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ABSTRACT

A systematic approach is developed for the synthesis of physically
realizable equivalent circuits for antennas and scatterers with
definable ports from their SEM (Singularity Expansion Method) de-
scription. The necessary SEM information includes the complex natural
resonances (or "poles'") of the structure and the associated modal
currents ("'matural modes'") and normalization coefficients. From the
poles and natural modes one can compute the coupling coefficients, which
weight the given singularity's contribution to the response for a given
incident field.

The synthesis is performed as a superposition of circuit modules
associated with conjugate pairs of poles. This approach leads to
simple circuits for which explicit expressions for the element values
in terms of the SEM parameters can be given. The entire equivalent
network can be divided into two parts — an immittance part describing
the driving-point properties of the structure, and a source part
describing its energy-collecting properties. The immittance part is
intrinsic to the structure and is independent of the incident field.
The source part, however, depends on the direction of arrival of the
impinging plane wave and is driven by an automatic voltage source with
the waveform corresponding to the time history of incident field.

The developed equivalent circuit synthesis procedures are tested
on a thin-wire loop and dipole antennas and on a spherical antenna.
Results are presented showing good agreement between the SEM equivalent

circuits' responses and responses obtained by other means.
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CHAPTER 1

INTRODUCTION

1.1 Statement of the Problem

Equivalent circuits containing frequency dependenf elements, or
circuits valid only in narrow bands of frequencies, have been used for
years by the electromagnetics community to model the terminal behavior
and receiving properties of radiating and scattering structures. In
contrast, this work is concerned with the synthesis of broad-band
equivalent circuits with frequency and time invariant elements, for
electromagnetic energy collecting structures with definable ports,

Our goal can be perhaps best explained with the help of Figure
1.1. 1In Figure 1.1(a) is shown an energy collecting structure (a
cylindrical dipole in this case) excited by a plane wave having some
time history f(t), and loaded at its terminals by a general impedance
22, which is permitted to be nonlinear and/or time-varying. Our task
is to proceed from the known mathematical description of the structure
and a given specification of the spatial character of the impinging
field, to synthesize an equivalent active network (Figure 1.1(b))
consisting of a finite number of lumped, linear circuit elements, whose
behavior at the terminals is a good approximation to that of the original
object for any loading conditions. The network should be driven by an
autonomic voltage source with a waveform f(t) and, with the source shorted,
it should replicate the driving-point immittance of the structure with
no external incident field present. This equivalent network should
also be applicable in the time-harmonic mode of operation.,

The question which naturally arises is, ''Why would one want to

construct an equivalent circuit for an electromagnetic/radiating
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Figure 1.1 Illustration of the synthesis problem., (a) Energy-collecting
structure excited by a plane wave with a time history f(t) and headed
at a prot by a load ‘22; (b) its equivalent circuit representation. ‘
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problem?" Baqum [1976a] in his work introducing the singularity expansion
based equivalent circuit synthesis states that these circuits, under
certain circumstances, could be helpful in providing some or all of the
following:

1. physical insight

2., computational convenience

3. capability of using established circuit transformation
techniques

4, capability to combine the electromagnetic analysis with physical
circuit elements, transmission lines, etc., which are constructed
as part of an antenna or scatterer

5. capability of using existing computerized circuit analysis
programs,

In a more recent paper Baum and Singaraju [1980] add to this list two
new areas of application:

6. physical construction of equivalent circuits for use in special
types of electromagnetic pulse (EMP) simulators

7. radar target detection and camouflage techniques.

The desired features of the equivalent networks depend, of course,
on the area of application. In general, they should be simple, easy to
construct, and accurate in the frequency band of interest. It is
desirable that the networks be physically realizable, 7,e., they should
not contain any negative or complex-valued elements. It is self-evident
that this requirement is essential if the equivalent circuit is to be
physically constructed., This feature is not essential, but it is
potentially helpful in other applications, because negative-valued
elements are difficult to interpret physically and they can cause numerical
problems in some circuit analysis codes. A potential application of the
hardware-realized circuits is in the high-voltage environment of transient

pulse simulation. This environment precludes the use of any controlled
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sources, gyrators, ar§1d ideal or perfect transformers, because these .
elements can only be;realized by active devices which usually do not

tolerate high voltag;s and currents. It is also desirable that the angle

of incidence and oth;r parameters of the incident field enter the

circuit in the simplést possible way. For example, we would prefer
that a change in thejangle of incidence 8§ in Figure 1.1(a) would change
perhaps some elementjor source values but not the topology of the circuit.
Furthermore, neither?the topology nor the element values should depend
on the time history jf(t). It would be also convenient for the; autonomic
1

source to be connect%d to only one pair of terminals in impleéentation.

Perhaps the mos# convenient and powerful mathematical deécription

of an electromagnetic energy collecting structure for purposes of

equivalent circuit s&nthesis is the Singularity Expansion Method (SEM)

introduced by Baum [é971] (sQe also [Bauwm, 1976b] and [Baum, 1976c].
SEM is a generalizatﬁon of well-known techniques of linear circuit theory
in which the singula?ities of a transfer function are used to determine
the transient response by the Heaviside expansion theorem. In electro-
magnetic theory, thessingularities are found by first applying a two-
sided Laplace transgorm-to Maxwell's equations and then const;ucting

an integral equatiog for the scattered field. Complex singularities
{sn} appear as poles of the inverse of this equation and these are

the frequencies for thch non-trivial solutions of the corresponding
homogeneous integrai equation exist. These non-trivial solutions are
termed the natural ﬁodes of the structure. From these modes and the

integral operator tﬂe gso-called normalization coefficients can be found.

Poles, natural modeé and normalization coefficients constitute the .

fundamental SEM parameters. If the poles and the associated modal
I
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distributions are known, one can compute the coupling coefficients which
weight a given singularity's contribution to the response for a given
incident field. From these quantities and the normalization coefficients
the residues associated with the poles can be evaluated. Since a
distributed-parameter system has an infinite order of complexity, it

can only be described by an infinite series of terms associated with
poles and other singularities (see Section 2.4). In practice, however,
for band-limited excitations, the response of such system is dominated
by a limited number of resonances, so that the series can be truncated
without introducing appreciable error.

Following this introduction, the main objective of this work can
be stated as follows: To develop simple and reasonably accurate
procedures for the synthesis of finite, lumped—paraﬁeter, physically
realizable circuits for electromagnetic energy collecting structures
from their SEM description. These procedures should be practically
tested on some representive canonical structures, their responses for
broadband excitations should be computed and compared with available

data or with responses obtained by other means.

1.2 Brief Literature Survey

One of the early attempts to extend circuit theory concepts to
distributed-parameter system was made by Schelkunoff [1944], who
applied the Foster [1924] expansion theorem to immittances of lossless
structures with an infinite number of degrees of freedom. He observed
that this infinite series representation was slowly convergent or did
not converge at all., He then used a Mittag-Leffler theorem from the
theory of functions of a complex variable to convert it into a more

rapidly convergent form (he in effect introduced what we call in Chapter
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2 the modified pole ‘;’modules). Subsequently, Schelkunoff modified this .
series to allow forjslight dissipation.v He did not present any equivalent
circuits for this cése.

In a later worg, Schelkunoff and Friie [1952] discussed the
representation of dﬁiving—ppint immittances of antennas in terms of
their poles and zer&s. They conjecfure there that the impedanée of
any physical circuié may be expressed as a ratio of two products of
linear factors exhibiting the natural oscillation constants of the
circuit with its tefminals at first floating and then short-circuited.
For a distributed—pérameter system the number of factors is infinite
and the convergencejof this product form is governed by the Weierstrass
theorem from the théory of functions of a complex variable. Then they

\
state that the static capacitance (inductnace) of a dipole (loop) antenna, ‘
\

together with its nétural oscillation constants, determines the antenna

impedance at all frequencies. They do not present any equivalent
i .
circuits for antennas, except for parallel and series resonant circuits

valid in the viciniﬁy of the antenna resonance.
! :
An explicit expression for the driving-point admittance can be
written only for a few structures, such as the spherical or spheroidal 1

antenna with circumferential slot. This expression is in a form of an

infinite series of terms associated with the eigenfunctions of the

problem. For the spherical antenna Btratton and Chu, 1941] the nth

term involves a ratio of a spherical Hankel function of order n and its

derivative. As sho%n by Chu [1948], this ratio can be expanded in a

finite continued fraction with positive real coefficients, which can
|

be physically reali;zed by an LC ladder network terminated into a single - .

resistance. A complete equivalent circuit consists of a parallel connection
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of an infinite number of such "eigennetworks'". Unfortunately, this
representation 1s not practical because it converges very slowly.
Schelkunoff [1952] and, more recently, Franceschetti [1976] (see

also [Bucci and Franceschetti, 1974]) observed that each of the eigen-
networks contributes to the static capacitance C of the antenna. They
were able to sum explicitly the infinite series for C., The subtraction
of this series term-by-term from the series for the admittance resulted
in a more rapidly convergent series. Franceschetti constructed an
equivalent circuit representation for this modified series by intro-
ducing gyrators (with frequency-dependent gyration resistance) to

each eigennetwork. Neither Schelkunoff nor Franceschetti discussed

the source problem.

An important development for the equivalent circuit synthesis for
energy collecting structures was the introduction in 1971 of the
Singularity Expansion Method [Bawn, 1971]. Barnes [1973] constructed
perhaps the first SEM driving-point equivalent circuit for a thin dipole
antenna., He used the approximate poles and residues derived analytically
by Lee and Leung [1972]. 1In his circuit each pole pair was represented
by a series RLC module. Hess [1975] has used SEM analysis to develop
a transfer function model for determining EMP coupling to a dipole antenna.
He used the SEM data obtained numerically by Tesche [1973]. He did
not, however, synthesize any equivalent circuits so no loading effects
could be analyzed by this method.

Perhaps a more systematic approach to SEM equivalent circuit
synthesis was propsoed by Baum [1976a] (some of this material appeared
recently in [Baum, 1978]). In this work he introduced the formalism and

terminology which stimulated and influenced most of the subsequent
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research in this arzea, including the present effort. In his paper, .
however, Baum developed only formal equivalent circuits without addressing

the issues of their practical realizability. In a latter work Bawm and

Singaraju [1980] uﬁilized a sinusoidal natural-mode approximation and an

analysis similar té that presented by Marin [1974], to derive driving-
|

point admittance eéuivalent circuits for a thin-wire dipole antenna.
They did not, howe?er, present any active equivalent circuits for an
illuminated dipole:

Sehaubert [19%9]"constructed lumped-parameter equivalent circuits -
for a center-drivep dipole and a Yagi antenna using experimen&ally
derived SEM descri;tion. He used Prony's algorithm [Van BZ&;icum and

Mittra, 1975] (a téchnique for parametrization in terms of complex

j
exponentials) to extract SEM data from the antenna terminal voltage

waveform due to a jstep-like excitation and used these data to construct .
the driving-point ?mpedance functién in the form of a ratio of two
polynomials in s. iHe then used Bruné's [Brune, 1931] synthesis method
to derive equivaleht circuits. As usual in Brune's method, perfect
transformers were ?mployed. Schaubert did not consider the source
problem but limitéﬁ his concern to thé determination of the driving-
point impedance pért of the equivalent circuit.
The first extensive study of the physical realizability of
passive equivalen; circuits for thin-wire dipole and loop antennas
was performed by Streable and Peareon [1981)., They utilized the Bott-
Duffin [Bott and éuf?in, 1949} synthesis method to realize input admittances
using different gfouping of pole terms and used the resistive padding
technique [Willeﬁn, 1977] for an approximate synthesis of pole-pair .

circuits. In a cémpanion paper, Pearson and Wilton [1981] pfoved

i
|
i
i
'
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that the eigenadmittances (reciprocal eigenvalues) of a structure are
positive real (PR) [Brune, 1931] functions of frequency s and speculated
on the PRness of the admittances associated with individual current
eigenmode contributions to total current. They also briefly discussed
the source synthesis issue, but they did not present any actual active
circuits.

Another approach to equivalent circuit synthesis has been to compute
the driving-point or transfer function of the structure on the imaginary
axis in the s-plane and then to use a curve fitting technique to
develop the corresponding rational function in s, which can be
subsequently submitted to some standard synthesis procedure [Weber and
Toulios, 1974; Sharpe and Roussi, 1979]. This technique was used by
Sharpe and Roussi [1979] to obtain a ladder network representation for
the input admittance of a biconical antenna [TaZ, 1981]. This method,
however, does not offer the advantages of the SEM appraoch, as discussed
above.

Recently Tesche and Giri [1981] presented some active SEM equivalent
circuits for a dipole antenna. Their networks, however, are intended
for computational purposes only and contain negative-valued elements.

The foregoing discussion can be summarized with the observation
that, to date and to the best of the author's knowledge, no active,
physically realizable equivalent circuits valid over significant
frequency band-widths have been synthesized and analyzed for electro-

magnetic energy collecting structures,
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1.3 Scope of the Présent Work

The outline of this work is as follows. In Chapter 2 the SEM
formalism is definediand the SEM expansion for the current density
on a scattering objegt is developed. This representation is derived
formally via the eigénfunction expansion. It is based on some evidences
for which a rigorous:proof has not been furnished, to date. Some .
questions concerning}the formal development fo the SEM exapnsion are
elaborated upon in Aﬁpendix A. The convergence properties of the two
SEM coupling coefficient forms (termed class 1 and class 2), as a
function of the timejorigin location, are investigated. Then the most
convenient choice of the time origin location for the purposes of SEM
equivalent circuit synthesis is determined. Also, the dominant-pole
approximation is dis&ussed and numerical evidence is presented showing

that it can be successfully used, at least in the case of highly-

resonant structures.

In Chapter 3 is:presented a formal development of SEM equivalent
circuits for energy-édllecting structures. Both the short=-circuit and
the open~-circuit bouPdary value problems are discussed. With some
exceptions, the mate&ial of this chapter is a recasting of the results
obtained previously £y Baum [1976a], in a notation consistent with
the rest of this work.

In Chapter 4 tﬂe realizability conditions for the pole-pair
immittances and voltage transfer functions are discussed and explicit
realizations for th%m are given. The réal-part padding technique for

|

the synthesis of apéroximate driving~-point circuits is also addressed,

and an explicit expression for the amount of padding necessary, in .

i

terms of the SEM parameters, is derived. Most of the material of
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this chapter is original to the present work.

Chapters 5 and 6 present an application of the developed synthesis
procedures to the thin-wire loop and dipole antennas, respectively.
Practical, physically realizable active equivalent networks are presented
and analyzed in the time domain with the help of a circuit analysis
program. The results are compared with known repsonses or with responses
obtained by the classical frequency domain technique., In addition, in
Chapter 6 a sinusoidal current mode approximation is used to develop a
particularly simple, and yet reasonably accurate, equivalent circuit
for a symmetrical dipole, or a cylindrical post over a ground plane.

An application of the equivalent circuits developed in Chapters 5 and
6 to the analysis of antennas with nonlinear loads is described in
Appendix B where representative equivalent circuit responses for a
thin-wire loop and a dipole antenna loaded with a semiconductor diode
are included. The calculation of these responses with other methods,
though tractable, is quite tedious.

Chapter 7 is devoted to the equivalent circuit synthesis for a
spherical antenna. The dominant pole-pair circuits are synthesized
by the real-part padding technique and the quality of the dominant
pole approximation is examined. In Appendix C the static capacitance
of the spherical antenna is computed both analytically and numerically,

The conclusions from this work are summarized in Chapter 8.
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| CHAPTER 2

i
THE SEM REPRESENTATION FOR EM SCATTERING

2.1 Introduction

In Sections 2.%—2.4'of this chapter the SEM formalism is defined
and the SEM expansi%n for the current density on a scattering object
is derived formallijia the eigenfunction expansion. In Section 2.5
the convergence proéerties of the two SEM coupling coefficient forms
(termed class 1 andiclass 2) are invest;gated as a function of the
time origin locatioﬁ. Then, in Section 2.6, the optimal choice of the
time origin locatiog for the purposes of SEM equivalent circuit synthesis
is determined, Finélly, in Section 2.7 the dominant pole approximation

!
is discussed and numerical evidence is presented that it can be success-

fully used, at least in the case of highly-resonant structures.

2.2 Integral Equation Formulation

The integral equation for the current density 3(?,5) on a surface
S of a perfectly—coﬁducting object immersed in a lossless, homogeneous

medium may be formuiatéd as

(rhs)> = TL(Z,s) , Tes (2.1)

<>

where ?i(r,s) is the known incident or source field and T(;,?’,s) is the

dyadic kernel of the integral equation. The symmetric product

notation

y> = JJ F(2) « C(r)ds
$

is used to denote ihtegration over the surface S of the object.

1

l)If two or more ranges of integration are used then subscripts can
be placed on <,>.
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As in [Marin and Latham, 1972] it is assumed that S is a smooth surface
of finite extent enclosing a simply-connected region. The solution of
(2.1) can then be sought in L2(S), the Hilbert space of all square-

integrable functions with support S. The frequency variable is

s=0+ jw and is that associated with the Laplace transform pairl)
L{E(t)} = £(s8) = Jf(t)EStdt (2.2a)
0
and
£(t) = L"HE)) = 5%5 J F(s)eStas (2.2b)
Cp

where tildes (~) over quantities distinguish Laplace domain members of
transform pairs and CB is the Bromwich contour.

This work deals specifically witn the electric field integral
equation (EFIE) characterization for a conducting object, In this

case the kernel of eq. (2.1) becomes the symmetric impedance kernelz)

d ]~
TEine = 2 [T+ 5 @ (2.3)
where
SvlT-7|
¢ (f,t's,) = =— (2.4)
° 4m|r-r'|
1Y)

The unilateral Laplace transform is used since only causal functions
of time are dealth with. This is accomplished by a judicious choice
of the time origin of the problem (see Section 2.5).

2)The primed and unprimed differential operators act, respectively, on

the primed and unprimed variables. Strictly speaking (2.1) is only
meaningful when interpreted in terms og_gome sengse of principal value
integration., We use it and the kernel Z in a symbolic sense for efficiency
of notation. Bringing the gradient operator in (2.3) outside of the
integration leaves an integrable kernel, and it is upon this integro-
differential operator that we may build a meaningful mathematical

theory.
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is the scalar Green function,<I*denotes the identity dyadic, Y=s/c

is the complex propagation constant, and Zo is the intrinsic impedance

of the medium. The speed of light is denoted by c¢. The EFIE incident

field function is the tangential component of the incident electric

field on S
3
I

12,e) = B, e) « (- an) (2.5)

- ‘ -
where iZfi(r) is a unit vector normal at r to the object surface S.

In most cases of pra¢tical interest the incident field is "factorable',

Z.e., it can be written in the form

B¢

-
T

,8) = E_(DB(E,9)(s) (2.6)

> > : ~
where Eo(r) indicates a spatial distribution factor, p(?,s) is a propa-

gation factor which links space and time dependencies, and E(s) is

the Laplace transforﬁ of the time history of the wave. It is assumed

here that f(s) is aléebraic, which is also satisfied in most practical

cases. For example,:a plane wave carrying a time history f(t) may be

written as

;:{[ -> > B e -7 "‘
Bl(F,e) = E 2P FTR)i(e) (2.7)

> ;
where EO is a constant polarization vector, p is a unit vector in the
|
‘ -
direction of propagation, and r, is a vector pointing to a chosen

phase reference point. The time domain counterpart of (2.7) 1s

L,

E E s I:t -p (?—?O)/c]*f(c)
E f]} - - G—?o)/c:l

=E f('t-to-ﬁ . T/c) (2.8)
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where §(t) is the Dirac delta function, * denotes convolution in time,

and

t =-per /c . (2.9)

It is noted that, since the causality assumption is imposed on £(t),
i.e., £(t) =0 for t <0, the excitation first reaches the point ¥=¥O
at the time t=0. Hence, ¥o defines the time origin of the problem:
the time is counted beginning from the moment when the wave front

> &>
passes the point r=r_. The wave front reaches the coordinate origin

->
r=—6 at t=to.

2.3 Formal Solution of the EFIE

The kernel (2.3) is complex-symmetric [Cochrar, 1972] and so one

may define a set of eigenvalue/eigenfunction pairs through

T E)ZE TS = 2@ T e)3Ee)> = A (9T Fis) L (2.10)

It follows, formally, that the kernel and its resolvent can be expanded

as
3 & 3
- J (r,s) J_ (r',9)
TR = A () =t (2.11)
n G (7,933 _(,9)>
and
3 -+ 3 -
- J (r,8) J (x',s)
? ! (-;’-;"s) = z = 1 _*;n e s e . (2.12)
n An(s) <Jn(r,s);35(r,5)>

The solution to the integral equation (2.1) is thus written
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Ja,e) = T E LA,
LI ELeEEL e g
= X RO = —— Jn(r,s) . (2.13)
n “n’ <36(r,s);Jn(r,s)>

The EEM represenitation (2.13) is formal in the sense that in
deriving it some tacit assumptions have been made which, in general,
may not be satisfied. Among other things, the major pitfall in the

expansions above is that since the kernel (2.3) is not Hermitiarn-symmetric,

b

there is nothing to guarantee the existence of a complete set of eigen-
1

3 > :
vectors Jn(r,s), as defined in (2.10). One cannot even be sure that

the normalization factors in the denominators above do not wvanish

[Rerrrm, 19737, Perhaﬁs the most common situation in practice in which
. o
the eigenfunction representation fails is when the eigenvalues An(s)
‘ :

have branch points. ZAt a branch point in the s-plane two or more
eigenvalues coalesce '[Cochran, 1972], so that the inclusion of root
1)

vectors™’ in the expansion may be necessary [Famm, 1980]. In some

cases even for degenerate eigenvalues a set of independent eigenvectors

1)Let: A be a linear operator on the space considered and let ¢i’1#()
be an eigenvector associated with an eigenvalue Ay, i.e., (A-IAj)
¢i,1.=0’ where I denotes the identity operator. Consider the
subspace of all vectors that are annihilated by some power of

(A-I)y). 1If for someipower k there exists a vector ¢i,k in the
subspace such that (A—Iki)k'l¢iJ<#O and (A-IX;1)Kés 1 =0, and such
that there is no vector in the subspace that is not annihilated at
least by (A-Iki)k, then ¢j,% is a root vector (generalized eigenvector
[Pease, 1965]) of rank k, where k is the length of the longest chain
associated with eigenvalue Aj. The chain {03,1501,2s...,01,k}, with
the elements defined by ¢i,k-1==(A—IAi)¢i,k,...,¢i,1==(A—Iki)k‘1¢i,k,
is called a Jordan chain of length k. The union of all root vectors
of a linear operator A corresponding to all eigenvalues of A is called
the root system of A [Rarm, 1980].




