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Abstract

A low frequency approximation is made to the Fourier Transtorm
of FMP in the presence of an infinite conducting screen. A circular
aperture is introduced in the screen with air on the shadow side. A
narticular solution of Maxwell's equations is added to a general solu-
tion involving oblate spheriodal coordinates to match the boundary
conditions. Analytical expressions arc given for the ficlds on the
screen, along the axis, in the aperturc and for large distances from

the aperture.
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The electromagnetic diffraction by a circular aperture in a
plane screen between different media was given by D. P: @hgmggl.
He assumed a low frequency incoming wave and no conductivity

in either medium and gave an approxXimate result. C. M. Butler2
generalized the problem to an arbitrarily shaped aperture and
described a numerical procedure by the method of moments but
only gave results for an infinite strip. D. R. Marston and

others found the currents induced in underground cables by EMP.

In this paper we shall assume a thin, infinite, perfectly con-
ducting screen illuminated by a low frequency plane wave. We
seek an exact analytical solution with a conductivity

which is not assumed to be zero in the incident medium.

The physical problem which motivates the study is that of an
electromagnetic pulse (EMP) coming through the ground and enter-
ing an aperture in a silo or a window on a submerged vessel or

underground communication center (see Figure 1).
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Figure 1A EMP Penetration of a Silo
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The Fourier transform of the electric field in the earth of

2 .
a plane EMP whose E is parallel to the surface of the ground

is given as

E
where
E (o) = E;( 1 1 ) 2 cos eo
= E; . — .
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The magnetic field is

ﬁ - kxE
z (w)
where FY
Z(w) = uc(w)
o 5 > . L .
If w<<E, then E and H can be expanded in powers of w®. Retain-

ing only the first two terms,

~

E = Ez z + O(w)
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0
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where

&3]
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- OEZy)x + H; y + O(w)

/Jwe U
2E1(i - l) 9 cos 6
z a B uoc 0

/€ JJwe u
H° = 2E1(l - i) 2 a1 -/—2 cos 8 ) cos 8
X o1 g u U o o o
e o}

HC = 2E1(l - l) € /J—2 sin 8 «cos ©

Y a B o] Ho o o}
For very small w, EO is zero. Let us consider terms of order
w? but neglect terms of order w. Maxwell's equations on the

conducting side of an aperture are then



< . . . .
vxH = 0B, VxE =0, Vv-E =0, v.i =0

L4

This approximation is good if Jw]<<o/e

(5)

Price gives values o = 3 x 10 ° mho/m
e = 10 x 8.854 x 10 *? f£/m
For a frequency of 1 MHz, 2% = .185.

On the shadow side of the screen (z>0) 0=0 and

Maxwell's eguations are

= 0

ta4e
e

VXE = 0 Vx

et 3

=0

e

V-E =0 V-

The tildas will be suppressed from this point on.

The natural coordinates to use are oblate spheroidal coordinates

£, n, &, given in Fig. 2.

o = /xlty? = i Y(E+a?) (n+a“) 0<g<w

g = sign Zz /“‘_—En— _a2<n<o
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Figure 2 Oblate Spheroidal Coordinates
$ is the regular polar coordinate.

The boundary conditions are such that the tangential electric
field and the normal magnetic field are zero on the screen.
Both fields have continuous tangential components at the aper-

ture. The normal component of magnetic induction B is con-

tindous at tHe dperture. Both fields are zero at z = += and
lé z: “OA - . 2120 0 . OA
E = E g = . - = -
Ezz, H (Hx oEzy) + Hyy at z ©,



The boundary condition at the aperture is that the current
flowing into the aperture is the increase of surface charge

at the aperture:

ap .
- = _S = 3 = 9 + R =
JZ (Ornrcb) - Bt prs ]w[EOEZ(Orﬂ:(b) - EEZ(QIU,‘?)]
= oE;(O,n,¢) »
Since we have assumed 9% << 1 this is equivalent to E;(O,n,¢) = 0.

