13470
BSC13480C
B8SC13490
8SC13500
RSC1351¢C
35C13520
BSC13530
35213540
BS£13550
BSC13560
3SC13570
BSr13580
BSC1359n
BSC 13600
BSC13610
3sC13620
BSC13630
BSF1364D
35013650
BSC13660
RSC13670
BSC13680
BSC13690
85C13700
BSC13710
8sC13720
3sC13730
BSC13740
BSC13750
3SC1376D
BSCL13770
BSC13780
35C13790
BSC138N00
BsCi13s810
85C13820

~/



-

610

770

840
850

860
870
880

920

950

40

R]_:O-O
R2=0,0
S1=0.0
$2=0.0

L={2.,%¥(A+N)-X*R)+Y14%R2)* %24 (X*R24Y] *R] ) %2

AL=(2.%(A+N) ¥ X=RZ2%R1) /C
R2=(2.*%(A+N)XY14RZ2%R2)/C
FL=FLEIN+1.D0)/ (N+2.%A)
C=2.%(N+A)*F|

FLAMB1=Cx%xC)

FLAMR2=C%r?

C=%1

C1==C2

c2=C
S=R1I%X(FLAMB1+S1)-R2x(FLAMR2+S?)
S2=R1*(FLAMB2+S2)+P2%(FL AMB14S1)
S1i=S

IFINJGT NMAXIGD TO 770

RR1 (N) =R1

RR2(N)=R2

N=N-1

IFIN.GE.1)GN TO 610
C=2(1e+SY1)X%24S2%%2

UL )=(SUML*(1.+S1)+SUM2%52) /"
V1) =(SUM2%(1.,.+S51)-SUMI*S2)/C
IF(NMAX.EQ.0)G0 TO 850

DD 84D N=1,NMAYX

UEN+1) =RRI(N)X2UIN)=RR2 (N)%®V(N)
VIN#L)=RRL{N)*V (M )I+RR2(N }%U(N)
IF{Y.LT.0.7)GD T 860

53 T2 880

D2 870 N=1,NMP1

VIN)==VI(N)

D3 950 N=1,NMP1
TEMPLI=(J(N)-UAPPRX (N))*%x)
TEMPL=TEMPL+(VIN)=VAPPRX(N)) *%>
TEMPL=TEMPL/( U{N) *%2+ V(M) %%?)
IF(TEMP] LELEPSLAN)IGN TN 959
DN 920 M=]1,NMP}

JAPPRX (M)=U(M)

VAPPRX (M) =V (M)

NU=NU+5

GD T3 460

CONTINUYFE

RETINRN

END

SUBRIUTINFE TZ(Y,TANS)

AEAL®8 Y,2,P, TANS,DLNG
JF(Y.RT.10.0)G0 TO 40
P=,000057941D0%Y-.001761 4800
P=Y*P+,0208645D0N
P=Y%P-_,12901300
P=Y%D+,85777TD0
TANS=Y%P+1.10125D0

RETURN

=DLAGLY)-. 77500
P=(.77500~-DLOG(Z))/(1.0+7)
TANS=Y/{(1.+P)%7)

RETURY

END
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8SC13830
3SC13840
BSC13850
BSC13860
BST 13870
35€13880
RSC13892
BSC13900
BSC13910
RSC1392¢
RSC13930
8SC13940
835713950
35C13960
BSC13970
3sC13987
35C13990
BSC14000
35C14010
35114020
BSC1403D
3SC 14040
BSC1425)
3SC1406"
BSC14070
BSC14080
38714090
RSC14100
Bscl1e4110
3S5C14120
BSC14130
BSC14140
BST 14150
BSC14160
BSr14170
3Sr14180
BSC1419)
3s5C14207
BSCLl4210
85C14220
BSC1423n
BST14240
BSC14250
3SC 14260
BSC14270
BSCl428n
3ST 14290
35€14300
ASC14310
35714220
BS5C1433)
35714340
RSC14350
ASC1436)
38214370
35C14380
BSr1439r0
BSC14400
BSC1441D
35T 14420
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