1)

can be found so that the root system coincides with the eigensystem.

2)

This is true for normal operators. For example, it was shown by
Ramm [1973] that the scalar analog of the operator in (2.1) is normal
if S is a sphere. If the operator is not normal, it is not always
diagonalizable and considerable complexity arises in the computational
scheme [Dolph et al,, 1980].

There is an important class of bodies for which it can be shown
that branch points do not occur. These are structures such as the
sphere or circular loop, in which the eigenvectors are completely
determined by the geometrical symmetry of the structure and hence are
frequency independent. This follows from the Rayleigh quotient
3)

representation of the eigenvalue,

L T A 3> >
<Jn(r>;Z(r.r',S);Jn(r')>

in(s> = . (2.14)

5> > >
< : >
I (1) 33 (@)
The kernel in (2.14) can be expanded in a Laurent series converging
for all |s| >0, and integrated term-by-term to obtain a series with
the same region of convergence and analyticity. This argument is not
valid, however, if the body is not completely symmetric because the

~

eigenmodes jh are then generally functions of s, To date, analytic

1)In the language of finite-dimensional spaces this means that the
geometric multiplicity of an eigenvalue is equal to its algebraic
multiplicity [Stakgold, 1967]. We say that an eigenvalue Ai has
algebraic multiplicity k if the term (A -Aj) is repeated k times

in the characteristic equation of the operator. Geometric multiplicity
of Ay denotes the number of independent eigenvalues corresponding to it.

2)An operator A is called normal if AaA==AAa, where A% is the adjoint
operator.

3)The triple product notation is introduced for a triad of elements,
the middle element of which is dyadic: < ; ; > = < ;< 3 >>,
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propertiles of the {aigenvalues of only rotationally-symmetric objects, .

such as the sphere and the circular loop, have been thoroughly examined.

2.4 Singularity Expansion of J(r,s)

The singularity expansion for the surface current density on a
scattering object ban be obtained from the eigenfunction expansion by -
performing the residue serles expansion of (2.12) or (2.13) in terms

of the complex natﬁral resonances s_ (the poles) of the object, defined

-

as follows:

{sni: An(sni) = O} . | (2.15)

It 1s noted that f@r s=s_:» in view of (2.10) and (2.15), the following

is true:

|
I
|
i
i

R S
T

| . -> _ .
bs )3 3_ (T, )> =0 . (2.16) '

3 _—A > '
Hence, Jn(r’sni):Jni(r) are the natural modes of the object associated

ni’

with the poles s In practice the homogeneous integral equation
(2.16) is replaced;by a matrix equation by some approximate technique
such as the method;of moments (MoM) [Harrington, 1968], and the poles
are sought as zero% of the determinant of the coefficient matrix.

Before expand&ng the reciprocal eigenvalue factor which appears in
(2,12) and (2.13) ﬁn terms of 1ts singularities in the complex

frequency plane, it 1s expedient to subtract from K;l(s) the possible

pole at the origin and define

R (s) =t _Ino (2.17)
n An(s) s '

where T o denotes the residue of the pole at s=0. Assuming first
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1)

order poles one can postulate using the Mittag-Leffler

expansion [Jeffreys and Jeffreys, 1956] the representation

[Pearson and Wilton, 1980; Pearson, 198]]

ﬂn(s) = En(o) + E ro. 1, Sl + gn(s) (2.18)

S=5_. .
ni ni

where bn(s) denote the branch-integral contributions which may occur
and r 4 are the residues which can be computed by using eq. (2.14)

as well as the orthogonality property of the eigenfunctions to yield

-1
d > _ > —>.—> ->
rni = Eég An(sni{} - 8ni<Jni(r)’Jni(r)> (2.19)

with the normalization constants Bni given by

Boy = o (D)5 22 TG 5T G (2.20)

ni
Marin and Latham [1972] have shown that for perfectly conducting
a1 o> o
bodies of finite extent imbedded in a lossless medium Z (r,r's) is
anatytic in s except for pole singularities. This does not mean, however,
that there cannot be branch-integral contributions to (2.18) which

cancel out in the summation (2.14), Z.e.,

I (f,s) =0 . (2.21)

It is demostrated in Appendix A that such phenomena can, indeed, occur.
Only for bodies such as the sphere or the circular loop antenna, in

which geometrical symmetry completely determines the eigenfunctions

1)It was conjectured by Baum [1971] that perfectly conducting, finite-
extent bodies in homogeneous, lossless media possess only simple (first
order) poles. A proof of this conjecture has been put forth recently
by Sancer and Varvatsie [1980]. The simple pole restriction exludes
also essential singularities in a finite complex plane since they can
be regarded as infinite order poles.
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(and hence they are}tfr'equency independent), has it been possible to ‘
show (Section 2.3) Fhat branch points canﬁot occur, and poles are the
only singularities pf the reciprocal eigenvalue in the finite complex
frequency plane, so?tha; En(s)==0. On the other hand, any losses in
the medium always céntribute a branch cut in the complex frequency
plane. Although in[the lossless medium case the branch-integral
contributions ultim;tely cancel leaving the singularity expansion of
current unaffected,jthey are likely to have bearing on SEM ﬁgrmulations
where eigenmode-by-éigenmode expansion enters in, including the SEM
equivalent circuit %ynthesis discussed in this work. Peagrson and
Wilton [1981] have éhown that the reciprocal eigenvalues in (2.13)
are positive real (%R)l) functions of s; they have also speculated
that the same may hbld for the terminal admiﬁtances associaﬁed with
individual current ;eigenmode contributions to totai current. The PRness ‘
is a necessat?’cond&tion for the realizability of driving-point functions.
If the branch—integ%al constituent in (2,18) is non-zero, its ommiésion
may lead to non-realizable immittances. This difficulty can potentially
be circumvented by érouping terminal eigenadmittances which share
common branch point%, so that the branch-integral constituents add
to zero and PRness?is p;éserved. Sincé in most practical cases the
branch-integral teﬁﬁs cannot be explicitly identified, the En(s)
factors in (2.18) Qill be suppressed throughout the rest of ﬁhis work.

The expansionj(2.18) is valid provided ﬁn(s) is bounded on a set
of circular contou?s centered at s=0 and passing between tﬁe poles
[Jeffreys and Jefffeys, 1956]. >If ﬁn(s) is not énly bounded, but

actually decays onfhis:set of contours, one can show that [Pearscn, 1981]

1)See Section 4.2 for the definition of a positive real function.
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~ ni
h_(0) = - ga (2.22)
and
h (s) = Z——r“i . (2.23)
n i S.-Sn:I.

It is noted that even when En(s)==0 in (2.18), the poles and the
residues alone do not determine ﬁn(s) and some additional information
is necessary to determine the constant term ﬂn(O). Often it can be
argued from the high freuqency and/or low frequency considerations

that ﬁn(O) =0, In that case it follows

1 rno 1 1 rn S Thi
= = +Jr  |—+ ==+ = 5| - (2.24)
x_(s) 8 1 THSTShy Sng S f |Sni(8-Syy
Similarly, using (2.17) and (2.23) yields
1 rno rni
= = — + z _— . (2.25)
Ag(s) 8 |57 %y

Following the terminology introduced by Bawn [1976a], the terms in
brackets in (2.24) and (2.25) are referred to as, respectively, the
modified and unmodifeid pole modules. Both forms have been used in
the SEM equivalent circuit synthesis to date., Throughout most of

this work the modified pole modules are used since they impose

less stringent conditions on the behavior of Xn(s). It is of interest
to point out, that the unmodified pole modules expansion (2.25) was
proved by Umashankar and Wilton [1974] to be valid for the circular
loop in a lossless medium. However, in the actual computations the
truncated series (2.25) converged very slowly at low frequencies and

they were forced to use, in effect, the modified from (2.24).

35



The substitution of the expansion (2.24) into (2.13) yields

3G, =S8, 7 (3 D)

g . - )

1l s ooy Bailni (T (MEE) (2.26)
n i "ni ni

with the coupling coefficients ﬁni(s) defined as

~(1)37_ > > S
Npi~ = <Jni(r)’Eo(r)p(r’sni)> (2.27)

-- the class 1 coupling coefficient, or
~(2)j o - N
il (s) = <3 (@E DBGE,8)> (2.28)

-- the class 2 coupling coefficientl) [Baum, 19723 Baum, 1976b}. 1t

is noted that the class 1 form is simply a specialization of the class 2
e (1) x(D) L

coupling coeffic1ent, nni nni (sni). Also, both forms are identical

| . -
for nonpropagating eécitation fields, when 5(;,3) =1. For the plane

wave incident field ﬁhe two classes of coupling coefficients take the

form ‘
E A ->
P =s_.t -Y .,b°rT
ﬁii) =e MO <3ni(r);Eo e ni > (2.29)
and i
; " >
: -st -Yper
ﬁgi)(s) =e °©° <3ni(¥);Eoe > . (2.30)
5
1)

The coupling coefficients defined here differ slightly in form from
the ones originally introduced by Bawm [1976b]. In Baum's work the time
origin coincides with the space origin but the SEM series can be

"turned on" in negative time, if necessary, by choosing the value of the
turn-on time parameter. In the present formulation, which follows
natural%y from the assumed form of the incident field (27), the time
origin r, is chosen independently from the space origin and the SEM
series is always turned on at t=0,.
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In the next sections the convergence properties of both coupling
coefficient forms are discussed and what is believed to be the
best choice of the coupling coefficient for the purposes of SEM circuit
synthesis is determined. Meanwhile the generic notation ﬁni(s) is
used to embrace both forms.

Several comments are in order concerning eq. (2.26). First, the
term associated with the pole at the origin is shown explicitly and
it is assumed that this pole belongs to the zeroth eigenmode. It can
be argued from the form of the integral equation that this mode must
be divergenceless (solenoidal). If the structure is not capable of
supporting a solenoidal current mode, it can not have a pole at the
origin. Second, it is noted that a concellation of a pole can occur
if it coincides with a zero of the corresponding coupling coefficient.
A limiting procedure should be used in such case to determine the
contribution of such a pole-zero pair, Finally, it should be noted that
perhaps the most improtant feature of the representation given in
(2.26) is that the set of complex natural frequencies {sn}, the set of
complex natural modes {jni(;)}’ and the set of complex normalization
coefficients {Bni} are dependent on the object parameters only but are
independent on the excitation. The effect of the exciting field is

contained entirely within the set of coupling coefficients {ﬁni(s)}.

2.5 Convergence Properties of Class 1 and Class 2 Coupling Coefficients

In this section are investigated the convergence properties as
Re{sni}-»w of the singularity expansion (2.26) with both

coupling coefficient forms, as a function of the choice of the location
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of the time origin .. The tools for this analysis were provided in

[

a recent paper by Bdum and Pearson [198l1]., 1t is helpful to follow

them in defining the following characteristic dimensions for use

subseqﬁently: the iargest linear dimension of the scatterer
L = §up ]?—?‘] s (2.31)

the 'clearance distance

'

7'711 = sup P T, (2.32)
res
and the "contact di%tance”
L,=4inf T . (2.33)
res

The latter two disﬁances define, respectively, the signed distance from

the coordinate origin to the point at which the wave frontclears the .
object, and the signed distance from the coordinate origin to the

point at which the wave front first contacts the object (see Figure 2.1).

To iaéestigaté the éonvergence properties of the SEM ekpansibn
(2.26) the asymptogic properties of the terms Bni ﬁni(s) need to be
examined. The behévior of Bni for Re{sni}-*—ﬁQ was argued by Baum and
Pearson [1981] to ﬁe '

sniLo/c

Bni e . 7 (2.34)

The behavior of the class 1 coupling coefficient is governed by

‘ﬁni voe (2.35)

so that

j~(l) sni‘(Lo-Ll+ﬁ -?0)/c
Bni i v e 7_ . | (2,36) ‘
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Figure 2,1 Portrayal of a scatterer in a plane-wave field. Indicated
are the maximum extent of the object L,, the clearance distance L)
relative to the coordinate origin, and the contact distance Lj.
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This term decays proﬁided
§- 5¢F7 >L.-1L o (2.37
o PrI, 17 %0 -37)

This condition is mo%t stringent when the diTection of propagation of
the incident plane wgve is along the largest dimension of the object.

In this case (2.37) reduces to

>
r, > L, (2.38)

I’J‘ .
Hence, if the time origin is placed on the surface of the scattering

object the convergence of the class 1 SEM expansion term is assured.

Similar analysié of the class 2 coupling coefficient foim shows

that

sniLo/c

. =(2)
?ni nni (S) voe | . (2.39) ‘

| .
Since LO is always positive, one can conclude from the last expression

that the class 2 forﬁ is always convergent, independet of the choice

of the time origin.

2.6 Optimal Choice of the Time Origin
| .

|
In this section‘are discussed the numerical properties of the two

classes of coupling ﬁoefficients in the case of plane wave incident
field. Also, the moét convenient choice of the time origin ¥0 for SEM
circuit synthesis if determined.

Although both class 1 and class 2 coupling coefficients give valid
representation for the surface current density when used in (2.26),
they exhibit quite d#fferent properties from the practical computation

| .
point of view. This: is evident when one performs the Laplance inversion ‘

40



1)

of (2.26) to obtain the time domain respomse

3Gy = 33,9 . (2.40)

In this process terms like

n_,(s)
21. J ni eStas (2.41)
3 s-5_.

C nl

B

must be evaluated., Using the class 1 coupling coefficient (2.29) in

(2.41) gives

N >
- 'p T

-s_,t =+ -~ ni
< .
1 J e ni o Jni(r),Eoe >

- eStds
ni

~ >
Tni P°T

s .t

> u(t)e ni (2.42)

' F . D);E
e ni(r), o

whereas the class 2 coupling coefficient (2.30) gives

273

1 <:T'ni(r);E e > st
5-5

A ->
“%hit YniP T Spit

- ~ -
= e <Jni(r);Eoe u(t-to-p r/c)>e (2.43)

Thus, in the time domin the class 1 and class 2 coupling coefficients

take, respectively, the form

l)It should be kept in mind that any singularities of E(s) must be
taken into account in this process.
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l=s .t -Y_ .P°*r

(1 _ . nio 3 2. ni
(t) ? <Jni(r),Eoe

VY >u(t) ' (2.44)

n

1

and :
‘ o
-5,k N -Y_ .P*'Y

2) _ ni o > 2 ni (2.45)
"ni ﬁt) e <Jni(r)’Eoé

n > .
u(t—to-p'r/c)> .

| .
It should be noted that the integrand in (2.45) gives a nonzero

|

B k4

contribution only when
A
per/fc <t -t (2.46)
or, equivalently, when

i
I
|

P ’(¥-¥0)/c <t . . (2.47)

These expressions can be interpreted with the help of Figure 2.1 as

follows. The pole terms in (2.40) are "turned on'" at t=0, 7.e.,

as scen as the wave #yont passes the time origin ¥==¥0. ﬁowever, they
are computed differeﬁfly depending on whether class 1 or class 2 coupling
coefficients are use&. The class 1 coupling coefficients are constants
resulting from the iétegration over the entire object; és indiéated in
(2.44). The class 2jcoefficients (2.45), however, are obtained by
integrating only over that part of the objgct illuminated at the given
moment by the incide%t plane wave. Thus, they are time dependent

until t=tc, when the%edge of the incident wave has cleared the object. -
After that time theyjtake on constant values iden;ical with those df

the class 1 coeffici;nts. It is evident from the above discussion,

that the class 2 cou;ling coefficients form is much more exbeﬁsive

computationally than the class 1 form, It 1is also unsuitable for the

purposes of SEM circuit synthesis because of its s-dependence in the

frequency domain. It has, however, some advantages, as discussed below.
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It should be noted that the series (2.40) must sum to zero in the
period of time before the leading edge of the incident wave arrives
at the observation point (port location). However, the terms of the
series contain the factors exp{sni[t-ﬁ -(?-—?o)/c]} which take on large
values in early times, because Re{sni}'<0. Since these large numbers
must sum to zero, the result is sensitive to errors in the pole values
[Marin, 1972; Pearson, 1979]. The class 1 form requires also that a
possibly full collection of poles belonging to a given eigenmode be
included in the time domain counterpart of (2.26) [Pearson, 1979].
To illustrate this point, in Figure 2.2 are shown current responses
at ¢ =180° of a loop antenna of radius b illuminated by a step function
plane wave polarized as indicated in the inset, computed in three ways.
The first two curves were obtained by using class 1 coupling coefficients,
but different collections of poles. In one case (solid line) all poles
belonging to eigenmodes 0~ 10 for which Im{sni} < 10c/b were included,
while in the second case (dotted line) only one, "dominant" pole (the
pole closest to the jw axis) from each eigenmode collection was taken,
The third curve (dashed line) was obtained by using class 2 coupling
coefficients and dominanf poles oﬁly. The time origin was chosen in
all cases at ¢ =0°, the point of the first contact with the incident field.
As can be seen in the figure, using class 1 coupling coefficient form
and incomplete collection of poles results in a non-causal behavior
of the response. The class 2 form is more tolerant and gives accurate
responses for this case. Since in most practical situations the full
eigenmode collections of poles are not at one's disposal, this last
example would suggest that the class 1 coupling coefficient is of no

value and that one must resort to the class 2 form. It should be noted,
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Flgure 2.2 Short-circuilt current excited in the circular loop at ¢ =180° by a step function
Time domain SEM expansions using class 1 and class 2 coupling coefficients and
different collections of poles are compared.




however, that the three curves in Figure 2.2 agree favorably for t<2b/c
after the wave first arrives at the observation point. The response in
the period 0<t<2b/c is not of much interest, since it is known g priori
to be zero. Why not then move the time origin to the observation
coordinate (port zone) and use the simple class 1 coupling coefficient?
This point is supported by further examples presented below.

In Figure 2.3 and 2.4 are compared current responses of a loop
antenna computed at ¢ =90° and ¢ =0°, respectively, by using class
1 (dotted line) and class 2 (solidvline) coupling coefficients and
dominant poles satisfying Im[sni] <10c/b. The excitation conditions
are identical to that of the previous example. Again, one observes
good agreement of the responses beginning from the time when the wave
front reaches the observation point. It is seen, however, that the
class 1 responses deteriorate slightly for observation points closer
to the point of first contact of the plane wave with the loop. This
can be attributed to the fact that in the process of moving the observatien
point toward the point first illuminated by the incident field increases
the area of the object surface which in early time lies ahead of the
wave front in the integral (2.44).

The conclusions drawn from the loop example also appear to be
valid in a thin cylinder case, as demonstrated in Figure 2.5-2,7.
The incident field is a step function plane wave whose angle of incidence
#=30°. In the numerical procedure the length L of the cylinder was
divided into 72 equal-size zones and the time origin was placed at the
72nd zone—the one first illuminated by the incident field. 1In Figures
2.5, 2.6, and 2.7 are shown, respectively, the current responses

evaluated at zones 18(1/42), 36(1/28), and 54(3/4%). Only the
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Figure 2.3 Short-circuit current excited in the circular loop at ¢ =90° by a step functionm

plane wave. Time domain SEM expansions using class 1 and class 2 coupling coefficients
and dominant poles are compared.
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Figure 2.4 Short-circuit current excited in the circular loop at ¢ =0°by a step function
plane wave. Time domain SEM expansions using class 1 and class 2 coupling coefficients
and dominant poles are compared.
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Figure 2.5 Short-circuit current excited in the thin cylinder at z=1/4¢ by a step function

plane wave. Time domain SEM expansions using class 1 and class coupling coefficients and
dominant poles are compared.
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Figure 2.6 Short-circuit current excited in the thin cylinder at z=1/2% by a step function
plane wave. Time domain SEM expansions using class 1 and class 2 coupling coefficients and
dominant poles are compared.
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plane wave. Time domain SFM expansions using class 1 class 2 coupling coefficients and
dominant poles are compared.




dominant poles for which Im[sni] SIOWC/R were used in the SEM expansion

for the current. It is seen from these figures that class 1 responses

(dashed lines) agree favorably with class 2 responses (solid lines)

beginning from the time when the leading edge of the plane wave reaches

the observation point. As in the loop case the agreement deteriorates

somewhat when the observation point is moved toward the point of first

contact of the incoming wave with the cylinder. The discrepancy

between the class 1 and class 2 responses in the present case is greater

than in the loop case, which can be attributed to the fact that the poles

of the cylinder are computed less accurately than the poles of the loop,

and to the sensitivity of the class 1 coupling coefficient form to

errors in pole values [Baum and Pearson, 1981].

The following observations can be made from the above examples.

1.

Using an incomplete pole collection in the SEM expansion
together with class 1 coupling coefficients gives non-

causal responses in the period of time before the leading
edge of the incident field reaches the observation point.

The class 2 coupling coefficient form gives correct (causal)
responses in a similar situation. It is reasonable to assume
that it gives also more accurate responses than the class 1
form for intermediate times, before t==tc.

Beginning from the time when the incident wave first reaches
the observation point the class 1 and class 2 responses

agree very favorably, so that the class 1 coupling coefficient
can be used if the time origin is placed at the observation
point.

The class 1 response becomes less accurate when the observation
point (port zone) is moved closer to the point of first contact
of the incident field with the object. However, the deteriora-
tion of the response is not significant (¢f. Figures 2.4 and
2,7).

The responses obtained by using dominant poles only agree
favorably with the responses obtained by including more complete
collections of poles. (This fact 1s exploited in the next
section where the dominant pole approximation is discussed in
more detail.)
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|
From the above discussion we conclude that the class 1 coupling ‘

coefficient with the time origin at the port location is the best

|
choice for the SEM equivalent circuit synthesis. In Bawn's [1976b]
formulation this is equivalent to choosing the turn-on time at the

instant when the wave front reaches the observation point.

2.7 Dominant Pole Approximation

It is noted tﬁat the singularity expansion for the surface current
density on the object (2.26) contains a potentailly double infinite
summation of terms associated with an infinite number of eigenmodes
and potentially inﬁinite collection of poles belonging to a given eigen-
mode [Pearson and Wilton, 1981]. For many problems of practical interest
one can recover_byinumerical methods [Tesgche, 1973; Crow et al., 1972;

Singaraju et al., 1976], analytical methods [VanBlaricum and Mittra,

1975; Pearson and Roberson, 1980; Pearson and Lee, 1982; Cho and
Cordaro, 1979] a finite number of poles which dominate the frequency

and time responses‘forAexcitations whose spectra are bandlimited.