It should be noted that the boundary condition reduces to
E:(O,n,¢) = E;(O,n,¢) if e = EO and 0 = 0. However, if w is
allowed to go to zero first, then the boundary condition
E;(O) = 0 does not reduce to E;(O,n,¢) = E;(O,n,¢) and hence
the solution of the problem with o > 0 does not reduce to the

case of an aperture with both sides in air.

The complete mathematical problem is given as follows:

VxE = 0 VxH = OE

UxBT = 0 vxat = o
—-— +—

v-B2Y = 0 v.8t = o

~~

=




- + -
= = 0
Ex Ex Ex
- + +
E = E E =0
Y Y X
T = E =0
EZ 0 v
H. = H -0
X X Y
- + -
H = H H =0
Y Y 2
- + +
uH=uon Hz—O
At £ = «©, z < 0, At £ = =, z > 0
- +
EX = 0 EX = 0
E =0 E+ =0
Y Y
E_ = E° E. =0
z 2 z
= H E 5 = o
Hx = oy x -
- o] +
H = H H =0
Y Yy Y
- +
Hz = 0 Hz =0

This is a total of 16 equations with 24 boundary conditions.
They are sufficient to determine a unigue solution. The minus
édbééfibt indicates the earth with constants e, u, o. The plus

subscript indicates the shadow side of the screen with constancs

Sl



The procedure to calculate a solution is outlined as follows.

We first formulate the Laplace Equatien in alinse
spheroidal coordinates. Since VxE = 0, then E = =V¢

and V2% = 0. We label

o = o7 if 2

tv
]

¢ = ¢ if =z

I A
o

We separate variables and find separable solutions.

We apply the boundary conditions and determine E.

This can be done without using the " equations.

. > . > >
We split H into three parts, = Hy, + H, + ﬁ3, such

= .
at z = -», H, 1s the

<o o m¥

that ﬁl takes care of Hi and H
complementary solution and ﬁa is the particular solu-
. . . o= > = *
tion satisfying YxH; = ¢E . Then H; = -V®; and
* * * .
H, = -Vg,, where V2o, = V20, = 0. H,, (g = 0) = —cEZy,
and ﬁ? = 0.
We solve for H, using the boundary condition that
uH_ = uOH; at the aperture.

z

We solve for ﬁg without specifying continuity at the

aperture.

We solve for ﬁz without specifying continuity at the

aperture.

We apply the continuity boundary conditions to the

sum of ﬁz and ﬁa and evaluate H. x
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The Laplace équation in oblate spheroidal coordinates is

given by
2 - _4 5 9 4 + a2y 9%
/- 2 2
+ v-n 53 [/-n (n + a?) %%] + o a 3"® _
" (g+a?) (n+a?) a¢?
ed
In order that E;(g = w) = Eg we shall pick a particular

solution for ¢ given by

EO

o zZ
= = = +-—= —_—
o) E z 3 V-£En

Let us look for a separable complementary solution of the

form ¢ = £(£)g(n)h(¢). Then it follows that

;i d X 2 df a2m2 _ f _
£ ‘ag[g (E+a“) d—E_] + T+a’ n (n+l) 7 =0
2 2
/-n %n [V-n (n+a?) %%] —[%;27 - n(n+l)]% = 0
d’h

23—
557 + m“h=0

The solution to the first two equations can be found by letting

i?;’5 and v-n be new variables and recognizing that these are the
a

#580cidted Legeéndre equations:
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—aplt (1E° m i
£(g) AP () + BQ (==

. L) m ,/=n
g(n) = CPn( a2 ) * DQn ( E_)
h(¢) = E cos m¢ + F sin m¢

We are looking for solutions which hS;e period 27 in ¢ so

that m is chosen to be an integer. We want solutions which are
well behaved at n=0 and n=-a’ so that we will chocse ™-7 and

n is an integer. If ¢ is to be zero at «, then A=0. Some

of the remaining functions are tabulated below:

-
(e} it - _ s
Q 7 = 1o
. .
o 1E2 £2 :
0 () = a-1
X % :
o 1g 1 3¢ - 38 :
0; () =3z L5+ e-—7 ] g
¢
.Y 3 {
1 = S 473 ag
0] (%) = U+ Z2) % (@ - z372) ;
" 3¢ 2
ol (AN =i E07 (3 e -3+ FL0)
5 ae% garH :
02 (5 i+ b o2 - B2 )
e
where o = cot ~ =
a
o /-n, _
p. U= 1 :
;
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where

L e —

3]

-1/2(32 + 1)

-1+ 2%

3v-n Ny
= 3 (1 + gz‘)
i
n

.

.
i¢g °of _m /:ﬁ
Z) = U3 P
;’ m
dn a x
e () Smae)
n a d¢
an _ _ 2xXn 3¢
X% £-n’ Jx

a_ _Cos mo+ in m
on & bmnSl o}
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In order that this be zero at n =20

we take Pg (0) = 0 orm + n = an odd integer.

The z component of the electric field is given hy

o aQl .. %
T = g° - _n (i£”°) 3¢ m v=-n
E, = B zl dg a 57 Tn ¢ a ) b (9D
m,n = 0
m+n = odd
m iE!3 dP: /5% an
Yo% Z a0 9z Pna (9]
If this is to vanish at £ = 0, then
de(iig) . S
g0 = % n_a L S50 pM (YZD) b (4)
2 _ . 2ag z a mn
m,n = 0 a (£§ )
m+n = odd a E =0
Since the left side is independent of ¢, then m = 0. —
A8 _ 2z (£+a?) _ _ 2(g+a?) V-En
0z £-n a(g-n)

R , _ :
B0 = 1 [ CEEY) (-1 —Jl—iﬁii—i}P =0y 4 :
n

z n ‘a a? E-n n a on :
odd £E=0 i
_ ' iv-n v=n $
= I}i Qn (0) - Pn ( a—) aon w
odd
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Since the Yeft side is independent of n, then n = 1.

Hence

1] ‘ %
- _ ig v/=n
q)c = O, (T_) P, a_) o4
&% /-n
=a, [ o - 1] [—g— ]
- o £
o] = -ESz + ¢ & o -1)

From this it follows that

E = — ca? x V/-n
X (E-n) (&+a”®)
gm= - Ca’y v/-m

Y (E-n) (¢+a?)

5
- - g© _ ag’
E, = E, + Cla - F27)

The condition that E; = 0 at £ = 0 implies that

In order that the tangential electric field be continuous at

£=0, we take
+ . -
* (x,y,Z) = ¢, (x,y,~2)
Then
E+ - + -
x(XIY’Z):EX(x,y,_Z), Ey(x,y,z):Ey(x’y,_z)
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This is independent of o, €,r and e. Tt is interesting that
as ¢ goes to zero and exe this solution does not reduce to

the case of medium 1 and 2 being the same (as in air).

E ]
_ 4 E]
The latter case has EZ = Ez = and no surface charge exists
at the aperture. 1In the case of a small o, E; = 0 and
+ . .
Ez = Ez. This gives a free surface charge of Py = eoEg at the

aperture. Thus a small change in the parameter ¢ gives an
instantaneous change in Ez and Pg- There is a singularity in

this field at £=n=0, which is the edge of the aperture.

The case of A = H° = Hg &+ H; ¢ at z = ~-» has been treated by
Fletcher and Harrison(3) and Chen(4) for the case when
E=¢€,, M= uo and 0 = 0. A similar procedure leads to the

following solution for ﬁlz

o >0 >

- o AlHX _ ag% ZAIXE H .p

Hix™ Hy 3 (a g+a? T . o2
a (£-n) (g+a?)?