These poles are thé ones located closest to the jw-axis and are referred
to as the dominant?poles of the structure [Pearson and Wilton, 1981].

In the case of thejfew structures for which the distribution of poles
among the eigenmod%s can be explicitly determined (e.g., the circular
loop and the spherg) the collection of dominant poles can bé obtained

by taking only onef"dominant" pole from the number of poles belonging

to each eigenmode.; There are strong indications that this is true

in general. Denoting by 5, the dominant pole of the nth eigenmode,

one can rewrite (2.26) in the dominant pole approximation as
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J3,s) = % B.fi ()3 (DE(s)+] PRI B fi_()3_ (D) (2.48)
n n n
with
A (s) = <3’n<?);'ﬁo('r*>5<'r*,s)> : (2.49)

It is understood in (2.48) that complex conjegate poles are included

in the summation. It is noted that the term associated with the pole

at the origin is shown explicitly in (2.48). As pointed out in Section
2.3, this term is present only in the case of multiply-connected objects,
such as the loop antenna. It is absent, for example, in the case of

the thin dipole antenna, which can be considered as a member of the
singly-connected class of structures.

It is important to note that in the case of a multiply-connected
object immersed in an external incident filed, one expects a cancellation
of the pole at the origin to occur. This is so, because in the limit
as s+ 0 the coupling coefficient ﬁo(s) is obtained by integrating along

a closed path a conservative (in the limit) field against the constant

natural mode. One may rewrite (2.48) in such cases as

3Ee) = uB I DEE) + | i B (9T i) (2.50)
n n n
where
fi, (8)
U o= 2im [ J . (2.51)
0 s+0 S

For example, in the plane wave case, in the limit as s+ 0, one arrives

at
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-Ype(r-1)
(o] (o] (o]
|
2 <J (r)E[1-vp e« (x-r )]>
> > > > >
= —s<JO(r);EOp (r-ro)/c> (2.52)
so that

T > > > . > >

o= —<Jo(r);EOp -(r—ro)/c> . (2.53)

2.8 Conclusions

The SEM represen#ation for the surface current density on a scattering
object is derived formally by way of the eigenfunction expansion, and
the potenital limitatgons of this procedure are addressed. Since the
expansion is performed on the eigenmode-by-eigenmode basis, there may
be branch-integral co%tributions present [Pearson and Wilton, 1981]
which, in the case oféfinite—extent perfectly-conducting objects in
lossless media, must éancel in the eigenmode summation, to give a
meromorphic curremnt fesponse in accord with [Marin and Latham, 1972].
It is demonstrated by:specific examples in Appendix A that such phenomenon
can, indeed, occur. énly for highly symmetric objects, having frequency
independent eigenfuncéions, has it been possible to show (Section 2.3)
that the eigenvalues ére meromorphic in s. The omission of the branch-
integral constituent in the SEM exapnsion can adversely affect the
realizability of the ﬁerminal eigenadmittances [Pearson and Wilton,
1981].

Two basic SEM expansion forms arise in the SEM expansion of the
current, the so—callea modified and unmodified forms. Since the modified
form imposes less stringent conditions on the large-s asymptotic

properties of the inverse eigenvalues [Pearson, 19811, it is suggested
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that the modified poles modules are preferable in the case of problems
dealth with on a purely numerical basis.

Two forms of coupling coefficients have been used to date, the
so-called class 1 and class 2 forms [Bawm, 1976b]. For the SEM
equivalent circuit synthesis one is forced to use the class 1 SEM
expansion form. It is demonstrated that this form gives good results
provided the time origin is placed at the gap zone. The convergence
of this representation is assured since it is shown that the class 1
expansion form is always convergent as Re{sni}-+oo if the time origin
is located on the surface of the scattering object.

It is also demonstrated that for the thin-wire loop antenna the
dominant-pole approximation [Pearson and Wilton, 1980] gives very
accurate short-circuit current responses. It is conjectured that this

is true for all highly resonant structures.

55



' CHAPTER 3

FORMAL ﬁEVELOPMENT OF EQUIVALENT CIRCUITS

3.1 Introduction

In this chapte% is discussed a formal developmentl) of SEM equivalent
circuits for energyjcollecting structures with definable ports. With
some exceptions, this development essentially follows that presented
by Baum [1976a] andi in a more recent paper, by Pearson and Wilton
[1980]. 1It is reitérated here, for the sake of completeness, in
notation consistent}with the rest of this work.

The objective 4f,this work is to derive an equivalent circuit at
a portz) of an anteéna or scatterer from its SEM description. Since
the problem is linear, one can construct the Norton and Thévenin
equivalent networks% as shown in Figure 3.1. It is noted that the Norton
circuit requires thé knowledge of the driving-point admittance §(s)
and the short-circuit current isc(s). To define the Thévenin circuit

one needs to know the driving-point impedance Z(s) and the open-circuit

voltage Voc(s). These quantities are not independent and are related

by
Y(s) = =—i— - (3.1)
Z(s)
and
~ocC
2(s) = Ys_(sl . (3.2)
| I°°(s)
l)The issues of physical realizability of the equivalent circuits are

addressed in Chapter 4.
2)A port is here understood in the usual circuit sense as a pair of

terminals with the property that the current entering one terminal
is equal to the current leaving the other terminal.
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Figure 3.1 (a) Single-port electromagnetic energy collecting structure and (b) its Norton and
(c) Th&venin equivalent circuit representations.



The process ofconst£uctingthe Norton (Thévenin) equivalent network
can thus be naturally divided into two steps: the computation of
?(s)(i(s)) —— the imﬁittance problem, and the computation of
isc(s)(goc(s)) - th; source problem.

In order that tpe circuit quantities voltage and current, could
be uniquely defined,ithe field in the gap region must be conservative,
This means that the gap must be electrically small in some sense.

In most cases this réquirement restricts the class of tractable

objects to slender %tructﬁres with narrow gaps (in terms of wavelengths
or, equivalently, tﬂé réte of variation of the transient waveshapes

of interest).l) ’

A typical gap fegion of width A and perimeter P is shown in
Figure 3.2. The gag is defined such that there are two sides or
terminals separatedrby the gap region with surface Sg' The antenna or
scatterer surface is designated by Sa so that S=SaUSg. ﬁg is a unit
vector oriented from one gap side tp the other on Sg. Following Baum

[1976a] we define the gap current and voltage as the averaged quantities

<?<¥,s>;agi¥>>s (3.3)

Iés) =
. g

and
,8)38 (D>, . (3.4)

fi(s) = - = <i(

Since a slow spatlal variation of the field in the gap is assumed, the

expressions (3.3) and (3.4) can be simplified to, respectively,

1)’I‘here are exceptions to this rule, e.g., the symmetrically excited
spherical antenna or the thick cylindrical antenna. One can even allow
non-symmetric excitations (e.g., plane wave) if the results are
interpreted properly.
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‘ Figure 3.2 Detail of the feed gap of a radiating structure.
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)22 I@E .9 » 4,7 (3.5)
and |

V(s) = - A %(?g,s) -ag(¥g) (3.6)
with ¥g denoting a éoint in the gap region.

The Norton and Thévenin equivalent circuits resulting, respectively,

from the short-circuit and the open-circuit boundary value problems
are derived in the next sections. These circuits are based on the
dominant pole expansion (2.48) for the current density on the object.
In his original work Baum [1976a] also derived the eigenmode expansion
networks obtained f;om (2.13). These networks, however, are of little

3 - ~
practical value, since in most cases the quantities Jn(r,s) and An(s)

are not explicitly known.

3.2 Norton Equivalent Circuit

The Norton equivalent circuit consists of the driving-point
admittance Y(s) and the short-circuit current Tsc(s) (Figure 3,1(a)).
The driving-point agmittance of the structure is determined by solving
the short-circuit bpundary value problem indicated in Figure 3.3(a).
The incident field;is.that due to the voltage v(s)==Vo§(s) impressed

across the gap, soithat the coupling coefficients (2.49) take the form

A

“",')"*.__QA')' -
n, = <Jn(r), A ag(r)>S Vo In (3.7)
g
where the notation
I = 1 <3 +). s
n~ A n(r 38, (r) S
g
=P J (r) -2 (r (3.8)
NCRRERC]
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(a) (b)

Figure 3.3 Short-circuit boundary value problem. (a) Determination of
the driving-point admittance and (b) determination of the short-circuit

. current.

61



has been introduced. Using the coupling coefficients (3.7) in (2.48)

the port current can be determined from (3.3) as

) =28, 120(s) +] —2rs 8 12 () . (3.9)
' n n n

The driving-point admittance Y(s) =I(s)/V(s) follows directly from

(3.9):
) = + 1Y () (3.10)
; (o] n

where the §n(s) are defined by

L a, a a_s
Yngs) "=%<s '3 °© s (s-s) ° - (3.1
: n n n n

These are the so-called modified pole admittances, as distinguished

from the unmodified pole admittances

Yn(s) T s-s
n

(3.12)

which result if the éxpansion (2.25) is used. The admittance residues

a are given by

a =B Ii (3.13)

and the magnetostatié inductance Lo is defined as

L = (3.14)

L
(s} a
(8]

1)

One can combine conjﬁgate pole terms in (3.10) to get

l)For simplicity, only complex conjugate poles are assumed. A trivial
modification of (3,15) is necessary to avoid the double accounting
of purely real poles.,
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=——+ 7 ¥ (s) (3.15)
n
with the conjugate pole-pair admittances defined as
Y (s) =Y (s) +Y_ (s) . (3.16)

In (3.15) - (3.16) the notation is adopted that n and -n constitute
the indices for a conjugate pair of poles (s_n==s;).l)

The short-circuit current can be found from the boundary value
problem shown in Figure 3.3(b). The incident field is now that due

to a plane wave and the coupling coefficients n, are given by

~ > -
- L ] r—r
. Y, P ( g)>

L
n, = <Jn(r);Eo e S (3.17)

Note that the class 1 coupling coefficient form is used with the time
origin at the gap region, as suggested in Section 2.5. The short-

circuit current can be obtained from (2.50) and (3.3) as
Isc e S ~ P
I77(s) = B I f(s) + ] < s Palnlnf(® - (3.18)
n n n
This expression can be conveniently rewritten as
~sc ~ ~ -
I77(s) = g f(s) + g Y (s) T f(s) (3.19)

where the source coefficients
g, = uoBOIO (3.20)

and

2)Complex conjugate value is denoted by superscript asterisk (*).
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(3.21)
have been introduced. Combining conjugate pole terms in (3.19) gives

I°%(s) = g E(s) + E §n(s)Tn-+§_n(s)TéJ%(s) : (3.22)

It is fruitful to express i €(s) in terms of the pole-pair admittances

Y (s) as follows:

15¢(s) = + 1Y (T ()F(s)
n
=g f(s g ¥ (s)V_(s) (3.23)

where the pole-pair voltage transfer functions in(s) are defined as

A ¥ ()T +Y_ ()T Y (s) - ¥__(s)
’I‘n(s) = NOK: ?—n(s) = Re{’I‘n} +j Im{’I‘n} ’?Aln(s} (3.24)
and the pole-pair source voltages %n(s) as
Gn<s> = %n(s>§(s> . (3.25)

The driving-point admittance (3.15) and the short-circuit current

{(3.23) can be combi#ed according to the Norton's theorem to give the
equivalent network ghown in FPigure 3.4(a). By pairing pole-pair
admittances with the corresponding pole-pair source voltages and applying
the Thévenin's transformation to each pole-pair circuit this network

can be recast into the form shown in Figure 3.4(b). This very fruitful

transformation was first introduced by Baum [1976a].

64




G9

(b)

Figure 3.4 (a) Nortom circuit representation and (b) its alternative form.



3.3 Thévenin Equivalent Circuit

The Thévenin equivalent circuit results from the open-circuit
boundary value problem shown in Figure 3.5, The solution for the
open-circuit SEM paraﬁeters is in practice a much more difficult
task than the solution for the short-circuit parémeters of the same
structure. Thus, it is probably more practical to derive the Thévenin
circuit indirectly, f?om the short-circuit parameters. This last
approach, which was pursued recently by Tesche and éiri [1981], is
briefly discussed at the end of this secgion.

The forcing function in the impedance problem (Figure 3.5(a))

is the impressed gap current

e 2 -;~ ~l,\ ~
Jg(r,s) = Jg(r)f(s) =3 ag(rg)lof(s)

=%§g('r’g)i(s) , }’esg i (3.26)

The field due to this;cufrent can be otained from the integral

equation as

B E,s) = - TEE LT g
| g
=1 L EE T8 @yl B (3.27)
; oP g S
; g
and the coupling coefficients arebgiven by
- 1 > > .<:>-> -, . . - _ o
n, (s) I, 5 9,(0)3<2(zx,r',8)38 (v )>Sg>sa =~ a (s (3.28)

where, for notational convenience, a new quantity has been defined:

a_(s) =%<3n( );<Z(r, ',s);ag(¥'>>s >S . (3.29)




121

o>

i
+ = 3
~ ® ~0C

Vis) l(s)

V Y(S)
(a) (b) 8

Figure 3.5 Open-circuit boundary value problem. (a) Determination of
the driving-point impedance and (b) determination of the open-circuit
voltage.
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The current on the object can be now expressed with the help of (2.48) ‘

asl)

Jde =-1 B &3 D1(s) - Z = 3.3 (93 (DI (3.30)

s, (s

The electric field‘radiated by this current and the gap current is

given by

> > 3 > . (3.31)
r,r H

V(s) = % <<Z<—+(¥’¥"S> ;3(¥' ’S)>S e (;)>S
a g

+%<<2(¥,¥'s>;3 (Z,8)>. 38 (F)> . (3.32)
7 8 Sg & e

Substituting (3.26) and (3.30) into (3.32) and using the symmetry

properties of the impedance kernel yields

~ 1, s ~

V(s) = (s> ~ 8 2(s) - z = = =y Bba (1) (3.33)
where a new quantify has been defined:
(3.34)

Since 30(¥) is solénoidal, it can be seen from (3.29) and (2.3)
that &o(s)-+s as s+ 0, so that the second term of (3.33) goes to zero
at this frequency; For n >0, however, &n(s) introduces a pole at zero.

Also, &g(s) has a pole at the origin. Expression (3.33) can be reexpanded

1>It should be kept in mind that the SEM parameters sy, 3n(r), and ‘
Bnh are computed with the gap open and are, in general, different from
the short-circuit quantities used in the previous sectiom.
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to give the driving-point impedance Z(S)-=V(s)/f(s) in the form

1 B 0.'2
7 == (g 2B _y__5 2
Z(s) [ ag + s‘n ] z s (s=8) Bnan
n n n n

where

g 7 e g @]

and anSE&n(sn). It is convenient to define new quantities, the

electrostatic capacitance

C = 1
o Bavz
0l 42 ] Re{_BTn_}
s n

and the impedance residues

a|=8a2
n nn

and rewrite (3.35) as

Z2(s) =<+ 1 Z_(s)
o] n

with the modified pole impedances in(s) given by
a's
n

SN

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

The impedance counterpart of (3.12), the unmodified pole impedances,

are defined as

a'

2,(8) = §-58
n

Combining the conjugate pole terms in (3.39) gives
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Z(s) ==+ ] (2 (o) + i_n(s{J
: (o] n

1

=C + 7 z_(s) (3.42)

n

with the conjugaté pole-pair impedances defined as

z (s) =Z (s) +Z (s) . (3.43)

Note that fof multiply—connected objects, such as the loop antenna,
(3.42) does not exhibit the proper behavior as s—+0, unless C0==w.
This means that tﬂe denominator of (3.37) must sum to zero in such case.
Also, note that al} poles contribute to the static capacitance Co’ as
given by (3.37). Numeriqal evaluation of this expression shows that if

only dominant poles are included, (3.37) significantly underestimates

the value of Co.‘ Much better results can be obtained by computing

C0 apart from the SEM formulation, by sdlving for the static charge

distribution on the structure.
The open-circuit voltage can be found from the boundary value
problem shown in Figure 3}5(b). The incident field is that due to a

plane wave and the coupling coefficients are given by

y B (T-1.)
=Y. p* (r-r
n g s . (3.44)

S

"'<:T>(->)E
ni: = nr’oe s

n

The current on the object is given by (2.50) as

[N 2

-+ - + - s ~ 2> '
(£5) = p B I (D)L (s) +§ RIS (3.45)

and the open-circuit voltage is giveh by (3.4) as

~ T
'9S)>s ;ag(r)>s . (3.46) .
- a g

Substituting (3.45) into (3.46) gives



%(s) = u B E ()E(s) + z m—) B % 8 (s)E(s) . (3.47)

nnn

Again, &o(s) has a zero at zero and &n(s), n >0, introduces a pole

at the origin. Reexpanding (3.47) gives

°C(s) = k! f(s) + ) -————-1;-7 BT o f(s) (3.48)
nn
where
k' %oy 3.49
o -121 s; . (')

This series should sum to zero in the case of loop~like (multiply~

connected) structures. By introducing

~

N 14
Tn = -3 (3.50)
n
(3.48) can be rewritten in a form
OC = "" ~ '~
(s) = k!E(s) + g Z ()T E(s) (3.51)
or, after pairing the conjugate pole terms, as
°C(s) = k f(s) + ) |Z.T +Z (s)T;Wf(s) (3.52)
o) nn -n n|
with
k_ = 2 Re{k'} . (3.53)
0 0

It is fruitful to express Voc(s) in terms of the pole-pair impedances

as follows
%Cg) = k E(s) + ] 2_(s)T! (s)F(s)
(o] n n n

-k F(s) + Z §n(s)in(s) (3.54)
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where the pole pair tranmsfer function fé(s) are defined by

- Tz 1%
: Zn(s)Tn-I-Z_n(s)Tn

E'(s) -
n Zn(s)-+2_6s)
| Z (s)-z_ (s)
= Re{T'} +j I _{T'} = (3.55) -
n m ' n S
Z (s)
n
and the pole~pair source currents by
In(s) = Tn(s)f(s) . (3.56)

The driving-point impedance and the open-circuit voltage can be now
combined according to the Thévenin's theorem to give the circuit
shown in Figure 3.6(a). By pairing pole-pair impedances with the

corresponding pole—p?ir source currents and applying the Norton's

transformation to each pole—paif~§ircuit this network can be recast
into the form shown in Figure 3,6(b).

As mentioned at the beginning of this section, the open-circuit
SEM parameters are much more dikficult to obtain than the short-circuit
parameters of the saﬁe;problem. ‘This is so because the highly localized
charge interaction effects between the two parts of the structure in
the vicinity of the gap must be modeled precisely in the open-circuit
boundary value problem. Furthermore, it is enough to solve only one -
short-circuit boundary value problem for all possible gap locations on
the structure, wheréas the open-circuit problem must be resolved each

time the gap is moved. Thus, if for any reason the Thévenin equivalent

circuit is preferred over the Norton equivalent, it is likely to be

expedient to derivejit from the short-circuit parameters using the

relations (3.1) and (3.2). Using (3.15) in (3.1) gives the driving-

point impedance as
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Figure 3.6 (a) Thévenin circuit representation and (b) its alternative form.



—

Z(Sf =

= = = . (3.57)
1 2
R RO

=)

This expression can‘be easily recast>in a form of a ratio of two
polynomials in s, and the open-circuit poles can be found by solving
for the roots of the denominator polynomial. Expanding Z(s) in terms
of these poles gives the input impedance in the desired form (3.39).

It should be noted #hat the inductive term in (3.57) 1is not present

in the case of a siﬁply—connected structure, such as the dipole antenna.

Such a structure exhibits a capacitive behavior at low frequencies,

with the static capacitance given byl)
a 7
c =-27 Re{—y} (3.58)
° n ‘*n

where an are the admittance residues and Sy are the short-circuit

poles.
In like fashion, the open-circuit voltage can be otained by

substituting (3.15) and (3.23) into (3.2) as

e B EE + I ()T (s
7°¢(s) = L8 o n : (3.59)
. Y(s) 1 =
=< T 2 Yn(s)
[¢) n

In the case of dipole-like structures (simply-connected objects) the
first terms in the numerator and the denominator of (3.59) are not
present, and this eXprgssion can be easily recast into the form of

(3.54) with the coefficient ko given by

l>Cc>mple}~: conjugate poles are assumed. The extension to purely real .
poles is trivial.
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-2 I R {a . } (3.60)
o C )
n

° n
where Co is given by (3.58) and Tn are the source coefficients

defined by (3.21).
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CHAPTER 4

SYNTHESIS OF THE POLE-PAIR CIRCUITS

4,1 Introduction

The formal equivaient networks developed 1n Chapter 3 have the
form of a connection o% simple modules associated with conjugate pole
pairs. This network tépology simplifies considerably the synthesis
process. Furthermore,jit has the advantage that it can be easily
expanded by adding moré pole-pair modules without repeating the whole
synthesis process. Siﬁce the pole-pair modules are simple, one can
hope to give simple préscriptions for their physical realization. To
define such prescripti§ns is the main objective of this chapter.

As the first step toward this goal, the Norton and Thévenin

networks from Figures ?.A(b) and 3.6(b) are recast into the form given

in Figures 4.1 and 4.2; respectively. These networks are in a phyéically
realizable form provided thgradmittances %n(s) and transfer functions
%n(s) in the Norton network, and the impedances %n(s) and transfer
functions %é(s) in the‘Thevenin network, can be physically realized.

It should be noted tha% these networks contain controlled sources.

In a hardware realization they can be implemented by active devices,

such as operational am;lifiers.

The next sections are devoted to the synthesis of the §n(s) and
En(s) (driving-point fﬁnction synthesis), and the synthesis of %n(s)
and %A(s) (voltage transfer function synthesis). Both modified aﬁd
unmodified pole modules are considered,

Some of the material of this chapter is not new and is included

here, for the sake of continuity, in the notation consistent with the
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Figure 4.1 Topology of the Norton-based equivalent circuit.
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Figure 4.2 Topology of the Thévenin-based equivalent circuit.
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rest of this work. This is true in particular of the realizability
conditions of the unmodified pole-pair modules and their interpretation.
Analogous conditions which we give for the modified pole-pair immittances
are believed to be new, however. Similarly, the padding procedure
addressed in Section 4.3 and the approximate Bott-Duffin modules were
used previously, but the explicit expressions for the necessary padding
and network element values in terms of the SEM parameters appear here
for the first time. In deriving them we benefited from an early work

by Foster [1955], Most of the material on the pole-pair transfer

function synthesis in Section 4.4 is also original.

4.2 Driving-~Point Function Synthesis

The conjugate pole-pair admittance (2.16) can be written explicitly
in a form of a biquadratic function of s as follows:

& Asz+§§+c
Y _(s) = -2 2 (4.1)

with the coefficients defined differently depending on whether the modified
or unmodified pole admittances are used. For the unmodified modules

the numerator coefficients of (4.1) are given by

A =0 |, (4.23)
n
2cn
Bn = . (4.2b)
|s_|
n
cn-dnqn
and C & — (4.2¢)
n Qn

and the denominator coefficients by
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D =s |, 3 .
_ -1

En - Qn ’ (4-3 b)

Fn = 'sn| . (4.3 ¢)

For the modified modules the numerator coefficients of (4.1) are given by

d q -c¢

A =20 T, (4.4a)
A_ -
‘ Q,ls_|
c (2Q2-1) +d_q
B =2 10 nn., (4.4b)
o Q2ls_|
n n
and c =0, (4.4c)

with the denominator coefficients still given by (4.3). In (4.2)-(4.4)

the following notation is introduced:

iSn = ‘On'*jwn s | (4.5)
a =c +3d ., (4.6)
3 s, |

Qn= 7 s’ (4.7)
pos n

and
- w_ 2
an = E; = VZQn-l R (4.8)

where the residues a are defined by (3.13) and where Qn are the
quality factors of the?poles s,-

The conjugate pol;-pair impedances gn(s), defined in (3.43), can
also be written in the form (4.1) witﬁrthe only difference that the
residues a, are given by (3.38) and the polés are, of course, the

open-circuit poles. In what follows we deal speéifically with the

driving-point admittance function (4.1). However, all conclusions
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&
hold also for the impedance function Zn(s). The circuits which realize

& 2
Zn(s) are just the duals of the circuits for Yn(s).

The necessary (but not sufficient) condition for the physical

realizability of §n(s) is that the denominator coefficients of (4.1)

be positive and that the numerator coefficients be non-negative.

This requirement leads to the following restriction on the residue

location if the unmodified pole modules are used:

c >0

and

c, - dnqnz 0

If the modified pole modules are employed, the conditions are

- >
dnqn cn__ 0
and

2

(4.9a)

(4.9b)

(4.10a)

(4.10b)

The following discussion can be simplified considerably by assuming

Q. > -1 =0.707

"oz

(4.11)

This assumption does not seem to be restrictive since the dominant poles

of all structures considered so far satisfy (4.11). Even the dominant

poles of a sphere, which is an extremely low-Q structure, satisfy anll'

Assuming that (4.11) holds, (4.10) can be rewritten as

g c
2Q§-1 n_
and
d >0 .
n-
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The driving-point admittancé function %n(s) is physically realizable
if it is positive reai (PR) [Brune, 1931], Z.e., if it satisfies the
following conditions:

1. Re{%n(s)}> 0 for Re{s}>0; and

2, §n(s) is real when s is real.

Since it is extremely:difficult to apply these conditions directly,
the following equivalent réquirements, which are easier to check, can
be employed: |

A. ?n(s) cannot have any poles or zeros in the right half of
the complex frequency plane;

B. any jw-axis poles of ?n(s) must be simple and have positive
real residues; and

C. Re{??n(jw)}ib for all w. | -

In the case of the biéuadratic function (4.1) the conditions A and

B above are automaticélly satisfied if (4.9) and (4.12) hold,rrespectively,
for the case of unmodified and modified pole modules. It onlyrrem;ins

to check the condition C.

The behavior of Re{?n(jw)} can be investigated with the help of

the function
F (s) = %En(s) +§n(-s):l (4.13)

which on the jw axis is equal to the reai part of %n(s) there
[Guillemin, 1977]. For the unmodified pole modules case %n(s) haé the
form

(c,p ~BE)s?+CF_

F (s) = ) (4.14)
D p2g% 4+ (2D F -E?)s? +F?2
: n nn n n

In addition to a double zero at infinity this function has two zeros

given by
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CnFn
s =2 /20 (4.15)

o BE -CD
nn nn

If the zeros are real, Z.e., if

BE -CD_>0 (4.16)
nn nn-—

the pole-zero pattern of fn(s) is that shown in Figure 4.3(a) and

the corresponding behavior of Re{%n(jw} is that shown in Figure
(4.3(b).l) If the condition (4.16) is violated, the zeros (4.15)
become purely imaginary, as shown in Figure 4.3(c), and the character
of the real part of ?n(jw) changes to that shown in Figure 4.3(d).

It is evident from this figure that in this case there is a negative
excursion in the real part of §n(s) on the jw-axis, and the condition
C is violated. Hence, (4.16) is a necessary condition for the PR-ness
of (4.1) for the case of unmodified pole modules. Expressed in terms

of the SEM parameters this condition takes the form

Cn + dnqn > 0 (4.17)

Combining (4.9) and (4.17) yields

1)
> g (4.18)
a1 7 °

n
which is, therefore, the necessary and sufficient condition for the
physical realizability of the unmodified pole pair admittances. This
condition was stated previously by Guillemin [1977].

For the modified pole modules, in(s) takes the form

1)If (4.16) 1is satisfied with the equality sign,.the zeros (4.12)
move to infinity. However, the character of Re{¥,(jw)} is still
that shown in the Figure 4.3(b).

83



%3

Almp Alm ()

P sq
X | x x| X
-S, s, Rel Refs]
X | x X | x
(D-so
A (a) A (c)
—>=) =N
3 3
<D< D=
L"""'"J S—NF—J
] @
e o
o K.

(b) (d)

Figure 4.3 Pole-zero patterns of the even-part function of the unmodified pole module and the
corresponding jw-axis behavior of the real part.




. AnDn32+ (AF -BE)
F (s) = s° L . (4.19)
D2s“+ (2D F ~E?)s? +F?
n nn n n

This function has a double zero at the origin and a pair of zeros

given by
BnEn—AnFn
o= */ T Ap ¢ (4.20)
n n
If the condition
BE -AF >0 (4.21)
nn nn—

is satisfied, the pole-zero pattern of in(s) and the character of

the real part of %n(jw) are that shown in Figure 4.4(a) énd (4.4(b),
respectively. If the condition (4.21) is violated, the pole-zero
pattern of Fn(s)'and the character of the real part become that shown
in Figure 4.4(c) and (4.4(d), respectively. Again in this case, there
is a negative excursion of the real part on the jw-axis., Hence, (4.21)
is a necessary condition for the realizability of (4.1) in the modified
pole-pair admittances case. This condition may be written in terms

of the poles and residues as
2 2 s
c_(39Q 1) d Q g >0 (4.22)

or, through the use of (4.11) and (4.12a) as

o, %1
-— 2 —q . (4.23)
d — 2 _ n

n 3Qn 1

Combining (4.12) and (4.23) gives the necessary and sufficient condition
for the physical realizability of the modified pole-pair admittances as

Gl g,

3Q;-1 n
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Figure 4.4 Pole~zero patterns of the even-part function of the modified pole module and the
corresponding jw-axis behavior of the real part.
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with

d >0 . (4.24D)

If Qn>>]4 which i1s satisfied for most dominant poles of highly-

resonant structures, the first condition above is given approximately by
c
n

<3 2. (4.25)

The conditions for realizability of the unmodified and modified
pole-pair modules can be interpreted geometrically in the an-plane as
shown in Figure 4.5. If the residue a falls into region I, the
unmodified pole-pair admittance is realizable; if it falls in region
II, the modified pole~pair admittance is realizable; if the residue
lies outside the regions I and II, neither form is realizable.

The realizability conditions for the modified pole~pair admittances
were glven previously by Streable and Pearson [1981] in a form not
amenable to any geometrical interpretation. Similar conditions derived
by Baum and Singaraju [1980] are necessary but not sufficient.

If the PR-ness conditions are satisfied, the unmodified and modified
pole-pair admittances can be synthesized by a continued-fraction
expansion [Matthaei, 1954; Michaleki and Pearson, 1979] in a form
shown in Figures 4.6 and 4.7, respectively. (The index n on the
coefficients of (4.1) is dropped in the circuits given in Figures 4.6
and 4.7, and other figures in this chapter.) It should be noted that

two equivalent realizations are possible in each case,

4.3 Synthesis of Approximate Driving-Point Circuits

It has been found that for most poles of the thin-wire dipole and

loop antennas, as well as the spherical antenna, the residue a_ falls

outside the regions I and II of Figure 4.5, Z.e., the pole-pair
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I-UNMODIFIED ADMITTANCE REALIZABLE
II -MODIFIED ADMITTANCE REALIZABLE

Figure 4.5 Geometrical interpretation of the realizability conditions
for the modified and unmodified pole-pair admittances.
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admittance is, in most cases, not physically realizable, This manifests
itself as a negative excursion in the real part of the driving-point
function on the jw-axis, as discussed in Section 4.2, It has been
observed, however, that in the case of modified pole modules this
negative excursion is in most cases negligible, or at least small, in
comparison with the value of the real part near the resonance. Thus,
if a small conductance Gn is added ?n(s), the resulting function can be
rendered PR without introducing appreciable error. This procedure is
called a real-part padding by Guillemin [1977] and was first applied

in the present context by Streable and Pearson [1981l] in synthesizing
driving-point equivalent circuits for the thin-wire dipole and loop
antennas. It should be noted that neither the poles nor the residues
are affected in the padding process. Only the zeros of the pole-pair

module are changed.

The amount of padding Gn which must be added to a pole-pair
admittance, so that the condition C of Section 4.2 is satisfied,

can be found explicitly in terms of the poles and residues to be

C = Qn(zqn|an|.+dn..cnqn) (4.26)

n
qls,|

for the unmodified pole-pair module, and

3 2 2
.. 2Qn|an|-dn(3Qn-l)-cn(Qn-l)qn

n (4.27)

Q,ls la

for the modified module. The numerator coefficients of the padded
pole-pair admittance (4.1) can be expressed in terms of the poles and
residues as follows:

1n 1

A = Qn(anlnn!.+dn‘-C ‘ ).

n

(4.28a)
qls, |
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2Q la_|+d_+c_q
B =—R 1 n_nn. (4.28b) ‘

i q, s, |

and
-~ 20}fa [ ~c (@@-1)q -d (3Q2-1)

o %%

C oo (4.28¢)

The denominator coefficients are not affected and are given by (4.3).
It should be noted ghat after padding all coefficients of the
biquadratic function (4.1) are nonzero, which makes the synthesis of
it more difficult.

It can be shown [Foster, 1955]) that the necessary and sufficient

condition for the physical realizability of (4.1) is

2
YAF - /CD <BE . (4.29)
nn nn —_

nn

It is easy to see that this condition is consistent with (4.16) in

the case when An==0, and with (4.21) when Cnf=0. The padded pole-pair
admittance is a minimum—real-part function, Z.e., the real part is zero at
some finite frequency [Balabanian, 1958]. For such functions (4.29)

is satisfied with the equality sign, Z.e.,

VAF -J/CD =+ VB E . (4.30)
nn nn nn

It appears [Michalski and Peagrson, 1979] that the only general synthesis
methods which can bé applied in this case are the Brune method [Brune,
1931] and the Bott—Duffin method [Bott and Duffin, 1949]. The synthesis
of (4.1) by these mgthods is described in considerable detail in 7
[Michalski and Pearson, 1979]. Here, we quote only the principal

results.
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The Brune network realizing (4.1) is shown in Figure 4.8 with
explicit expressions for the element values in terms of the coefficients
of (4.1). The Brune network is simple and can be successfully used
for analysis purposes. It is less attractive for a physical realization,
because of the presence of a unity-coupled transformer. Even a slight
deviation of the coupling coefficient from unity gives rise to an
additional zero of %n(s) at infinity. This does not seem to have a
very drastic effect on the behavior of the function, however,

An application of the Bott-Duffin procedure to (4.1) results
in two different network topologies depending on the sign on the right
hand side of (4.30). For the "+" sign the network shown in Figure
4.9(a) results, whereas for the "-" sign the network in Figure 4.9(b)
is applicable. These two situations will be referred to as cases A
and B, respectively. An explicit network for the case B (or, rather,
the dual of it) was given previously by Fosgter [1955]., Note that the
Bott-Duffin networks are in a form of a balanced bridge, Z.e., the
points "A" and "B" in Figures 4.9(a2) and 4.9(b) are at the same potential,
and any impedance (even a short-circuit) can be inserted between them
without affecting the terminal admittance. This fact can be used to
reduce by one the number of reactive elements by inserting a capacitor
or an inductor of a proper value into the bridge arm, and performing
a delta~wye or a wye~delta transformation. The resulting networks for
the two cases above are shown in Figure 4,10 and 4.11. Again, the
explicit reduced networks for the case B were given previously by
Foeter [1955].

Even in the simplified form the Bott-~Duffin networks are rather

complicated, They are generally considered unattractive from the point
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Figure 4.8 Brune realization of the padded pole-pair admittance
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M= ByDF + EJAC

Figure 4.9 Bott-Duffin realizations of the padded pole~-pair
admittance function for (a) case A and (b) case B.
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Figure 4.11 Modified Bott-Duffin networks for the padded pole-
pair admittance function -- case B.
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of view of sensitivity, as element variations from their nominal

values give rise to three additional poles and zeros in the driving- .
point function.

In order to determine which of the two cases A or B is applicable
for a given set of SEM parameters, it is helpful to consider the

expression
dnqn—c

AF -cDp_ =—51_T1 (4.31)
nn nn lS lQ

n

n
It is easy to see from (4.30) that the case A arises when (4.31) is
positive; if it is negative, the case B is applicable. This can be
summarized as follows:

>0 , case A

dq - c . (4.32)
<0 , case B

The geometrical interpretation of this condition in the an—plane is .
given in Figure 4.5 with the regions of applicability of the two cases
explicitly indicated.

It can be shown that the resistances R, in Figure 4.9(a) and

2

R1 in Figure 4.9(b) are recibrocals of Gn ~ the amount of padding used.
Thus, if the pole—ﬁair admittance is almost PR, so that the paddingr

1s negligible, these resistances are large and the entire circuit legs

in series with the@ can be neglected. The Bott-Duffin networks simplified
in this way are sh&wn in Figure 4.12. The approximate pole-pair module
for the case A (Figure 4.12(a)) was first derived by Streable and

Pearson [1981]. They did not give explicit expressions for the element

values, however.
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Figure 4.12 Simplified Bott-Duffin circuits approximating the padded
pole-pair admittance function in the case of negligible padding.
(a) circuit for case A and (b) circuit for case B.
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In all cases considered to date (the thin-~wire dipole and loop

antennas, the spherical antenna) only the case A has arisen. It seems, ‘
however, that this cannot be generalized, and situations where the

case B is appropriate cannot be excluded g priori.

4.4 Voltage Transfer Function Synthesis

The voltage transfer function of the Norton network (3.24) and
its Thévenin network counterpart (3.55) can both be written in the

form
A A s+B
n n

T® =T 5w (4:33)
n n

with the coefficients (which should not be confused with the coefficients

of (4.1)) given byr

A = Re{anTn}, (4.34a) ‘
B = - Re{anTnsg} . (4.34b)
C, = CA s (4.34¢c)
and |
) - Vsn[(c;q- d q.) 36

n

if the unmodified pole-pair modules are used, and by

o
|

= Re{a_s*T_}, .
n nn

= - *2
B Re{ansn Tn} .

n
eyl
Cn = ZQn (dnqn-cn) R (4.35¢)
and
D = =" [dq +c (2Q2-1)] (4.35d)
n‘ 2Q; nn n T
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if the modified pole-pair modules are employed. In (4.34)-(4.35) a_
are the immittance residues given either by (3.13) for the Norton
formulation, or by (3.38) for the Thévenin formulation. The source
coefficients Tn are defined in these two cases by (3.21) and (3.50),
respectively.

Before proceeding with the synthesis of (4.33), several comments
are in order. First, note that the equivalent circuits transformations
due to Baum [1976a] indicated in Figures 3.4 and 3.6 lead to very simple
pole-pair voltage transfer functions which are bilinear in s. Without
this transformation one would have to deal with biquadratic transfer
functions, which would be a more difficult task. Second, note that
each transfer network in Figures 4.1 and 4.2 is followed by a controlled
source. The main purpose of these controlled sources is to provide
the impedance buffering which is required because synthesis techniques
do not exist which realize a given transfer function for a general,
unspecified loading conditions. In addition, these controlled sources
serve as amplifiers. The amplifier function is necessary because,
in general, most synthesis techniques realize a given transfer function
only to within a constant multiplier, with the expectation that the
gain can be restored at a later stage.

The theory of transfer function synthesis is a vast and mature
field [e.g., Balabanian, 1958]. Fortunately, the function (4.33)
is so simple that only a small part of the accumulated knowledge needs
to be applied. Before attempting to synthesize (4.33) it is appropriate
to quote some of the conditions which a general voltage transfer
function, say T(s), must satisfy in order to be physically realizable

[Balabanian, 1958]. First of all, no poles of T(s) can lie in the
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right half plane. In addition, no poles of %(s) can lie at zero or
infinity. The zeros, however, can lie anywhere in the s plane., 1If
all the zeros of T(s) are confined to the left half plane, T(s) is
called a minimum-phase function; otherwise it is called a nonminimum-
phase function. The conditions imposed on T(s) depend on the network
_topology desired. Here we will seek a transformerless realization.
Also, we will prefer an unbalanced (common ground) topology over a
balanced (no common input and output terminals) realization, whenever
possible. Following‘BaZabanian [1958] we summarize these conditions
as follows. ‘

For unbalanced two-ports with no mutual inductance:

1. Transmission zeros may lie anywhere except on the positive
real axis.

2. TFor real positive wvalues of s, the value of the transfer
function lies between O and 1. The maximum value of unity
can be attained only at zero or infinity, or both.

3. The numerator coefficients of the transfer function are positive
(or zero) and no greater than the corresponding denominator
coefficients, assuming no cancellation of factors.

4. TFor a ladder network realization, which is a special form of
an unbalanced network, the transmission zeros cannot lie in
the right half plane.

For balanced two-ports with no mutual inductance:

1. Transmission zeros may lie anywhere, including the positive
real axis.

2. For real positive values of s the value of the transfer function
lies between -1 and +1. The extremities of the range can
be attained only at zero or infinity, or both.

3. The numerator coefficients of the transfer function may be
negative, but they are no greater in magnitude than the
corresponding denominator coefficients, assuming no cancellation
of factors.
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As discussed above, for physical realizability one requires that
the pole of (4.33) lie in the left half of the complex frequency
plane. This is satisfied only 1if the denominator coefficients of
(4.33) are of equal sign. In the unmodified pole module case this

imposes the following restrictions on the location of the residue a

i 1
= <= (4.36)
c g

n

ja]

The geometrical interpretation of this condition is given in Figure
4,13(a). The transfer function is realizable if the a lies in the
shaded region of the figure, If the modified pole modules are employed,

and (4.11) is satisfied, the residue location is restricted as follows:

q
- <

<gq . (4.37)
2Q!21-1

n

::Sn“:ln

The realizability region associated with this condition is the shaded
region in Figure 4.13(b).

The comparison of Figures 4.5 and 4.13 reveals that the voltage
transfer function is always realizable if the associated pole-pair
immittance function is realizable, If the pole-pair immittance is
initially non-PR, Z.e., the residue falls outside the regions I and
11 of Figure 4.5 so that the padding procedure described in Section 4.3
is employed, the associated voltage transfer function is still realizable
in at least one of the two forms: modified or unmodified. There is a
region in the an—plane where the realizability regions of Figures
4,13(a) and 4.13(b) overlap, so that both forms could be realized.

We have found that for all dominant poles of the thin-wire dipole and

loop antennas the residues a fall into that part of the realizability
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(b)

Figure 4.13 Regions of realizability (shaded) of the pole-pair voltage .
transfer function for (a) the unmodified and (b) modified pole modules.
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region lying in the first quadrant of Figure 4.13(b), so that the
modified form of the voltage transfer function is realizable.

For notational convenience the index n on the coefficients of
(4.33) is dropped throughout the rest of this section. Also it is

convenient to introduce a scaling factor k and rewrite (4.33) as

-~

2 1 kAs +kB _ 212 Y12 (4.40)
Tn(s) "X Cs+D 3. 7%
211 Y22

where zij and §ij denote, respectively, the open-circuit impedance
parameters and the short-circuit parameters of the two-port [Balabanian,
1958}, If (4.40) is realizable, the coefficients C and D are of the
same sign, as discussed above. It will be assumed here that they are
positive, which can always be accomplished by multiplying the numerator
and the denominator of (4.40) by -1. The following discussion can also
be simplified if the sign of k is chosen such that kA is positive.

Then it is only necessary to consider separately two situations:

kB >0 (%n(s) is a minimum-phase function), and kB<O0 (%n(s) is a
nonminimum-phase function). In each case two circuit topologies are
obtained depending on the choice of the impedance or admittance

parameters representation in (4.40),

Case 1. kB>0

In this case one can make the associations

512 = kAs + kB (4.41a)

and

511 = Cs+D = (kAs+kB) + (C-kA)s + (D-kB) . (4.41b)
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To this set of parameters corresponds the RL ladder circuit shown in .
Figure 4.14(a). This circuit is physically realizable if the value

of the unspecified constant k is restricted to

, C D
k < min &K R B} . (4.42>

It is easy to see that by choosing the maximum allowed value of k

one can eliminate either LA or RA from the circuit in Figure 4.14(a).

If the admittance representation is used in (4.40) one can
write

~

-¥1, = kAs +KkB (4.432)

and
§22 = Cs+D = (kAs+kB) + (C-kA)s + (D-kB) . (4.43b)

This set of parameters can be realized by the RC ladder network shown

in Figure 4.14(b). This network is physically realizable if k satisfies
(4.42). Again, by a judicious choice of the value of k one can eliminate

either CBor RB'

Case 2. LkB<O

Since in this case the voltage transfer function has a positive
real zero, it cannot be realized in an unbalanced form [Balabanian,
19583. 1Instead, oné must resort to the symmetrical lattice topology
shown in Figure 4.lg(a). If this network is unwrapped to the equivalent
form of Figure 4.15(b), it is recognized that the symmetrical lattice
is identical with a bridge netw&rk. 7

The lattice arm impedances ia and ib can be expressed in terms

of the open-circuit impedance parameters as
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Figure 4.14 Ladder network realizations of {(a) the RL and (b) RC
type for the pole-pair voltage transfer function -- negative transmission
zero case.
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Figure 4.15 (a) Standard and (b) bridge form representation of the
symmetrical lattice.
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-2, (4.443)

and

Z, =2 .4z . (4.44D)

Alternatively, the lattice arm admittances §a-=llza and §b==1/2b can

be expressed in terms of the short-circuit parameters as

-~ ~

Ya = Y557 Y15 (4.45a)
and
Yb = y22+y12 . (4.45b)
Using (4.41) in (4.44) gives
Ea = (C-kA)s + (D-KkB) (4.46a)
and
Eb = (C+kA)s + (D+kB) . (4.46b)

This set of parameters can be realized by the network shown in Figure

4,16(a). For physical realizability it is required that

C D
k i min[z, - i’] . (4047)

By giving k the maximum value allowed by (4.47) one can make either
LA or RB disappear.