- o A H® at’ oA yEHC. 3

Hy,= Hy + _17X(u- £ia2) I SR
Y a (£-n) (E+a®)?

o ->
2A.H .pvV-n

HIZ= 4+
a(g+a?) (g-n)
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“» 0 >0 > X%
- + A2Hx _at 2A2H . pPXE
Hlx = (o ) - 2z
;a’ E+a? (E-n) (E+a®)?
[e) >0 - %
A H % 2A H .pyé&
H + _ T2y (a_ag y - 2
ly a®  g+a’ (E-n) (E+a?)?
2A ﬁo.Ev—n
H + = _ 2 -
1z a(g-n) (§+a?)
where B=xﬁ+y9. To satisfy the continuity conditions
3
_ e, _2a’u
Ay - Tr(u+u0)’ 2 ﬂ(u+uo)

3
a 4
If H=U o, then A1=~A2=——; which checks the result of Chen .

This result is independent of €, o.

We next solve for ﬁs which is a particular solution of

> - += >4 _ . > . .
VxH3=oE, Hs:O' In this case H3ls not derivable from a potential.

For large £ and negative z, UxH = oEZ%.

A particular solution is

- _ _p©
H3x = Ez oy
ij = 0
Hyy = O

17



For small z, H3x must satisfy Laplace's equation. A separable

solution is given by

A Qi (iﬁg m (fgﬁ){sin m¢}

) Pn cos m¢

If m=1 and m=1 this is

-
ok .
1 ,ig 1 V/-n,}sin¢
B1p @1 (F) Py ! E—){cos¢}
Yy 1
- -544( (a - £22))
a b4 E+a
All is chosen to satisfy Vxﬁ— = oE
_ EDoy £ (£)
H = —Eoo'y - ._z____—
3x z T
O g
_ EZO'Xf(L))
H =
3Y m
H3z =0
s +
H3 =0
aEl'5

where f (&)

The last part of i to calculate is ﬁz, which gives the comple-
mentary solution necessary to satisfy the continuity conditions
at the aperture. f, is derivable from a potential since

Vxﬁ;O. The potential can be found in a similar way to that in
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i -_'5
which the electric field was found. It is

S .2 -
~ ot = iigé o2 (X8%) p2 (/=H/a)sin 2¢
2 2 a 2
. Lk
d = ia’s Q2 (ié )y P? (Y=-n/a)sin 2¢
2 3 2 a 2

where the coefficients are chosen to simplify later expressions.

m and n were chosen equal to 2 # that at the aperture

o
I

-3mAXY

O
I

-3mBxy

N >
making the x- and y- components of H, linear in x and y at the

-5
aperture; thus the boundary condition of ﬁz and Ha can be

matched at the aperture.

3 b 3
< oT=Al-3(1+)a + 227+ 2255) (n+a?) sin 29
>+ _ . 2xE 2 : S ALL
H o= 7 [gZ5 (n+a®) sin 2¢ h(g) f-n Sin 26 g(g)

2
—2<%ié—) sin ¢ cos 2¢ g(£)]

+ _ 2v§ 2 . _2ny _. -
sz = -A [E—n (n+ta?) sin 2¢ h(§) Fon sin 2¢ g(&)
2
+2(gii—) cos ¢ cos 2¢ g(g)]
7 : .2 L 2A .
H Y 2 =22 02224 sin 20 n(5)+222(n+a%)sin 26 g()

[ B
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where

_ _3a 3 (a2~
h(g) = + 2y 4 2 E) o g
a? ag E%(a2+£)z g'(g)
X %
- - £ 3g 2ag
g(&) 3(1"‘52)0 + a + a—_a*z-
HZ;' Hz;, Hz; are the same gxcept that A is replaced by B

and the sign of sz is changed. On the aperture it follows that

+ -
H o (E=0) = 3mAy H,, (§=0) = 3mBy
H2; (£=0) = 3mAX Hz; (E=0) = 37mBx
+ . _ -16Ax - 16Bx

H =0) = =22XY H =0) = 16Bx¥

L, (£=0) L w0 =S

ﬁl has already been constrained to satisfy the continuity
boundary conditions at the aperture. Applying these boundary

. » + s .
conditions to the sum II,+ ﬁg, one obtains

o EZoy
AHX = 3nAy—3nBy+EZoy— 5 = 0
AH = 3mAx-3mBx+EJox = 0
Y z
16Ax
BB = - Yo . 16Bxyu _ 4
a2-p2 a2-p2

20

FERTEEC L L A

< ses

LN - -

Lt RN



or v
o
— A - Ezou
; 6m (v +H)
o
5 Ezouo
6m (u +u)
This completes the evaluation of*all constants. We have thus
found the fields which satisfy all twenty-four boundary con-
ditions. The final result and some special cases are tabu-
lated below.
Table of Results
N
_ ZaZEZX -n +
E = . = F
. X m(E+a®) (§-n) X
‘: 2a2EOy/:ﬁ at a general point
E_ = 2 = e
Y m(E+a“) (E-n) Y in space
L
- o 2a 2ag™?
E = - = s SN
z E, 11 i ﬂ(E-n)] i
o
L
et = 2E, (o - at?
z gl ¢ &-n) )
3
+ 2xE°
E. = —tm
X T /az_pz
2xEC in the aperture (z=0,
- 2
E . A——
X 5/aZop? ’ p<a, n=p’-a?)
. 2yES
A T
¥ 4vai=pe
iy

—_— e ———— e



. ]

2yEZ

n/al-p?
£©

z
0
£ Eo

o z

V4

0
0
% [ 1 - 2(sin”t 2 a

z m p 2

p
0
0
2E°
—= (sin--l a._. 2
P / 2_52

0

0
EO [ 1- = (cot_lE az

z a  gz24a

L in the aperture (z=0, p<a, n=p?-a?)
O -—r1 L . Py J

on the screen

L (z=0 , p>a,

n=0, £=p?-a?)

on the screen
+
(z=0 , p>a,

n=0, €=02—a2)

along the Z axis
(x=y=0, z<0

n=-a?, &=z?)

.
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+ s .
E_=0
°X
. g along the z axis
ef =0 (x=y=0, 20,
Y
— 2 0?2
2E©° n=-a“®, £=z°)
z w a Z%+a?
+ 2EZxa3cose 2E§a3cosz¢cosﬂsin9
E = =
X T mrs »
o o in the far fielu
N 2Ezya3cose 2Eza3sin¢cosesin8 .
E, = —gf— = Sy (z>>0, =,-1,
Yy mr mY r
> 2
o n - 22 - _32co0s?8,)
N 2Ea’ ) r2 '
EZ = - 3_71'1'—3‘ (1—3COS e) ’
32(£.P2) - P
r r. ”~ — ~
Bt = E " E where B_ = ¢ a’g%s
dte r E 370 B
o
for the far field
O_3 . a -
2E a‘cosdcosBsinb :
ET = z os¢cosis (z<<0, Z*,—1,
= - r
) X Tr
. x 22
EN } . _ a z° _ 2 2
- _ 2E2a351n¢c05851n0 n= - —7 ¥ -a‘cos’U,
mr 0 measured from posi-
- 3 . .
B = E© [ 1+ 2a . (1-3cos?8) ] tive real axis)
pA A 31r J
o)
H+ = - Ezﬂl}—f_— { a- ag% [ 3¢+5a’+ Ba"x? 1}
P (1) 3(g+az)? =z (£-n) (g+a?)
2 ° .
HEy (o = aE;;S y - 4a’uxe? H°.7
™ (u+y ) £+a’ m(p+u ) (E-n) (E+a?)