In like fashion, using (4.43) in (4.45) gives

?a = (C+kA)s + (D+kB) (4.483)
and

?b = (C-kA)s + (D-KkB) . (4.48b)

To this set of parameters corresponds the network shown in Figure

4,16(b). The value of k is still restricted by (4.47). Again, either
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Figure 4.16 Symmetrical lattice realizations of (a) the RL and (b)
RC type for the pole-pair voltage transfer function -- positive
transmission zero case.
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RA or CB can be removed by a judicious choice of the value of k.

The circuits given above do not realize the multiplicative factor
1/k in (4.40). The gain lost can be restored in the controlled
source stage following each voltage transfer network. The amplification
factor of this controlled source must have the value u=1/k.

Still different realizations in the case when kB < 0 can be
obtained by writing (4.40) as a product of an all-pass functionl)

and a minimum-phase function as follows

3 - 1l kAs+kB , kAs ~kB
() "% -x8 " "¢ ¥D  ° (4.49)

Now the all-pass function can be realized as a simple constant~

resistancez)

LC lattice, and the minimum-phase function can be synthesized
as a constant-resistance ladder [Balabanian, 1958]. A cascade connection
of these two-ports realizes (4.49). This realization, however, is

more complicated than the networks shown in Figure 4.16,

4.5 Conclusions

In this chapter simple procedures are developed for the synthesis
of physically realizable active equivalent circuits for energy collecting
structures from their SEM description. The general network topology
is that shown in Figure 4.1 for the short-circuit boundary value problem
(the Norton equivalent), or that shown in Figure 4.2 for the open-

circuit boundary value problem (the Thévenin equivalent). These networks

l)An all-pass function is defined as a transfer function whose zeros
are all in the right half plane and whose poles are the negatives
of its zeros.

2)A constant-resistance two-port is defined as one whose driving-

point impedance 1s equal to a constant R when the two~port is
terminated in a resistance R.
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have the form of a connection of simple modules associated with conjugate

pole pairs of the structure. These pole-pair circuits are synthesized

one at a time, so if the need arises the network can be easily expanded
by adding more pole-pair modules without repreating the whole synthesis
process. By using ﬁhe network topologies of Figures 4.1 and 4.2 the
synthesis process if reduced to the realization of a driving-point
function biquadratic in s and a voltage transfer function bilinear in s.
The realizability conditions and explicit circuit reallzations are
given for these functions. If the pole-pair driving-point function is
initially nonrealizéble, a simple padding procedure is described to
synthesize an approximating network., It is shown that the pole~pair
voltage transfer function can be always realized either in the form

of a ladder circuit or of a symmetrical lattice circuit. Unfortunately,

the applicability of each of the two topologies is dependent on the

direction of arrival of the incident plane wave, so that the circuit
topology may change when excitation conditions are changed. The
equivalent network does not depend on the time history carried by the
incident field, however. Also, the autonomic voltage source is
connected to only one port, which is a desirable feature. As the
Figures 4.1 and 4.2 indicate, the controlled sources could noﬁ be
avoided. They can be implemented in practice with active devices which,
however, usually can not sustain very high voltages.

In the next chapters the procedures developed here are used to

synthesize practical equivalent circuits for the loop, dipole, and

spherical antenna.
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CHAPTER 5

EQUIVALENT CIRCUIT SYNTHESIS FOR A CIRCULAR LOOP

5.1 Introduction

In this chapter the procedures developed in Chapters 2-4 are
used to synthesize an SEM Norton-type, dominant pole-pair equivalent
circuit for a thin-wire loop antenna. The thin-wire circular loop
is one of the few structures for which an explicit solution for the
current can be found (subject to the thin-wire approximation). The
development presented here differs in details from the general theory
developed in Chapter 3 because of the occurrence of the eigenvalue
degeneracy in the present case,

The performance of the developed SEM equivalent circuits is
compared with responses obtained by the classical frequency domain—
inverse Fourier transform approach, The application of these circuits
to the analysis of antennas with nonlinear loads is demonstrated in

Appendix B.

5.2 Preliminary Theory

The geometry of the loop is defined in Figure 5,1. It is assumed
that the radius of the wire a is much smaller than the radius of the
loop b(a<<b) and that w _a/c<<1, where w=uw is the largest

max max
significant spectral component of the excitation. As a consequence,
it can be assumed that there is only a ¢-component of the surface

current density, Z.e., 3(?,5) =] (;,s)$, where ¢ denotes the unit

¢

vector in the ¢ direction, and that the current density is uniform around

the wire, Z.e., 3¢(¥,s)-3¢(¢,s). The total current can be defined as
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Figure 5.1 Geometry of the circular loop.
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1(¢,s) = 2mal, (d,s) . (5.1)

¢

The EFIE for the total current becomes one~-dimensional with the
kernel defined by

_ Z ~-sR
2(6,6',8) = =2 |s cos(¢-¢') - = 2 21 (5.2)

s=vYb is the normalized complex frequency, y being the complex
propagation constant, and R is the normalized distance between the
source point and the observation point on the surface of the wire

(see Figure 5.1) given by

- Ax 2
R= /4 s? (&) + ) (5.3)

with

A= 2a sin(%) . (5.4)

The suitable symmetric product is defined as

kit

<[];[]>EJ[]'[]bd¢- (5.5)

=T

The eigenvalues of the EFIE can be found as [Harrington, 1968;

King, 1969]
- jZo -
An(s) =5y an(s) (5.6)
where
K__.(s)+K__ . (s) 2
~ -1 +1 ~
an(s) = -js n 5 Lo + (SJ Kn(s) (5.7)
and
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T T
‘ Jn($-4') -sR
~ _ 1 e e '
R.() =25 J dy J = d(o-9") . (5.8)
- -T

As shown by wWu [1962], eq. (5.8) may be approximately written in

terms of integrals of Anger-Weber functions for unrestricted n, as

5 ,
I~(o(s) = -EFL? Qn(%b-) —-é— J E?o(z) +j Jo(z)]dz (5.9a)
0
, €
K_(s) =%Eo@ﬁxo%ﬁ +0J —%.[ @mﬁz)+ij#zﬂdz (5.9b)
0 ,
with
n-1 -1
C = n(4) -2 } (2m+1) (5.10)
m=0

where L =-j2s and Io and Ko are the modified Bessel functions of the
first and second kind, respectively, and I'=1.78l... is the Euler's
constant., This representation was originally obtained by Wu for the real
frequency case (s=jw); 1t was generalized to the complex frequency
case by Umashankar and Wilton [1974].

The eigenfunctions associated with the eigenvalues (5.6) are

cos(nod)
I (@)= , (5.11)
LR

sin(n¢)
so that there is an‘eigenvalue degeneracy for n>1,
The current i(s) Ei(¢g,s) at the location ¢==¢g can be expanded

in terms of the eigenfunctions as

=i
_ _jz-b 1 <IO,e(¢)’E¢(¢’S)>

i(s) = =
Z a_(s)
o o <Io,e(¢)’lo,e(¢)>
~1
w <L _(9),E (¢,8)>
+ 2 2 _ 1 Nn,0 ) In g(¢ ) (5.12)
n=1 o an(s) <1n’o(¢),1n’c(¢)> »0°7'g
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where the subscript ¢ indicates e (for "even'") or o (for "odd").

Noting that

e(¢),Io’e(¢)> = 2mb (5.13a)
and

<In,8(¢)’1n:8(¢)> = 7b (5.13b)
one can rewrite (5.12) as

I(s) = ;gi 5 Lo, (@ E (490>

i
T (s) ‘n,o ¢(¢,s) I ,o(¢g) . (5.14)

5.3 Derivation of the Driving-Point Admittance of the Loop Antenna

For the driving-point admittance computation a delta function

generator located at ¢==¢g is assumed, with the field defined by

=1 _V(S) s
By(0,8) = 52 8(6-0) . (5.15)

Using (5.15) in (5.14) the admittance §(s)==i(s)/§(s) can be written

as

@) . (5.16)

n o\'g

i(s) = S i Gy * 2 z z
o]

n=l O

Umashankar and Wilton [1974] have shown that the term l/Sn(s)

can be expanded in a residue series

Rno b Rni R;i
(S> = + Py~ + ppa (5.17)
i=]1 ni ni

where the term associated with the pole at s=0 is present only for
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n=0, Z.e., Rno=0 for n>1, and the residues Rni are given by

-1
R = gin s-s 4 _ dan(sni)

ni ors | an(s) ds
ni

(5.18)

In actual computations this series must be truncated after some
finite number of terms (say M). Umashankar and Wilton [1974] have
found that the truncated series (5.17) converged very slowly at low
frequencies and they were forced, in effect, to use the modified pole

expansion (see Section 2.3)

i Rno % Rni Rzi
- E — 4 S — + x x . (5'19)
an(s) S i=1 Sni(s Snf Sni(S Sni)

They also observed that the poles belonging to a given eigenmode could
be divided into three categories:
1. Type I - A single pole of each eigenset nearest therjw-axis
at approximately w=n. This pole is the principal contributor
to the response of the loop - it is the dominant pole (see
Section 2.7).
2., Type II -~ A set of (n+l) poles (including conjugate pairs)
which lie roughly along an elliptic arc centered at s=0
and with a semi-major axis somewhat larger than n.
3. Type III —IA group of an infinite number of poles lying
almost parallel to the jw-axis. The spacing of these poles
is asymptotic to Aw=Tec/b.
This classification is illustrated in Figure 5.2 for a loop with the
shape factor Q==22n(2wb/a). In this figure all fourth eigenmode poles
with Im{sni}:iZOb/c are shown together with the dominant (Type I)
poles of the eigenmodes 0-19. More recently Blackburn [1976] (see
also. [Blackburn and Wilton, 1978]) has provided an extensive tabulation

of the poles and associated residues for the loop for several

different shape parameters {2,
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Figure 5.2 Type I, Type II, and Type III poles of the fourth eigenmode,

and Type I poles of elgenmodes 0-19 of a circular loop with the shape
factor (=15,
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Denoting by s, the dominant pole of the nth eigenmode and by

Ré the associated residue, one can write

R|‘

.—-]_a —(S) ~ _so-. (5.208)
(s}
and
. R' R'*
—l = 5 n + n n>1 (5.20b)
~ = x _ * 'y e - .
an(s) sn(s sn) sn(s sn) .

To simplify notation, it is convenient to define a normalized residue
by

R =1 (5.21)

§ () (5.22)

?n(s) = ?n,e(s) + ?n,o(s), (5.23)
Yn’o(s) =Y ’O(s) +¥ o(s),
. a_ Iz (¢) '
Y (s) = s — .0 8 (5.25)
n,o s (s=-5s)
n n
with
an = 2Rn s 1>1 (5.26)

As discussed in Section 3.2, the index -n indicates the term associated

with the conjugate pole. Note that since

I:‘he(qb) + I;’o(cp) =1 (5.27)
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for all values of ¢, it follows that

a
Il

EXCEEN) G20

Yn(s) = Yn,e(s) + Yn,o(s) = s
and

?n(s) =¥ () +¥__(s) (5.29)

is independent on the port location. This could be anticipated, of
course, because of the symmetry of the loop.

The quality of the dominant-pole approximation to the driving
point admittance of the loop antenna with 2=15.0 is illustrated in
Figure 5.3 which shows the comparison of the behavior of ?(s) on the
jw-axis computed both from the approximate formula (5.22), with N=10,
and from the exact expression (5.16). It is seen that the agreement
is satisfactory, in particular in the real parts. The agreement in

the imaginary parts deteriorates for w> 3c/b.

5.4 Derivation of the Short-Circuit Current of the Loop Antenna

For the short-circuit current computation at ¢==¢g a plane wave
incident field is assumed with the geometry defined in Figure 5.4.

The ¢ component of the incident field on the wire is given by

Ey(0,8) = ELQ($)P(6,9)E(s) (5.302)
with
Q(¢) = siny cosb sin(¢-¢i) - cosy cos(¢-¢i) (5.30b)
and
8 sine[cos(¢-¢i) - cos(¢ "¢i)]
B(ds8) = e g . (5.30¢)

In (5.30a) Ei denotes the magnitude of the field strength and f(s)

is the Laplace transform of the time history carried by the plane wave,
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Figure 5.3 (a) The real part and (b) the imaginary part of the spectrum
of the driving-point admittance of the loop antenna. The dominant pole
approximation (5.22) is compared with the exact expression (5.16).
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The time origin is placed at the port location ¢>=¢g, as discussed .

in Section 2.5. Using (5.30) in (5.14) and normalizing the current

to anEi yields

) © (s) 5
+2 ) 3 n’¢ (6 ) ri(s) (5.31)

n_l G (S) nSO g -

isc(s) - ?_zj_
o}

with the coupling coefficients given by

~s sind cos(¢g-—¢i)

ﬁo(s) = cos VY Il(s sinf)e (5.32a)
and
cos(n¢i)
Ny e(s) = |cosy I;(s sinB)
0 sin(n¢i)

- sin(n¢i)} n In(s sinei} -5 sinB cos(eg-ei)
e

- sim) cosb
{ cos(n¢i) s sinb

n>1, (5.32b)

In the dominant-pole approximation the short-circuit current becomes

n (s) sR A _(s) .
*°(s) = R Lim [ ]f(s) + 2 2 y e I, o8 T (5.33)

S-8
n=1 ¢ Sn( n)

Combining N conjugate pole-pairs in (5.33) results in

~sc N - x|z
I°%(s) = g E(s) + nz Y Y G(S)Tn’g-FY_n’G(s)Tn,;]f(s) (5.34)
where
n_(s) '
_ 0 _ cosy sinb
& ° Ro ﬁiﬁ [ s } - Ro 2 (5.35)
and
(s))
T ¢z (5.36)

= 220 T
n,d0 In’o,((bg)
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Eq. (5.34) can be rewritten with the help of (5.32) as

N
I°¢(s) = g f(s) + nzl Yn(s)Tn+§_n(s)T:‘]f(s) (5.37)

where the source coefficients Tn are defined by

1

Tn = Ii’e(¢g)Tn’e4-I;’o(¢g)Tn’o = 1cosw cos[n(¢g-—¢i)]la(sn sinf)

- siny cosb sin[n(¢g-—¢i)]

n I (s sin8)| -s_sind cos(d_=~0¢,)
n_n }e n g 1T (5.39)

s_sinb
n
As discussed in Section 3.2, eq. (5.37) can be further transformed to
~sc -~ N C C -~
I"(s) 2 g f(s) +) Y (s)T (s)(s) (5.39)
o n n
n=1
with the voltage transfer functions Tn(s) defined by (3.24).

The quality of the dominant pole approximation to the short-circuit
current of a loop antenna with Q=15.0 is illustrated in Figure 5.5
which shows the comparison of the behavior of isc(s) on the jw=-axis
computed both from the approximate formula (5.39), with N=10, and
from the exact expression (5.31). It is seen that the agreement is
satisfactory.

The expressions (5.22) for the driving-point admittance, and
(5.39) for the short-circuit current, are now in a form suitable for

the application of the synthesis procedures developed in Chapter 4.

5.5 Equivalent Circuits for the Loop Antenna With =15

In this section Norton-type equivalent circuits are presented for
a loop antenna with the shape factor 2=15. The general layout of the

equivalent circuit is shown in Figure 4.1. It was found that only 10
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Figure 5.5 (a) The real part and (b) the imaginary part of the spectrum
of the short-circuit current of the loop antenna. The dominant pole
approximation (5.31) is compared to the exact expression (5.39). I
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or less dominant pole-pair modules model the structure adequately for
the excitations used. The SEM data employed (the poles and the
admittance residues) were taken from [Blackburn, 1976] and are listed
in Table 5.1. Also indicated in this table for each pole are the quality
factor Qn’ the residue location—as referred to Figure 4.5, and the padding
necessary to restore the PR-ness of the associated pole-pair admittance
?n(s). The column denoted "%" gives the ratio (in %) of the padding
conductance Gn to the maximum value of the real part of ?n(jw).
It is evident from Table 5.1 that only %l(s) is initially PR and can be
realized by one of the ladder circuits shown in Figure 4.7. For all
other pole-pair admittances the residues lie outside the regions I and
II, in the area denoted ''case A" (see Figure 4.5), so that padding is
required. However, the amount of padding is insignificant as compared
to the value of the real part of %n(jw) near the resonance. The padded
pole-pair admittances can be realized by the simplified Bott-Duffin
modules, as discussed in Section 4.3, The element values of the first
10 dominant pole-pair modules are listed in Table 5,2, Similar driving-
point admittance network for the loop was synthesized previously by
Streable and Pearson [1981].

The current response of the equivalent network defined in Table
5.2 due to a Gaussian voltage pulse, computed by the SCEPTRE [Jensen
and McNamee, 1976] circuit analysis program, is shown in Figure 5.6.
This response is compared to a waveform obtained from the TWID
[VanBlaricum and Miller, 1972] computer code, which solves an integral
equation for the current in the time domain. It requires, however,
that the structure be modeled by a connection of straight wire segments,

Only about 50 segments were employed to model the loop for the TWID run
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Table 5.1 Admittance residues aj, quality factors Q,, and the padding conductances G, associated
with the dominant poles S;) of a circular loop antenna with 2 =15.

n S —(Sn + jmn Qrl % % + jdn Region Padding G %
(mS] ~Case [mS]
o | 0.0 +jo0.0 - | 0.4620 45 0.0 - - -
1 | -0.0749 +j 1.0388 13.87 | 0.5301 +j 0.0893 11 - -
2 | -0.1083 +j 2.0526 18.94 | 0.5726 +j 0.0939 II1-A 2.6211%107° | 4.89%10™%
3 | -0.1340 +j 3.0625 22.86 | 0.6033 +j 0.0987 111-a | 1.0999%1073 | 0.024
4 | -0.1558 +j 4.0706 26.13 | 0.6279 +j 0.1033 ITI-A | 2.3856%107°> | 0.058
5 | -0.1751 +§ 5.0777 29.00 | 0.6489 +j 0.1076 IIT-A | 3.4936%107> | 0.093
6 | -0.1927 +j 6.0840 31.57 | 0.6672 +j 0.1118 III-A | 4.4191%1072 | 0.126
7 | -0.2001 +j 7.0897 33.90 | 0.6837 +j 0.1157 ITT-A | 5.1984%107> | 0.157
8 | -0.2245 +j 8.0950 36.06 | 0.6987 + 0.1195 ITT-A | 5.8646%107> | 0.186
9 | -0.2390 +j 9.0999 38.07 | 0.7126 +j 0.1231 IIT-A | 6.4430%107° | 0.213
10 | -0.2529 +10.1046 39.05 | 0.7255 +j 0.1267 III-A | 6.9521%107° | 0.239
*)

The Poles s
n

and residues an

are normalized to c/b.




Table 5.2 Element values of the dominant pole-pair admittance
networks for a loop antenna with (=15.%

LADDER CIRCUIT (Figure 4.7(a))

n Cl/b[pF/m] R, [0] Ll/b[uH/m] R, [kQ]
1 3.3034 47.374 3.0865 10.164
BOTT-DUFFIN CIRCUIT-CASE A (Figure 4.12(a))

n | C_/b[pF/m] L, /b[uH/m] C,/b[pF/m] R, [kQ]
2 0.9333 2.8764 44,3967 16.144
3 0.5095 2.7291 2.8702 20.727
4 0.3355 2.6209 1.0626 24.225
5 0.2443 2.5355 0.5527 26,998
6 0.1893 2.4648 0.3384 29.254
7 0.1531 2,4045 0.2284 31.125
8 0.1276 2.352 0.1645 32.701
9 0.1089 2.3055 0.1242 35.042
10 0.0946 2.2637 0.0971 35.197

*)

The static inductance LO/b==7.215 [uH/m].
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Figure 5.6 Input current of the circular loop antenna excited by a Gaussian voltage pulse.

SCEPTRE and TWTD results are compared.



with the gap width equal to the length of one segment. This crude
modeling is a possible explanation of the quite significant dis-
agreement (about 15% in the worse case) of the SCEPTRE and TWTD
curves.

Because of the symmetry of the loop, the driving-point part of the
equivalent network does not depend on the gap location ¢g; neither
does it depend on the direction of propagation of the plane wave incident
field, of course. The transfer function part of the equivalent network
does depend on the angles of incidence and the polarization of the
incident plane wave, as discussed in Chapter 4. Not only the element
values of the active part of the network change when the direction of
incidence is changed, but also the network topology can be affected.
However, it is shown in Chapter 4 that at most two network topologies
can result: a ladder network or a symmetrical lattice network. For
both cases explicit expressions for the element values in terms of the
poles s, the admittance residues a and the source coefficients Tn
are given in Chapter 4. The expression for Tn in the loop case is
derived in Section 5.4, eq. (5.38). The topologies and element values
of the corresponding transfer networks are listed in Tables 5.3-5.6.
Note that we have chosen to use the RC networks rather than the RL
networks. This choice was made because the element values of the RC
networks turned out to be more realistic than the element values of the
equivalent RL networks.

The short-circuit current responses of the complete equivalent
networks computed by SCEPTRE are compared in Figures 5,7-5.12 with

responses obtained by other means for different excitation conditions.

131



[A%}

Table 5.3 Element values of the dominant pole-pair voltage transfer networks for a loop antenna
(2=15) with a port at ¢g==0°, excited by a plane wave with the angles of incidence 6 =90°,
$1=0°, and | =180°.%)

n TOPOLOGY CA/b[pF/m] R, [R] CB/b[pF/m] RB[Q] k i[V"ll
anEo
1 | RC LATTICE 0.3541 1.807*10° . 1.622%10° 3.0464
2 | RC LATTICE 0.2053 531.47 - 331.86 0.9368
3 | RC LADDER 0.7384 212.85 ~ 970.85 -0.2431
4 | RC LADDER 1.0757 643.79 - 111.52 -0.9129
5 | RC LADDER 1.4432 1.410%10° - 61.759 -1.1433
6 | RC LATTICE 3.6760 41.602 - 38.711 -1.0055
7 RC LATTICE 4.5160 34.216 - 24,916 -0.6149
8 | RC LATTICE 5.370 - 3.305%10™ 2 10.826 ~0.1207
9 | RC LADDER 3.1672 52.597 - 24.696 0.3325
10 | RC LADDER 3.6543 135.56 - 14.857 0.6233
*)

The gain of the

associated voltage-controlled

current source

(VCCS)gO/QﬂbEi)==0.231 [mS/V].
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Table 5.4 Element values of the dominant pole-pair voltage transfer networks for a loop antenna
(2=15) with a port at ¢g=90°, excited by a plane wave with the angles of incidence 6=90°,
¢4 =0°, and Y =180°.%)

Kk _
o) | toporocy | c. /b[pF/m] R, [Q] C_/b[pF/m] R, (0] ¥ vl

A A B i

21bE

(o]
2 RC LADDER 0.436 838.53*%10° - 408.79 1.9989
4 RC LATTICE 2.151 '95.512 - 94.602 1.1836
6 RC LATTICE 3.676 40.432 - 39.782 0.8619
8 RC LATTICE 5.403 21.884 - 21.423 0.6849
10 RC LATTICE 7.308 13.562 - 13.222 0.5713

*
)The gain of the associated VCCS gOI(ZTTbE(i)) =0.231[mS/V].

*k
)The transfer networks associated with poles Sy for n=1,3,5,... are not present.
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Table 5.5 Element values of the dominant pole-pair voltage transfer networks for a loop antenna
(R=15) with a port at (bg=180°, excited by a plane wave with the angles of incidence 9 =90°,
b1 =0°, and = 180°.

a TOPOLOGY C,/bIpF/m] R, [2] Cy/bIpF/m] R, (0] H i[Vi]
2mhEL

1 RC LADDER 0.1770 28.305%10° - 1.8259 2.6702
2 | RC LADDER 0.4360 2,117%10° - 506. 28 0.9079
3 RC LATTICE 0.825 - 0.6518 87.288 -0.15302
4 RC LATTICE 2.1514 117.65 - 79.741 0.5442
5 RC LATTICE 2.8864 62.836 55.904 ~0.7547
6 RC LADDER 1.8380 2.134%10° 40.872 ~0.7097
7 RC LADDER 2.2579 254.90 - 32.513 -0.4883
8 RC LADDER 2.7015 53.930 - 36.173 ~0.1851
9 RC LATTICE 6.3343 48.144 - 10.179 0.1068
10 | RC LATTICE 7.3087 15.682 - 11.682 0.3140
*)

The gain of the associated VCCS gO/(Z bE(l)) =0.231[mS/V].
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Table 5.6 Element values of the dominant pole-pair voltage trnasfer networks for a loop antenna
(2 =15) with a port at ¢g=90°, exclted by a plane wave with the angles of incidence 6 =30°,

¢{ =180°, and ¥ =60°.

n TOPOLOGY CA/b[pF/m] RA[Q] CB/b[pF/m] Ry[9] L i[v‘l]
21rbEO

1 RC LADDER 0.1679 1.7152%10° 2.746%103 - 0.3626

2 RC LATTICE 0.872 41.269 - 40.456 -0.9664

3 RC LADDER 0.7384 28.523 - 45.00 0.1538

4 RC LATTICE 2.1514 97.223 - 92.981 -0.2499

5 RC LADDER 1.4432 114.43 - 122.52 5.873%1072

6 RC LATTICE 3.676 41.423 - 38.867 ~7.747%1072

7 RC LADDER 2.258 61.777 - 54.074 2.256%1072

8 RC LATTICE 5.403 22.558 -~ 20.814 ~2.586%10"°

9 RC LADDER 3.1672 38.799 - 29.646 8.748%107>
10  RC LATTICE 7.3087 14.064 - 12.777 -8.993%107°
*)

The gain of the associated VCCS gO/(anE(i)) =-0.0578 [mS/V].
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SCEPTRE responses are compared with TWTD results in Figures
5.7-5.9. The time history carried by the plane wave is a step function.
As in the case of the admittance network, there is a significant
discrepancy between these two curves. Again, one can attribute this
discrepancy to the relatively crude modeling of the loop by the
straight pileces of wire. It is of interest to note that the current
waveform approaches a constant non-zero value for late times. This
phenomenon is possible because there is a d-c¢ (direct-current)
component in the incident waveform spectrum and the loop is perfectly
conducting. |

The circuit responses are compared with the results of the
classical frequency domain—TFourier transform method in Figures 5.10-
5.12. The time history of the incident wave is a double exponential
function. 1In computing the frequency domain response the series
(5.31) for the short-circuit current was evaluated for s=jw with 30
terms included. The subroutine developed by Blackburn et cl. [1978]
was used to evaluate the En(jw) factors. The time domain response was
obtained by applying the Fast Fourier Transform (FFT) algorithm

[Brigham, 1974]. It is seen fromFigures 5.10-5,12 that the SCEPTRE and

FFT responses agree favorably (the maximum discrepancy 1is less than 8%).

5.6 Conclusions

The responses of the dominant pole-pair equivalent circuits for
a thin-wire loop antenna agree favorably with the exact responses
obtained from the frequency domain—inverse FFT approach. The amount
of the real-part padding necessary for physical realizability of the
pole pair admittances is negligible in comparison to the value of the

real part at the resonance.
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CHAPTER 6

EQUIVALENT CIRCUIT SYNTHESIS FOR A CYLINDRICAL DIPOLE

6.1 Introduction

In this chapter the procedures developed in Chapters 2-4 are applied
to the synthesis of the dominant pole-pair, Norton-based, equivalent
circuits for a thin cylindrical dipole antenna. The cylindrical dipole
is a member of the class of structures for which an exact analytical
solution is not available. Instead, the SEM data are derived numerically
by the MoM technique. Simplified equivalent circuits based on the
sinusoidal mode approximation are also derived. For a symmetrical dipole
antenna or a cylindrical post over a ground plane, particularly simple
and yet reasonably accurate equivalent circuits result. The responses
of the SEM equivalent circuits are compared with the results of the
classical frequency domain—inverse FFT approach. An application of the
derived equivalent circuits to the analysis of antennas with nonlinear

loads is illustrated in Appendix B.

6.2 Preliminary Theory

The geometry of the dipole 1is defined in Figure 6.1. It is assumed
that the cylinder is slender (a << ) and electrically thin, Z.e.,
w__.a/e<<1l, where w=w is the largest significant spectral component
max max
of the excitation. As a consequence, it can be assumed that there is
only a z-component of the surface current density, %.e., j(?,s)==32(¥,s)2,
where 2 denotes the unit vector in the z direction. It can be further
assumed that the current density is uniform around the cylinder, Z.e.,

~ - ~
Jz(r,s) E.Jz(z,s), so that the total current is given by

143



+Z

/Ei Iﬁzﬁ
) | 2
\(/eaui;-

\ f

\ “tf

* .

\ i

X| Z»

Z

Q=21n (2/a)

Figure 6.1 Geometry of the cylindrical dipole.
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1(z,s) = 2ma Ez(z,s) ) (6.1)

The current on the dipole can be found from the so-called "Pocklington's

equation"
, 2
- Z#% {%;7 - yz] f i(z,s)i(z,z',s)dz' = ﬁi(z,s) (6.2)
0
where
> 1 " e-YR
K(z,z',s) = EE-J < do' (6.3)
-7
with
R = /(z-2')? + 4a® sin®($'/2). (6.4)

Ei(z,s) denotes the z component of the incident electric field and
Y=s/c is the complex propagation constant,

In order to find the short-circuit SEM parameters of the dipole
the gap is closed (Figure 6.1) and the integro-differential operator
in (6.2) is matricized by using the method of moments (MoM) technique
[Harrington, 1968]. In a simple variation of this method, as applied
to the present problem, the cylinder is divided into a number, say M,
of equal size zones of width A= 2%/M and the current distribution within
a zone is approximated by a constant. By replacing the differential
operator in (6.2) by finite differences [Wilton and Butler, 1976] and
enforcing the integral equation at the match points Zps k=1,2,...,N
(collocation testing), a linear matrix equation is obtained for the
expansion coefficients of the current., The natural frequencies (the
poles) are found as the zeros of the determinant of the MoM matrix.

At these freqeuncies the homogeneous eq. (6.2) has nontrivial solutions—
the natural modes., The natural mode associated with the pole s, can

be expressed as
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. M
In(Z) = 2

L In,k Pk(z) (6.5)

where in x are the current expansion coefficients obtained from the
3
MoM solution and Pk(z) are the pulse expansion functions defined by

T, zk-Aﬂfgizk+AN
P (2) =
0 , otherwise . (6.6)

From the MoM matrix and the natural modes one can compute the normali-

zation constants Bn according to eq. (2.20).

6.3 Derivation of the Driving-Point Admittance of the Dipole Antenna

The driving-point admittance of the dipole is determined by computing
the current I(s) in the gap region due to a voltage G(s)==Vof(s) impressed
across the gap, as discussed in Section 3.2. The incident field due
to this voltage can be approximated by

~1i Vo >
Ez(z,s) = +x Pg(z)f(s) (6.7)
where k=g is the index of the gap zone. The coupling coefficients

can be found from (see Section 3.2)
£

v
~ = B -—o = ¥
Ty J In(z) A Pg(z)dz = VO In,g (6.8)
0
and the admittance residues from
a =B 12 . ' (6.9)

n n "n,g

The driving-point admittance ¥(s) =I(s)/V(s) has the form

=4

~

Y(s) = Zin(s) (6.10)
n=1
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where %n(s) are the pole-pair admittances defined in (3.16) and X is
the number of dominant poles employed. Note that the inductive term
of eq. (3.15) is not present in the dipole case.

The poles and natural modes of a thin cylinder with the shape
factor Q=24n(2/a) =10.6 were first found by Tesche [1973] by the
procedure described in the previous section. In this work, however,
the natural modes are given in a graphical form only. Since the numerical
values of the coefficients in,k were needed for the circuit synthesis
purposes, Tesche's data were reproduced using 72 pulses in the current
expansion, The gap width was taken to be one zone. The results are
summarized in Figure 6.2 and Table 6.1. It can be seen from Figure
6.2 that the poles lie in layers roughly parallel to the jw-axis., The
first layer poles are the dominant ones. Also shown in this figure
is a grouping of poles according to eigensets, conjectured by D. R. Wilton
[Streable and Pearson, 1981]. Note that, unlike in the loop case, there
are only a finite number of poles belonging to each eigenmode in this
representation.

The quality of the dominant-pole approximation to the driving-
point admittance of a cylindrical dipole antenna with 2=10.6 is
illustrated in Figure 6.3 which shows the comparison of the behavior
of Y(s) on the jw-axis computed from the approximate formula (6.10)
with N=10, and by solving the integral equation (6.2) numerically.

It is seen that the agreement is quite good in the real parts case
while it is not as good in the imaginary parts, especially for

w> 21 ¢/k.
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Figure 6.3 (a) The real part and (b) the imaginary part of the spectrum
of the driving-point admittance of the dipole antenna. The dominant pole
approximation (6.10) is compared with the "exact" curves obtained by
solving the integral eq. (6.2) numerically.
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6.4 Derivation of the Short-Circuit Current of the Dipole Antenna .

For the short-circuit current computation the incident field is
that due to a plane wave carrying a time history f(t). The z-component

of thé electric field evaluated on the z-axis is given by

Y(z-—zg)cose

ﬁi(z,s) - Ei sind e E(s) (6.11)

with the time origin chosen in the gap zone, as discussed in Section 2.6.
With the current normalized to REi, the coupling coefficients can be

computed as

L ,
~ _ sinf | = Yn(z-zg)cose
n, = -3 J In(z)e dz
) 0
Asin® Yn(zk--zg)cose

e (6.12)

(14

M ~
2 kzl In,k

with the source coefficients given by

T_- . (6.13)

The short-circuit current can be expressed as

o)

L Yn(s)Tn(s)f(s) (6.14)

iSC(S) =

Il ~12

with the voltage transfer functions %n(s) defined in (3.24). Note that
the first term of eq. (3.23) is not present in the dipole case.

The quality of the dominant-pole approximation to the short-circuit
current of a cylindrical dipole antenna with 2=10,6 is illustrated in
Figure 6.4, in which the behavior of isc(jw) computed from the approximate
formula (6.14) with N=10 is compared with the "exact'" waveform obtained

from the solution of the integral equation (6.2) numerically by the MoM .
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Figure 6.4 (a) The real part and (b) the imaginary part of the spectrum
of the short-circuit current of the dipole antenna. The dominant pole
approximation (6.14) is compared with the "exact" curves obtained by
solving the integral eq. (6.2) numerically.
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technique. The time history is the delta function and the angle of

incidence 8 =60°. It is seen that the agreement is excellent, both in

the real and imaginary parts.

6.5 Equivalent Circuits for the Cylindrical Dipole with 2=10.6

In Table 6.1 are listed for each pole s, the quality factor Qn’ .

the admittance residue a, and its location—as referred to Figure 4.5,

and the padding Gn necessary to restore the PR-ness of the associated

pole-pair admittance %n(s). The column denoted "%" gives the ratio

(in %) of the padding conductance Gn to the maximum value of the real

part of %n(jw). Data are provided for two gap location: zg==l/22

and z =1/42. As can be seen from this table, for most poles the

residues fall outside the regions I and II, in the area denoted 'case

A" (see Figure 4.5), so that after padding the Bott-Duffin module can

be employed to realize %n(s). For two dominant poles the residues lie
in region I1I, so that one of the ladder networks from Figure 4.7 can be
directly used. The element values of the driving-point equivalent
networks for the two gap locations are listed in Tables 6.2 and 6.3,
respectively., These networks were first obtained by Streable and
Pearson [1981]. We include them here for the sake of completeness,
since they are part of the active equivalent networks. The responses of
the equivalent networks for a center- and a quarter-driven dipole due
to a Gaussian voltage pulse, computed by the SCEPTRE [Jensen and
MceNamee, 1976] circuit analysis program, are compared to the TWID
[VanBlaricum and Miller, 1972] time domain integral equation solutions
in Figures 6.5 and 6.6, respectively. Except for the early time, the

agreement is seen to be quite good. The early time response of the SEM
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the dominant poles sX)

Table 6.1 Admittance residues a,, quality factors Qp, and padding conductances G, associated with
of a center-driven (quarter—driven) dipole antenna with Q=10.6.

n sn = -Un + j(nn Qn an ~n + jdn Region Padding G Z
[mS] -Case [mS] n

1 | -0.2575 +j 2.8750 5.60 3.5126 +j 0.9949 IIT-A 2.2831%10™% 1.60%10™°>
(1.9577 +j 0.5162) (I1) ) -)

2 | -0.3796 +j 5.9349 7.83 0.0 +j 0.0 - - -
(4.0095 +j 1.1299) (III-A) (1.896%10 °) (0.172)

3 | -0.4667 +] 9.0164 9.67 4.1748 +1 1.0559 III-A 1.977*10:§ 0.215
(1.7375 +j 0.7224 (I1I-4) (5.732%10 °) (1.440)

4 | ~0.5368 +§12.104 11.29 0.0 +j 0.0 - - -
(0.0 +j 0.0 ) -) ) )

5 | -0.5962 +j15.193 12.75 4.5001 +§ 1.1287 I11-A 3.191*1o:§ 0.411
(2.9059 +j 0.3601) (I1I-A) (3.901%10 °) (7.94%10 )




VAR

Table 6.1 (continued)

_ . - . Region Padding G o

n Sn = "0 I, R a, =y tid, —Case [mS] %

6 -0.6478 +j18.279 14.12 0.0 +j 0.0 - - 9 -
(4.7478 +j 1.3671) (ITI-A) | (5.768%10 ™) (0.761)
7 ~0.6932 +421.359 15.41 4.7326 +3 1.1908 ITI-A 3.911*10:% 0.558
(1.7368 +j 1.0094) (ITI-A) | (1.315*%10 ) (4.747)

8 -0.7335 +j24.430 16.66 0.0 +j 0.0 - - ~

(0.0 +j 0.0 ) -) ) )
9 -0.7689 +3j27.490 17.88 4.9214 +j 1.2392 III-A 4.365*10_2 0.665

(3.3935 +j 0.2283) (1D) ) )

10 ~0.7999 +3j30.539 19.10 0.0 +3 0.0 - - 9 -
(5.1541 +j 1.5688) (I11-A) | (7.880*%10 ™) (1.183)

*
)The poles S, and residues a, are normalized to c/%.




Table 6.2 Element values of the dominant pole-pair admittance

networks for a center-driven dipole antenna (R=10.6).

BOTT-DUFFIN CIRCUIT-CASE A (Figure 4.12(a))

n*) | c_/alpF/m] | L,/2(u/n] c,/8lpE/m] | R [KA]

1 2.9728 0.4584 131.99 2.1290

3 0.5063 0.3875 1.134 4.8650

5 0.2412 0.3595 0.2966 6.3673

7 0.1519 0.3417 0.1329 7.3458

9 0.1089 0.3285 7.529%1072 8.0824
*)Resonant frequencies s, n=2,4,... do not contribute to the

driving~point network.
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Table 6.3 Element values of the dominant pole-pair admittance
networks for a quarter-driven dipole antenna with Q=10.6.

LADDER CIRCUIT (Figure 4.7(a))

) | ¢ /8lpF/m] R, (2] L, /%[uH/m) R, [K2]
1 | 1.6149 7.307 0.8243 4,244
9 | 2.998%1072 67.612 0.4897 103.08
BOTT-DUFFIN CIRCUIT-CASE A (Figure 4.12(a))

n CO/Q[PF/m] Ll/)‘l[UH/m] Cl/;‘L[pF/m] Rl[kﬁ?]
2 | 1.0326 0.4009 3.1783 3.2045
3 | 0.3246 0.8869 0.2850 5.0706
5 8.738%1072 0.5696 2.4309 30.882
6 | 0.2171 0.3375 0.1780 5.3000
7 0.1209 0.8301 3.797%107% 4.5332
10 | 0.1166 0.3095 5.693%107 5.7955
*)

driving-point network.
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equivalent circuit can be significantly improved by augmenting it by a
shunt capacitor of a proper value as discussed in Section 3.3. The

value of the capacitor must be computed apart from the SEM representation,
e.g., by solving for the static charge distribution on the object. The
effectiveness of this procedure is illustrated by Figure 6.5 for the
center-driven dipole case.

The active part of the equivalent network depends not only on the
gap location zg, but also on the angle of incidence 6 of the plane wave.
As discussed in Chapter 4, the voltage transfer network realizing %n(s)
can be always synthesized in one of the two forms: as a ladder circuit
or as a symmetrical lattice circuit. For both cases explicit expressions
for the element values in terms of the poles e the admittance residues
an,the the source coefficients Tn are given in Chapter 4. The expressions
for a and Tn in the dipole case are given in Sections 6.3 and 6.4,
respectively.

The topologies and element values of the first ten dominant pole-
pair voltage transfer networks of a dipole (2=10.6) for three gap
locations (zg-=l/42, 1/22, and 3/4%) and three angles of incidence
(6 =30°, 60°, and 90°) are listed in Tables 6.4-6.11. As in the loop
case, we have chosen to use the RC networks rather than the equivalent
RL realizations (see Section 4.4), It was found that less than 10
dominant pole-pair modules were enough to model properly the dipole
behavior for the excitations used., To give the reader the idea of
the complexity of a typical equivalent circuit for a cylindrical dipole,
we show explicitly in Figure 6.7 the topology of the equivalent circuit

for the case 28-3/42 and 6 =60°,
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Table 6.4 Element values of the dominant pole-pair voltage transfer networks for a symmetrical

dipole antemna (2=10.6) excited by a plane wave with the angle of incidence 6 = 30°.

n*) TOPOLOGY C,/%(pF/m] R, [0 Cy/2IPF/m] R, [0] ;:T[V'l]
(o]

1 | RC LADDER 5.2643 33.021 1.2561 - 0.2856
3 | RC LADDER 25,242 3.261 - 24.501 0.2971
5 | RC LADDER 48,227 1.261 - 3.773 0.3003
7 | RC LADDER 73.857 0.699 - 1.311 0.2679
9 | RC LADDER 100.96 0.474 - 0.603 0.2063
*)

The transfer

networks associated with poles Sy for n=2,4,...

are not present.




Table 6.5 Element values of the dominant pole-palr voltage transfer networks for a symmetrical

191

dipole antenna (2=10.6) excited by a plane wave with the angle of incidence 6 =60°.

* -
2| TopoLocy C,/%[pF/m] R, [2] C. /[ pF/m] R, [9] Moyl
A A B I
[s)
1 | RC LADDER 5.9343 33,021 0.5862 - 0.5512
3 | RC LADDER 25.242 4.461 - 8.108 0.2617
5 | RC LADDER 48.227 1.285 - 3.576 -0.1600
7 | rc LADDER 73.857 0.937 - 0.888 -0.140
9 | RC LADDER 100.96 0.418 - 0.726 0.1095

*
)The transfer networks associated with poles s for n=2,4,... are not present.
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Table 6.6 Element values of the dominant pole-pair voltage transfer networks for a symmetrical
dipole antenna (2 =10.6) excited by a plane wave with the angle of incidence 8 =90°,

n*) TOPOLOGY CA/R[pF/m] RA[Q] CBIQ[pF/m] RB[Q] —EI[V—l]
LE
(o]
1 RC LADDER 6.255 33.021 0.2655 -~ 0.6705
3 RC LADDER 25.242 4.030 - 10.067 -0.3138
5 RC LADDER 48.227 1.519 - 2.500 0.2178
7 RC LADDER 73.857 0.803 - 1.056 -0.1709
9 RC LADDER 100.96 0.503 - 0.562 0.1431
*)

The transfer networks associated with poles s for n=2,4,... are not present.
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Table 6.7 Element values of the dominant pole-pailr voltage transfer networks for a dipole antenna
(2 =10.6) with a port located at zg= 3/44, excited by a plane wave with the angle of incidence 8 = 30°.