9
‘A

¢ ————— e
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o
E oux

L
- _ z agz 8 Y .2
2 {q- 2 4 8ay
oA L% T 3(grane [ 38sat ¢ ey )
2 Ho ; -
+ g - ( a - agljz) - 4.aa_u.¥§_ H 0
Tr(lJ'HJO) E+a Tr(p-!-uer(g ) }g‘*)"z
o y
_ 8E_oua xyv/-n _ ga?y 0.3/
3w tu) (E=n) (E+a®)? Twluu ) (E-n) (5+a?)
L ]
X
- _ =0 -, ag?
Epov Tl -5+ qgeazy !
@]
E ou_y . b2
Sy 5 A G

Tt T 3(Eran)

o 2”0 Ly 4a’y XE%HO IS
I TE SR =L (o) (E=m) (€7a7) ?
E ox 5
n at
T ( E+a?” o)
E gu X ag% 2 8a‘y?
T (¢ T 3(gran? 38T+ mmonyiaey 1)
2y ﬁi £ 4a’y YQ%HO o
tHy T A )Y Eead) ﬂ(u+uo)(£ =ny (E¥a%)
8E20uoa“xy/:ﬁ 4a’ M, °.5/ n
T Iw () (Bmm) (Evaty? T w<u+uo)<5+a ) (&-n)
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N

7 A\
.- (%
Eoouy uH®
_ . Z + X
+
2(u+uo) utu g
o o
E
_ Zoux tu

+
2(u+uo) u+u

o
BEzouxy

3m(utu ) 22
(o}
BEzouoxy

SN A

Y ﬂ(u+uo)

o)

O
EP.HX— (cot_l E.
ﬂ(u+u0) a
2uHO
(cot_l z
m({pu+u ) a
[¢]
0]
o 2y u° _
H> - ¢ X (cot
X v(u+uo)
o ZUOHO _
H™ - (cot

20
4uH" -
m (u-+%

o o+

) /a?-p2

> >

(o]
+ /2 3
m(u uo)vak_pz

az)
z2+a’

azﬂ
z“+a~

z<+a

z%+a?

In the apertura
(Z=OI D<al Ezor

n=p?-a?)

Along the axis

(x=y=0, n=-a



On the screen (n=0, z=0).

o
E ouy 2 2 )
+ - 4 2
Hx = - ;Z(__;__) { sin 1 .g_ - -.agcs L: -:J.{sz'-taﬂz »* 42‘ 25 1 ¥
HTH, 3p" a? p?(p2a?)
2uH° 2 2 2, +Hu°%.2 '
+ X (sin_l a a’ P~ 1) - 4a“puxH -p
—_— —_ - = - l : - = [ .
m(u+u ) P pT /42 TP I et foZ -1
a?
‘ H
o _ 2 2 Ba'y?
+ E oux { sin"? 2 - 2 -1 [3p%+2a® + > 2] } P
By T T W) ° 3t pe (%l
2 HO 2 >0 >
+ H ( .. -1 a a2 DZ l) 4a 13% H .p
sin - - T2 - - - +
n(u+uo) p o a2 m{u “o)p“ p’ -1
a2
ut = 0
z
2
- - a :
H = - Eoy (1 - = sin 1a + — ) ‘
X p np2 g
ESou y 2 8a“x? ; ‘
+ 29 sin"! & - 2, -1 [ 3p%+2a* + ———— 1} ¢
() P 3p a p?(p2a?®)
7
21 2 2 :
o fo) .. -1 a a o -1 } H
+ H- {1 - sin - - - - ¢
x ﬂ(u+uo) o 02 a2
4a2uoxﬁo-3 L
+ A
m{u+u ) :
o'p 2 '
2,-1
8.2
4
e
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o o
3 ETox 2 2 E ou x
- M4 .. =1 a a z "0 -1
H = - sin - - = -1
y - ( ; 52 2—1) UET. {sin
2 2 2
- % 4 /"22 -1 [3p2+2a%+ 32 Y } + H
P D2(p_2_a2) Y
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The magnetic moment is independent of o. If H=U this is
the same value as for the case of an aperture in air. For
the incident side, the scattered magnetic far field is the .

same as a magnetic dipole of moment given by
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