£91

n") | TOPOLOGY cAlz[pF/m] R, [9] CB/E[pF/m] R[] ;ﬁz[v“lj
(o]

1 RC LATTICE 6.5343 85.682 - 45.512 -1.1166
2 RC LADDER 17.282 16.654 - 11.664 0.6601
3 RC LADDER 19.012 140.06 - 7.150 1.3076
5 RC LADDER 9,458 1.4783 3.0054 - 0.3270
6 RC LADDER 73.053 4.2765 - 0.7229 0.8391
7 RC LATTICE 135.72 1.7579 - 0.9308 0.5839
9 RC LADDER 12.222 6.9463 - 0.4117 2.5852
10 RC LATTICE 291.73 0.2098 - 0.2001 0.3905

*
)The transfer networks assoclated with poles s for n=4 and n=8 are not present,
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Table 6.8 Element values of the dominant pole-pair voltage transfer networks for a dipole antenna
(2=10.6) with a port located at zg =3/4%, excited by a plane wave with the angle of incidence 6 =60°.

n*)|  Toporocy C,/%[pF/m] R, (0] Cp/A[pF/m] R4l *H;[V‘ll
9E
o
1 | rec rATTICE 6.5343 326.20 , 32.704 ~0.8977
2 | RC LADDER 17.282 53,300 - 7.873 1.6562
3 | ®re rarTICE 38.023 10.541 - 5,022 0.5635
5 | RC LADDER 12.463 116.34 - 1.4973 ~1.9172
6 | RC LATTICE | 146.11 1.8087 - 0.3729 ~0.2019
7 | Rc LADDER 67.86 3.6660 - 1.8220 0.2238
9 | RC LATTICE 24444 2.3189 - 0.2121 0.1155
10 | ®rc vADDER 145.87 2.7367 - 0.2214 ~0.3172
*)

The transfer networks associated with poles s, for n=4 and n=8 are not present.
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Table 6.9 Element values of the dominant pole-pair voltage transfer networks for a dipole antenna
(2=10.6) with a port located at zg = 3/4%, excited by a plane wave with the angle of incidence 6 =90°.

* -
a) TOPOLOGY C,/%[p¥/m] R, (9] C. /%[ pF/m] R, 9] Moy
B Q.Ei
o]
1 RC LADDER 3.2672 59.993 - 6.6364*103 0.9079
3 RC LADDER 19.012 6.8684 - 714,10 0.3468
5 RC LADDER 12.463 4,7306 - 2.1503 -0.5473
7 RC LADDER 67.86 1.2662 - 40.147 -0.1615
9 RC LADDER 12.22 3.1582 - 0.4432 0.7591

*
)The transfer networks associated with poles Sn for n=2,4,... are not present.
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Table 6.10 Element values of the dominant pole-pair voltage transfer networks for a dipole antenna
(=10.6) with a port located at zg=1/4, excited by a plane wave with the angle of incidence 6 =30°.

) TOPOLOGY CA/R[pF/m] R, [€] Cé/%[pF/m] R, (%] ~BE{V-1]
LF
(o)
1 RC LADDER 3.2672 313.324 - 73.372 1.4945
2 RC LATTICE 24.219 - 10.345 3.4298 -0.2503
3 RC LATTICE 38,023 9.2271 - 5.3876 -8.3631
5 RC LADDER 12.464 6.5353 - 1.9104 1.0599
6 RC LATTICE 146.11 1.2841 - 0.4072 -0.3074
7 RC LATTICE 135.72 1.5053 -~ 1.0216 -0.4721
9 RC LATTICE 24,444 9.5141 - 0.1984 -0.1299
10 RC LATTICE 291.74 0.2764 - 0.1628 -0.1993
*)

The transfer networks associated with poles Sy forn=4 and n=8 are not present.
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Table 6.11 Element values of the dominant pole-pair voltage transfer networks for a dipole antenna
(R=10.60)with a port located at zg=1/42, excited by a plane wave with the angle of incidence 9 =60°,

n) TOPOLOGY cA/z[pF/m] RA[Q] cBlz[pF/m] RB[Q] ;ﬁi{v’l]
0
1 RC LADDER 3.2672 193.37 - 85.835 2.1216
2 RC LATTICE 34.563 9.8594 - 5.2595 ~0.9495
3 RC LADDER 19.012 159.23 - 7.1066 ~0.7308
5 RC LATTICE 24,928 1.5523 - 1.4110 1.4206
6 RC LADDER 73.053 4.3125 - 0.7218 0.4333
7 RC LADDER 11.720 1.2171 56.14 - 0.1158
9 RC LADDER 12.222 5.8927 - 0.4161 ~1.0491
10 RC LATTICE 291.74 0.4498 - 0.1326 0.1189

%
)The transfer networks associated with poles S, for n=4 and n=8 are not present.
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Figure 6.7 Topology of the equivalent circuit for a plane-wave excited cylindrical dipole antenna

with the port located at z=3/4% and the angle of incidence 0 =60°.
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The short-circ::7i current responses of the equivalent circuits for
a plane wave excited dipole (2=10.6) for various angles of incidence
and various gap locations are compared in Figures 6.8-6.15 to results
obtained by the TWID code. The time history of the plane wave is a
Gaussian pulse., As can be seen from these figures, the circuit responses
computed by SCEPTRE agree favorably with the responses obtained from the
time domain integral equation solution.

Finally, in Figure 6.16 is shown the port current of a symmetrical
dipole antenna (2=10.6) loaded by a parallel RLC circuit with the
quality factor Q =40, the characteristic resistance Ro==259, and the
resonant frequency W =Ty excited by a plane wave with the angle of
incidence 6=60° and a double exponential time history. The solid line
represents the response obtained from the numerical solution of the
integral equation (6.2) (modified by the loading impedance in the port
zone) followed by an FFT inversion, The dashed line is the equivalent
circuit response obtained from the SCEPTRE analysis, It is seen that
the agreement between these two curves is satisfactory, but not as good
as in the short-circuit conditions.,

6.6 Simplified Equivalent Circuits for a Cylindrical Dipole Based
on the Sinusoidal Mode Approximation

It has long been known that the natural current modes of a thin
cylinder are approximately sinusoidal [King, 1967]. That this is
indeed the case was recently confirmed by the numerical work by
Tesche [1973] where he plotted the "exact' natural modes of a cylinder

with 0=10.6. Hallén [1930] used the sinusoidal approximation
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Figure 6.8 Short-circuit current excited in the symmetrical dipole antenna by a Gaussian
function plane wave with the angle of incidence 6 =30°. SCEPTRE and TWID results are
compared.
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function plane wave with the angle of incidence 9 =60°, SCEPTRE and TWTD results are
compared.
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in(z) = sin[n—g‘ z] + 0(9‘1) (6.15)

to derive by an iterative procedure an analytical expression for the

dominant poles of a thin cylinder. 1In a first order approximation he

obtained
- In(2n7T) ~ ci(2n7) Si(2nm) -2
5 9 + jnm|l - B om +0(0 ) (6.16)

where S1 and Ci denote the sine and cosine integrals [dAbramowitz and
Stegun, 1965], respectively, '=1,781... is the Euler's constant, and the
poles s are normalized to ¢/f. Hallén [1930] (and more recently Marin
[1974]) also carried the iteration one step further and .obtained
expressions for in(z) which are correct up to 9-2 and expressions for
s, correct up to.Q_3. These expressions are rather complicated,
however. It was found by Langenberg [1978] that the first order formula
(6.16) can be used for the first few resonances for cylinders with
2212. The second order formula is good for 232 8.

The zeroth order approximation to the natural modes (6.15) and
the first order approximation to the poles (6.16) were used successfully
by Marin and Liu [1976) and Langenberg [1978] for the solution of
transient thin-wire problems and a similar approach was used by
Singaraju and Gardner [1976] for the computation of a transient response
of a helical antenna.

By using the so-called '"reduced kernel" [King, 1956] in (6.2)
and the sinusoidal current modes (6.15) it can be shown [Marin, 1974]

that the normalization constants (normalized to c/%) can be approximated

by
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. 4T 1
By ® ZQ " 300 (6.17)
with ZOEILZOﬂ. The admittance residues are thus given by
2 (om
. sin {2 zg]
a 2B I“(z) = . (6.18)
noonnoe 300
For a symmetrical dipole (zg==1/2£) (6.18) reduces to .
o 1 -
an = m‘ 'Y n-l’B“S’o.- (6.19)

Note that these residues are real and equal for all poles. For
Q= 10.6, an==(3.145 +30.0) mS, which differs rather significantly
from the "exact" residues listed in Table 6.1.

Since the residues (6.19) are purely real, they fall into region
I of Figure 4.5. Thus, the pole-pair admittances of a symmetrical

dipole can be realized in the unmodified form

kS .1 1 1
Yn(s) 300 {s-s s-s*}
n n
s+0
1 n
= 733 . (6.20)

s?+20 s+ |s_|?
n n

A continued-fraction expansion [Matthaet, 1954) of (6.20) leads to the
circuit in Figure 6.17(a) or to its equivalent shown in Figure 6.17(b).
The first of these circuits was derived previously by Baum and Singaraju
[1980].

By a slightly different procedure still another approximation to

the pole-pair admittance can be derived:
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Figure 6.17 Simplified pole-palr admittance circuits derived by the sinusoidal mode approximation
(frequency normalization to c/% and impedance level normalization to 15Q is understood).



1 s

Y (s) = - (6.21)

n 150 [1]232 . [ZO'nn]s . nl.anlz '
w
n

W,
n wn

which can be realized by the circuit shown in Figure 6.17(c). This
circuit resembles the circuit used by Barnes [1973], but the expressions
for the element values are different.

The input current response of the simplified equivalent circuit
for a symmetrical dipole (2=10.6) due to a Gausslan voltage pulse is
compared in Figure 6,18 to the result of the TWID code analysis. Also
shown in this figure is the response of the "exact" equivalent
circuit using the reduced Bott-Duffin modules. As can be seen from this
comparison, the response of the simplified circuit is significantly
worse than the response of the Bott-Duffin network. Since the complex-
ities of the two circuit topologies are comparable, one can conclude
that it is more expedient to employ the padding procedure and the .
Bott-Duffin realization rather than the sinusoidal mode approximation in
the development of the driving-point equivalent circuits,

The sinusoidal natural-mode approximation can be also used to
simplify the source synthesis problem of a plane wave illuminated

dipole. Namely, the substitution of (6.15) into (6.12) gives

s_cosb
T I
Tn = (-1) -E-sinﬁ 2 (6.22a) i
cos[nﬂ(ﬁg-%}] sncosﬁ o [a >
2 2
for odd values of n, and
s_cosB
n;Z - e-sn(ﬁg-%)cose sinh{ n2 J
Tn = (-1) Tf-sine > (6.22b)

sin[nﬂ(ﬁg-%)] [sncosﬁ] {
—_ +

n_'IT2
) B ®
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the Bott-Duffin modules and the simplified modules resulting from the sinsoidal mode
approximation.



for n even, where £g==zg/l. These expressions, which were obtained

previously by Pearson and Wilton [1981], can be used to approximate the ‘
"exact" expressions (6.13) for the source coefficients.

For a symmetrical dipole (£g==l/2) the source coefficient (6.,22b)
corresponding to an even n has a reciprocal singularity. However, the
assocalited admittance vanishes quadratically, so that the entire pole-
pair module disappears. The source coefficients corresponding to odd

n reduce in this case to

n=1 sncose
5 am cosh{——i——J
T = (-1) — sinf (6.23)
n 2 2
s_cosf P
o) fom
=3
These are still complex numbers, but a further approximation
Sy = inw (6.24)
leads to purely real source coefficients
n-1 nm
5~ o COS Ti-cose 6 2
Tn = (-1) on sinb ' (6.25)

Since the Tn's are real numbers, an examination of (3.24) reveals that
the voltage transfer functions %n(s) degenerate to real constants which
can be realized by VCVS with gain factors given by (6.25).

The gain constants of the simplified dominant pole-pair transfer
circuits for a symmetrical dipole (2=10.6) are listed for three
different angles of incidence 6 in Table 6.12. The topology of a
simplified equivalent circuit using the reduced Bott-Duffin modules is
shown in Figure 6.19. The short-circuit current response of this

network for a plane wave with 8 =30° and a Gaussian time history is
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Table 6.12 Gain constants T:) of the voltage controlled
voltage sources associated with the dominant pole~-pairs of
a symmetrical dipole antenna (§1=10.6) excited by a plane
wave with the angle of incidence 6=30°, 60°, and 90°,

8
30° 60° 90°

n**)
1 0.26598 0.51980 0.63662
3 0.25050 0.17327 -0.21221
5 0.22117 -0.10396 0.12732
7 0.18103 -0,07426 -0.09095
) 0.13415 0.05776 0.07074

*)Normalized to (lEi).

*a‘r)

Resonant frequencies s_, n=2,4,...,

the equivalent network.
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Figure 6.19 Topology of the equivalent circuit for a plane-wave excited symmetrical dipole antenna
with simplified voltage transfer networks.
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compared in Figure 6.20 to the response obtained from the TWID code.
The agreement is seen to be very satisfactory. Short-circuit current
responses of the network from Figure 6.19 due to a double-exponential
wave with three angles of incidence: 6=90°, 60°, and 30° are plotted
in Figure 6.21. These curves agree favorably with the responses
computed by the WI-MBA/LLL1B code [Landt et al., 1974], included in
[Cho and Cordaro, 1979].

Finally, in Figure 6.22 we compare the response of the circuit
from Figure 6.19 with 6 =90° and a Gaussian time history to the response
of the same circuit with the Bott-Duffin modules replaced by the
simplified circuits from Figure 6.17(a). It is seen that there is a
significant deterioration of the circuit performance when the sinusoidal
mode approximation is used in the admittance modules. 1t appears,
however, that this approximation can be used successfully to simplify
the source modules of an equivalent circuit for a symmetrical dipole

or a cylindrical post over a ground plane.

6.7 Conclusions

The responses of the dominant pole-pair equivalent circuits for
the thin-wire dipole antenna agree favorably with the "exact' responses
obtained from the classical frequency domain—inverse FFT approach.

The amount of padding necessary for physical realizability of the pole-
pair admittances is negligible in comparison with the value of the real
part of the admittances at the resonance.

It is demonstrated that the sinusoidal mode approximation gives
poor results when used in the synthesis of the dominant pole-pair

admittances. However, it can be employed successfully in the synthesis
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of the pole-pair voltage transfer networks. For a symmetrical cylin-
drical dipole or a cylindrical post over a ground plane, the pole-
pair transfer networks reduce to just voltage-controlled voltage
sources with gain constants dependent on the angle of incidence of the

impinging plane wave.



CHAPTER 7

EQUIVALENT CIRCUIT SYNTHESIS FOR A SPHERICAL ANTENNA

7.1 Introduction

Although the spherical antenna configuration is not one which
has been employed frequently in practice (its main application has
been in sensors for the electromagrnetic pulse (EMP) measurements
[Baum, 1969; Baum et al., 1978]), it is nevertheless worthwhile studying
this structure since it is one of the few finite shapes which can be
analyzed exactly. Also, with its resonances so highly damped, it provides
a stringent test for the dominant pole approximation introduced in
Chapter 2.

In the next sections SEM equivalent circuits are derived for a
spherical dipole with a slot along a longitudinal line. The develop-
ment presented here differs in details from the general theory
developed in Chapter 3 due to the explicit appearance of the internal
resonances of the structure in the formulation. This phenomenon,
whiéh has not been taken into consideraticn in the derivations of
Chapter 3, posed no problem in the thin-wire loop and dipole cases,
since the cavity resonances of these structures lie well outside the
frequency range of interest. Another difficulty not encountered
before is the fact that the extent of the port region of the spherical
antenna is not electrically small. Therefore the time origin cannot
be located in the gap zone independently of the direction of arrival
of the incident field, as suggested in Chapter 2. This difficulty
is overcome by moving the time origin to fhe point of the first contact

of the gap region with the leading edge of the impinging plane wave.
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The static capacitance of the structure can be considered, along
with the poles and residues, as an important SEM parameter. If known,
it can often be used to improve the early time response of the SEM
equivalent circuit by augmenting it by a corrective capacitor of a
proper value, Two methods of computation of the static capacitance
of the spherical antenna are compared in Appendix C.

The analysis presented in this chapter is perhaps more detailed
than the analyses of the loop and cylindrical dipole antennas included
in Chapters 5 and 6. Some of the reasons for this are that the
spherical geometry is amenable to an exact analysis, and that it
provides the "worst case' estimate of the performance of the dominant

pole-pair-at-a-time equivalent circuits.

7.2 Preliminary Theory

The surface current density J(6,¢,s) on a perfectly conducting
sphere of radius a centered at the origin of the spherical coordinate

system (r,8,¢) is given by an integral equation of the form

<T(6,4,8",4"55)33(8",¢",8)> = (T-£f) - E (a,0,6,5) (7.1)
with the symmetric product defined as
T T
<t IsL 1> EJ J [ 1¢[ la’sin6ded¢ . (7.2)
-t 0

H A A
As in Chapter 2, 1 denotes the identity dyadic, fi=1n(0,¢) is a unit
vector normal at (8,¢) to the surface of the sphere, and Ei(a,e,¢,s)

is the factorable incident field evaluated on the sphere surface. As
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before, the time history of the incident field is f(t) with the Laplace
transform E(s). The dyadic kerneliﬁican be expanded in terms of the
spherical wave tunctions, as shown by Ta7 [1971]. This representation,
when particularized to r =a, as above, constitutes an eigenfunction
expansion for.??in the eigenfunctions of the integral operator in
(7.1). From this expansion the resolvent kerneliﬁ}—l can be con-
structed by means of eigenvalue reciprocation, which leads to the

solution of (7.1) in the form

. o | B . .
3(9,¢,S)=z ~T:1’O gn o e(e,d))ﬁ:MO e(S) +~TE,O Rn o e(e’d))n:EO e(s)
n=l|d (s) ™ ’0s i) O o

n ;'B > B8 L
n,m ~T™ \ n,m = ~TE _ .
+ z E ~TM en,m,o(e’d))nn,m,c(SJ.P”TE Rn,m,c(e’¢)nn,m,_(s) lf(b)
m=1 G|Xn (s) kn (s)

(7.3)
where the index o takes on the values "e' (for "even") and "o"
(for "odd") and the superscripts TM and TE stand for '"transverse
magnetic to T" and "transverse electric to ¥", respectively. The
meaning of the other symbols is explaned below.

The X:M(s) and X:E(s) are the eigenvalues of the integral operator

given by

Als) = =z [s 1 (9)]'[s k ()] (7.4)
and

XTE(s) = 2 s 1 (8)](s k()] (7.5)
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where Z° is the intrinsic impedance of the medium and the prime denotes
differentiation with respect of the normalized complex frequency

s=vya, Y being the complex propagation constant. The functions

in(s) and kn(s) have been introduced by Bawm [1971] and are related

to the spherical Bessel and Hankel functions as
n
1.(8) = 37 3, (-38) (7.6)
e 40 1 (2)
k,(8) = =370 h V(-3 (7.7)

- -
The eigenfunctions Qn’m’8(6,¢) and Rn m’8(9,¢) are given by

9P"(cos8) [cos(md) —sin(m¢)
-> n A ~
Q (8,¢) = ——— + —=— P"(cosh) (7.8)
n,m’S a6 {Sin(mq))} sin "n cos COS(m¢) ¢
and
R 0 om ~sin(mé)) BP:(COSG) cos(mp))
R (8,0) = PP (cos8) 6-—2 _—— ¢ (7.9)
n,m,g sin® "n cos (md) 96 sin(mé)

where P: denotes the associated Legendre functions of degree n and
order m [4bramowitz and Stegun, 1965]. Note that the eigenfunctions
are real and frequency independent. Also, there is a manifold eigen-
value degeneracy due to the sphere symmetry.

The normalization constants Bn o are defined as
9

-1
- 2n(n+l) (n4m) !
8n,m [}14—6°’m)Wa2 (2n+l)(n-m)!:] (7.10)

where § is the Kronecker delta function and the coupling coefficients

are given by

TM} >
CIE CHN IR -
niTE o= Ay ™? SE_(2,6,0)p(2,6,0,5)> (7.11)
da R (8,0)] °
n.m,U
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where Eo is the spatial distribution factor and p is the propagation
factor of the incident field (ef. eq. (2.6) of Chapter 2).

For the purposes of equivalent circuit synthesis the port current
i(s) can be defined as the net surface current passing the specified
longitudinal line 8=80 which coincides with the edge of a narrow
circumferential slot in the spherical shell (Figure 7.1). This 1is the
component of current which would excite a load attached to the spherical
antenna via a radial or a biconical transmission line. Thus, the port

current is given by
Tr .
~ T
I(s) = - J §+3(8,,9,5)5in6 add . (7.12)

-7
An examination of (7.3) reveals that only the m=0, 0=e T™M terms

survive the integration in (7.12), so that

1
@ P~ (cosB )sin®
-~ 1 ~ ~
i@ - ] e @ik @19
o n=1 [s i (s)]'[s k_(s)]'
n n
with the coupling coefficient
B (s) = == <P (cos0)B;F (2,0,0)5(a,6,0,8)> (7.14)
n 2Ta n e R sy : ’

7.3 Derivation of the Driving-Point Admittance of the Spherical
Antenna

We consider a spherical shell of radius a with a circumferential
slot of width d(d/a==2uo) with the center located at 6==6g (Figure 7.1).
Let this structure be excited by a ¢~independent electric field at the

surface of the sphere

V -~
Eg(8,8) = - ?C’ g (0)£ () (7.15)

where
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Figure 7.1 Geometry of the spherical antenna.
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™

Jg(e)de =1 (7.16)
) ®

m
V(s) = voE<s) = - J ﬁo<e,s)ade (7.17)
0

and where

is the applied voltage. From (7.13) and (7.17) the driving-point

admittance ?(s)==f(s)/§(s) takes the form -

1
Y(s) = - =~ § ont1 Fn(cost )einb
9777 Loa() . ‘ ‘
o n=1 [si (8)]'[sk (s)]

v
x J Pi(cose)g(e)sinade (7.18)
0

where 80==eg-ao. By using the Wronskian relation for the functions

in(s) and kn(s) [Baum, 1971]

W{in(s),kn(s)} = 1_()k!(s) ~ 1] (s)k_(s) = --ﬁg (7.19)

it can shown that

-1 sin(s) skn(s)

- . (7.20)
[si (s)1'[sk (s)]" [si (s)]' [sk (s)]'

Thus, the driving-point admittance (7.18) can be divided into its

internal and external parts [Baum, 1969]

(n+l)in(s)

§1nt(s) T 2 2n+l s{

Zo ne1 n(n+l) }Vn(eg’ao) (7.21)

[si_(s)]"

and

198



- o nk_(s)
YeXt(S) "%L 2 EE;l 5{' “‘2““'} Vn(eg,do) (7.22)

= n '
o n=1 [skn(s)]
where
Pi(coseo)sine0 m 1
Vn(eg,ao) = e J Pn(cose)g(e)sinede (7.23)
0

can be considered as the excitation voltage of the nth

eigenmode
[Franceschetti, 1976].

The series (7.21) and (7.22) assume the knowledge of the gap
field distribution g(f). This function depends on the details of the
feeder goemetry and requires a solution of a generally complicated
boundary value problem. Therefore, it is customary to assume a priori
the field distribution across the gap. However, this can be justified
only for very narrow slots since, as demonstrated by Franceschetti
[1976], the admittance of the spherical antenna is rather sensitive
to the field distribution across the gap. Some of the distribution

functions used in the literature are listed below.

1., Delta function £Stratton and Chu, 1941; Karr, 1951; Van Bladel,
1964; Ramo et al., 1965]

g(0) = G(B-Bg) , 0<6<m (7.24)

2. Step function [Infeld, 1947; Weeks, 1964}

2, 8. -d <6<H +d
d g o— — g o
g(6) =
0 , otherwise (7.25)

3. Distribution associated with a biconical transmission line
feed [Schelkunoff, 1952]
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Z
o

Zwkosine > eg-do-{-eieg-ﬂlo .

0 s otherwise (7.26)

g(6) =

where K, is the characteristic impedance of the transmission
line given by

Zo eg - OLO eg + ao
Ko = T in cos[ 5 J tan L——E——&

4, Distribution exhibiting the edge singularity [Baum, 1969;
Franceschetti, 1976]

1 1

0 6 -6
-]
o

s, B -0 <86<8 +o
g o— — g o

4] s, otherwise (7.27)

5. Distribution approaching the delta function as the parameter

m-> o
!
g(6) =§_i+m1’—l)‘2(sine)2m+l , O<ex<m, (7.28)
27 (m!)

This distribution was used by Infeld [1947] to investigate
the convergence properties of (7.22) as a function of the
gap model. A peculiar feature of (7.28) is that it reduces
the number of terms in the series (7.21) and (7.22) to m.

The series (7.21) and (7.22) convergérvery slowly (for the delta
gap model they diverge). In some cases the nonlinear transformation
technique [Shanks, 1955] can be used to accelerate the series
convergence. This method was successfully applied in a related problem
by Tesche et al. 11976]. It seems to be more expedient, however, to

follow the technique employed by Schelkunoff [1952] and, more recently,

by Franceschetti [1976] (see also Bucei and Franceschetti, 19741).
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They observed that the series (7.21-7.22) represents a pure capacitance
in the limit as s+0. If this series is subtracted term-by-term from
the admittance series, its convergence properties improve dramatically.
For the symmetrical antenna case (9g-=90°) they were able to sum the
capacitance series explicitly. An application of this technique to

(7.21-7.22) results in

intgy = s cint . 020-—” 2ns1_ & Lnan (O V(8 ,a) (7.29)
n=1 2o n(n+1) [sin(s)]' n g’ o
and
sext ext T 7 2n+l Szkn-l(s>
Y o (s) =sC 4+ nzl PR PR O V, (8000 (7.30)

with the unnormalized interior and exterior capacitances given by

o
int Ta 2n+l
¢ttt - 7 BBy (g ,0) (7.31)
n=1 Zoc n(n+l) n''g’’o
and
ext s Ta 2n+l
X
C = —— V (8 ,o . 7.32
nzl Ze n? n(8ge0,) (7.32)

It is shown in Appendix C that for a narrow equatorial slot (ao<<]J

with a constant field distribution the capacitances Cint and CEXt are

given by
int _ 2a a
s = EQn(E] +1] (7.33)
)
and
ext _ 2a a
c *Zc ]:Qn(E]+2.93] . (7.34)
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Perhaps the only practical way to drive or load a spherical antenna
is through a biconical or a radial transmission line. In such

configuration only the external surface of the sphere is excited.

. . . . ext
Therefore, the following discussion will concentrate on Y

(s)

" "

(the superscript "ext'" is dropped in the rest of this chapter),
By defining
_ m(2n+1)
bn = —Z—onz— Vn(eg,ao) (7.35)

(7.22) and (7.30) can be rewritten, respectively, as

¥(s) = [ b F_(s) (7.36)
n=1l
with
. ns kn(s)
S WO
and
Y(s) = s C + nzl b F!(s) (7.38)
with
s?k_ . (s)
~ _ n-1
y,(8) “—_[skn(s)r . (7.39)

It is of interest to point out that the normalized eigenadmittances
yn(s) and yé(s) have their exact circuit equivalents. Namely, using
the recurrence relations for the spherical Bessel function [Abramowitsz

and Stegun, 1965] it can be shown that [Chu, 1948; Thal, 1978]
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+ . (7.40)
~+1
s
This continued-fraction expansion can be realized by the circuit
shown in Figure 7.2(a). In like fashion, it can be shown that
¥ (8) ] _s2
n 2n-1 1
st * 73

+ T (7.41)
=+1
S
which corresponds to the circuit shown in Figure 7.2(b). This represen-
tation, which employs a gyrator with the gyration impedance j/s,
was suggested by Franceschetti [1976].
The normalized eigenadmittance §n(s) can be explicitly expressed
as a rational function of s. This can be done by noting that [Baum,

1971]

-8 -S

e o n+m) ! -m e
kn(s) = —;— mzo Eéf;:ETT (25) = _E— wn(l/s) (7.42)

where w_(1/s) denotes a Bessel polynomial in 1/s [Balabanian, 1958].

For notational simplicity it is helpful to define

n n-m
pn(s) = snwn(l/s) = 2 M-!_S_

m=0 2mm!(n-m)!

m (7.43)

with
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Figure 7.2 Circuit representations of the normalized admittance functions of a spherical antenna.
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(2n-m)!
d - . 7.44
Th - 0" (nem) ! (7.44)

Then ;n(s) can be written as

n s p_(s)

y () =
" n p (s)+s’p _,(s)

3 [

m=0 do,n

n n‘d +d
m,n m~2,n-1 m 1
l+s+ } — 5 + |—x—Is

m=2 O,n o,

Note that the numerator and the denominator polynomials in (7.45)
are of the same order and that §n(0) = 0, It follows from this that
the modified pole expansion (2.24) is applicable in the spherical
antenna case,

From (7.45) the zeros and poles of §n(s) can be easily found as
the roots of the numerator and the denominator polynomial, respectively.
The poles and zeros of the first six eigenadmittances occuring in
the upper left quadrant of the complex frequency plane are shown in
Figure 7.3. It should be noted that the first layer poles of the sphere
are much more damped than the dominant poles of the thin-wire loop
and dipole antennas. Incidentally, the zeros of the TM admittances,
except for the zero at the origin, are also the poles of the terms
associated with the TE eigenmodes in eq. (7.3). Extensive listings
of the sphere poles are included in [Martinez et al., 1972; Granzow,
1966].

th

The residue Ty at the ith pole of the n~ eigenadmittance 8 4

can be found as
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Figure 7.3 Pole (x) and zero (o) distributions of the first six
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n skn(s)
=" 2im (s-—sni) T;E;?ETT'

s+s
ni

2
_ n snikn(sni) - T Sny (7.46)
" - ) . .
[Skn(sni)] [snid-n(n+1)]
This simple expression follows from the Ricatti-Bessel equation
[Baum, 1971]
8 " =
m[s kn(s)] -5 kn(s) 0 . (7.47)

Denoting the dominant pole of the nth eigenadmittance by s and
the corresponding residue by L the nth normalized eigenadmittance

can be approximated by

- T, r;
ya(s) = s|C ey T e oeh| ¢ (7.48)
n n n n
Using this in (7.36) and taking N dominant pole pairs gives
¥(s) =} [Y () +¥Y_(8)] = ] ¥ (s) (7.49)
n=1 n=]

where the modified pole admittance ?n(s) and the modified pole-pair
admittance ?n(s) are defined by (3.11) and (3.16), respectively, with

the admittance residue given by

a = bnrn (7.50)
or, more explicitly, by
8 +o
o
2n+l 5 1 1
Ta n+ n
a =- Zod YEESH) [séi—n(n+l)] Pn(coseo)sineo Pn(cose)sinede (7.51)
6 -0
g ©
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In Figure 7.4 1is shown the behavior of ?(jw) of a spherical antenna
(eg==90°, d/a=0.05) computed from the quickly convergent formula (7.38)
with the static capacitance given by (7.34) as C=104.74 a [pF]. It
is seen from this figure that the driving-point admittance of the

spherical antenna evaluated on the jw-axis does not exhibit resonances

[l

and remains capacitive at all frequencies. On the same figure is plotte
the admittance obtained from the dominant-pole approximation (7.49).
Shown is also the character of the imaginary part when the dominant
pole-pair admittance is augmented by a corrective shunt capacitor
adjusting the static capacitance of the circuit to the proper value.

It is evident from the comparison of these plots that the dominant-
pole formﬁla, even with the capacitive correction, gives a poor

approximation to the admittance of the spherical antenna.

7.4 Derivation of the Short-Circuit Current of the Spherical Antenna

For the short-circuit current computation the spherical antenna,
with its slot closed, is excited by a plane wave incident field with
the polarization as indicated in Figure 7.1. WNo generality is
sacrificed by limiting the discussion to this polarization since the
field component parallel to the x,y plane does not contribute to the
net current across the gap. Also, the discussion can be simplified
by making the propagation vector § parallel to the x,z plane. Since
the antenna geometry is independent of ¢, this represents no loss in
generality, either.

The plane wave incident field is given by eq., (2.7) of Chapter 2
with EO==G E s where {i is the unit polarization vector, as shown in

Figure 7.1. Since the extent of the gap region of the spherical antenna
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Figure 7.4 The spectrum of the driving-point admittance of a spherical antenna with an equatorial
slot. The dominant pole approximation (7.49) is compared with the exact expression (7.38).




cannot be considered electrically small, one cannot choose the time
origin location ¥o independently of the direction of arrival of the
incident field. This difficulty is overcome by moving the time origin
to the point of the first contact of the incoming wave with the gap

region. Thus, with

af cos(604-61) (7.52)
and

=29 ._2
t = < cos(604-61) (7.53)

the incident field becomes

B RECEER
. Y pe(r-1x
>q > _-> 0
Eo(r,s) =Ee f(s)
_sTO ->
=E e 4 e

Y per (7.54) ‘

where s=<va is the normalized complex frequency and T0='toc/a. The last
term in (7.54) can be expanded in terms of the spherical vector wave

functions as follows [Baum, 1971; Morse and Feshbach, 1953]

~ -> (=<3 n N - -
¢ e’ F T, z 2 [%n,mMn,m,o(Yr) * bn,mﬁﬁ,m,e(Yri} (7.55)
n=1l m=0
where
My oD = L OmE - (6,0) (7.56)
- i G o1 (ol
N,m,oYE) = n(tl) === B (6,004 D) Qo8 (7.57)

with b’n,m’cce,qn and i’n’m’cce,@ defined in (7.8) and (7.9) and

P (8,0) = £ P?ccose){:jiigzif;} : (7.58) ‘

n,m,$
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The coefficients in (7.55) are given by [Baum, 1969]

Pm(cose )
- _ _qy0tl _2n+l (n-m) ! n 1
an,m (2 Go,m)( 1 n(n+l) (n+m)! m sine1 (7.59)
and
b - (2-8 )(_l)n 2n+1 (n-m)! G P:(cosel) (7.60)
n,m o,m n(n+l) (n+m)! 861 ' ‘
With the help of (7.54) and (7.55) the coupling coefficient
(normalized to an) can be found from (7.14) as
. [s in(s)]' -ST i Pn(cose) 2
fiy(s) = b, (————e j —P——| singde
0
[s i (s)]' -sT
n n 0 41
= 2(-1) — e Pn(cosel) . (7.61)

When -(7.61) is substituted for the coupling coefficient in (7.13), the
term [s in(s)]', which is associated with the purely imaginary cavity
resonances, is canceiledrout. The short-circuit current, normalized

to an,takes the form

-sT
(= <]
~sc 27 n_2n+l 1 1 —& ¥
L) = ) g (1) Sty Paleosto)sind Pr(eosty) Srogroyye £(9)-
n=l "o n
(7.62)

To expand (7.62) in terms of its singularities it is necessary to examine

the term
-sT -sT
e ° - e
T =N ] ! - 3
s[s kn(s)] ns kn(s) + s kn_l(s)

o]

n

s
NOE O (7.63)
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where the polynomial pn(s) is defined in (7.43). The comparison of

(7.63) with (7.45) shows that isc(s) has the same poles S,; @S ?(s).

The residues of (7.63) at these poles can be found as

-sT -s_,T
e o] ni o
r’', = 2Um s(s-s_,) - = -
ni 55 | ni’ s[s kn(s)] sni[s kn(sni)]
ni
4 s (-1
_SniTo Sn—lle ni o
T TsZ, +n(atD) Ik _(s_.) =[§nin«wn] (s ) ° (7.64)
ni n.' ni ni pn ni
In the dominant pole approximation the short-circuit current
becomes
T 2 1 20+l _1 1
7S¢ o~ £l o _qyn-Ll _entl ;
I"7(s) = E Z (-1) 20ntD) Pn(coseo)51n80Pn(c0381)
n=1l "o
n+l Sn(l - To)
s e s -
- E(s) (7.65)

X [sgq-n(n+l)]pn(sn) sn(s-sn)

which can be rewritten as

1) = ] ¥ ()T _E(s) (7.66)
n=1

with the source coefficients Tn given by

—snTo Pl(cose )
T = 2 l)n e n 1
82 k (s ) 8 +ao
n' n 2 o
a 1 .
3 JPn(cose)51ned6 R
8 -o
2 o
s (1-1)
n s:-le n © Pi(cosﬂl)
= 2(-1) . - (7.67)
pn(sn) Bg-+uo
a 1
3 [ Pn(cose)sinede
8 ~-a
g o
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Combining N conjugate pole-pairs in (7.66) results in

N
‘ 1°%(s) Enzl [Yn(S)Tn+Y_n(s)T;]f(S)
N s
= nzl Yn(s)Tn(s)f(s) (7.68)

with the pole-pair voltage transfer functions %n(s) defined in (3.24),

In Figure 7,5 the spectrum of the short-circuit current of the
spherical antenna (Gg==90°, d/a=0.05) computed from (7.62) with the
delta function time history (?(s) =1) is compared with the spectrum
obtained from the dominant pole approximation (7.68). The agreement
between these two spectra, although quite poor, is nevertheless much more
satisfactory than the agreement in analogous admittance results
(Figure 7.4).

7.5 Equivalent Circuits for the Spherical Antenna With an Equatorial
Slot of Width d/a=0.05

In Table 7.1 are listed the admittance residues a, associated with
the first 20 dominant poles of a spherical aﬁfenna with an equatorial
slot (6g==90°) of width d/a=0,05. Included also for each pole s, are
the quality factor Qn and the amount of the real part padding Gn
required for the realizability of the associated pole-pair admittance.
The column denoted "7" gives the ratio (in %) of the padding conductance
Gn to the resonance value of the real part of §n(jw). It is seen from
this table that, except for the first few poles, the amount of padding
Gn is a significant fraction of the value of the real part at the
resonance. Only the first pole pair admittance does not require

padding and is realizable in the modified form. This is further
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Figure 7.5 The spectrum of the short-circuit current excited in a spherical antenna with an
equatorial slot by a broad-side-incident delta function plane wave. The dominant pole approximation

(7.68) is compared with the exact expression (7.62).
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Table 7.1 Admittance residues ap, quality factors Qp, and padding conductances Gp associated
with the dominant poles sﬁ) of a spherical antenna with an equatorial slot (Bg==90°) of
width d/a=0.05.

0|, | o | T | e ) reldies,

1 -0.5000 +j 0.8660 1 0.0 +j 7.2154 11 - -

2 ~-0.7020 +§ 1.8073 1.38 0.0 +j 0.0 - - -

3 -0.8429 +3 2.7579 1.71 3.1131 +j12.784 ITI-A 0.7846 5.0
4 -0.9542 +§ 3.7148 2.01 | 0.0 +j 0.0 - - -

5 -1.0477 +j 4.6764 2.29 5.6549 +j17.374 I1I-A 1.5353 9.3
6 -1.1289 +§ 5.6416 2.55 0.0 +3 0.0 - - -

7 -1.2012 +j 6.6097 2.80 7.9140 +321.396 I1I-A »2.1298 12.4
8 -1.2666 +i 7.5801 3.03 0.0 +3j 0.0 - - -

9 -1.3266 +j 8.5525 3.26 9.9727 +j25.023 ITI-A 2.6173 14.6
10 -1.3821 +§ 9.5265 3.48 0.0 +j 0.0 - - -




91¢

Table 7.1 (continued)

a s = -0 +] Q an==cn.+jdn Region Padding G 9
n n n n (mS] —Case [mS]

11 ~1.4339 +j10.502 3.70 11.873 +j28.346 ITI-A 3.029 16.3
12 -1,4825 +j11.479 3.90 0.0 +j 0.0 - - -
13 -1.5284 +312.456 4.11 13.641 +j31.416 ITI-A 3.3824 17.6
14 -1.5719 +3j13.435 4.30 0.0 +j 0.0 - - -
15 ~1.6133 +i14.415 4,50 | 15.293 +i34.268 I1I-A 3.690 18.7
16 ~-1.6528 +j15.395 4,68 0.0 +j 0.0 - - -
17 -1.6906 +j16.376 4,87 | 16.839 +j36.924 III-A 3.962 19.6
18 ~1.7270 +317.358 5.05 0.0 +j 0.0 - - -
19 -1.7620 +j18.340 5.23 18.287 +j39.398 ITI-A 4.200 20.4
20 ~1.7957 +319.323 5.40 0.0 +j 0.0 - - -
*)

The poles s
n

and residues a_ are normalized to c/a.




illustrated in Figures 7.6-7.11 where the behavior of the real part of
some of the dominant pole pair admittances is plotted as a function of
the real frequency w. It is seen that, except for the first pole~pair
admittance, there is a significant negative excursion of tHe real part
on the jw-axis.

The element values and the circuit topology of the dominant
pole-pair admittance networks for the spherical antenna with 6g==90°
and d/a=0.05 are included in Table 7.2, The transient response of this
equivalent network due to a Gaussian voltage pulse is compared in
Figure 7,12 with the "exact" response obtained from (7.38) and an
FFT inversion. Shown also is the response of the equivalent circuit
augmented by a corrective capacitor. In both cases the discrepancy
between the circuit response and the exact response is significant.

In Table 7.3 are defined the dominant pole-pair voltage transfer
networks of the spherical antenna (eg==9o°, d/a=0.05) for the case
of a broad-side plane wave incident (61==90°).

The short-circuit current response of the complete equivalent
network for the spherical antenna due to a plane wave incident field
(81==90°) carrying a step function time history is compared in Figure
7.13with the "exact" response obtained from (7.67) by an FFT inversion.

Again, the agreement between these curves is not satisfactory.

7.6 Conclusions

The spherical antenna, with its resonances so highly damped,
provides an extremely stringent test for the dominant-pole-at-at-time
equivalent circuits. The dominant-pole approximation, which works

so well for the thin wire loop and dipole antennas (Chapters 5 and
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Table 7.2 Element values of the dominant pole-pair admittance
networks for a spherical antenna with an equatorial slot (6 _ =90°)
of width d/a=0.05. &

LADDER CIRCUIT (Figure 4.7(a))

n | C/alpF/m] | R0 L, /a[uH/m] R,[£]
1| 41.66 0.0 266.71 80.0
BOTT-DUFFIN CIRCUIT-CASE A (Figure 4.12(a))

n Co/a[pF/b] Llla[uH/m] Clla[pF/m] Rl[Q]
3 11.923 132.45 33.456 115.84
5 7.269 93,48 11.884 123.54
7 5.348 74.257 6,416 125.38
9 4,282 62.613 4,136 125,34
11 3.597 54,737 2.941 124,61
13 3.115 49,027 2,225 123.66
15 2.755 44,69 1.756 122.67
17 2.474 41.287 1.430 121.75
19 2.246 38.547 1.191 120.96

*)

Natural frequencies sp, n=2,4,6,... do not contribute to the
driving-point network.
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Table 7.3 Element values of the dominant pole-pair voltage trnasfer networks for a spherical
antenna with an equatorial slot (98==90°) of width d/a =0.05, excited by a broadside incident
(61 =90°) plane wave.

o) | TOPOLOGY | C,/a[pF/u] R, [2] C,/alpF/m] R,[9] -;%;[v'l]
1 i RC LADDER - 160.16 20.807 - -2.0

3 RC LADDER 108.37 34.155 - 19.487 -0.9466
5 RC LATTICE |  307.41 - 190.03 1.7544 ~0.71132
7 RC LADDER 404.90 1.5099 27.119 - 0.45207
9 RC LATTICE | 1301.07 5.0309 - 0.43687 0.33530
11 RC LADDER 199.88 0.48753 697.30 - -0.51363
13 RC LADDER | 1165.33 1.2974 - 0.4301 -0.33926
15 RC LATTICE | 1933.60 - 963.30 0.11413 _0.38787
17 RC LADDER | 1050.50 0.1695 689.50 - 0.33797
19 RC LATTICE 4066.70 0.23794 - 0.09037 0.25900
*)

The transfer networks associated with poles S, for n=2,4,..., are not present in the equatorial
slot case.
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6), is a rather crude one in the spherical antenna case. Also, the
dominant pole-pair admittances of the spherical antenna require a
much larger amount of real-part padding (relative to the value of the
real part of the admittance at the resonance) to render them positive

real than do the loop and dipole antennas. As a consequence of this,

the performance of the dominant pole-pair equivalent circuits for
the spherical antenna is considerably poorer than the performance of
similar circuits for the thin-wire loop and dipole structures, as
demonstrated in Chapters 5 and 6., It seems that most of the inaccuracy
in the circuit response is introduced by the driving-point admittance
part of the equivalent circuit. The performance of the source part
is significantly better than that of the admittance part of the equivalent
network, so that the short-circuit current waveform does not differ
significantly from the true response.

Due to its extreme low-Q character, the spherical antenna provides
a worst case estimate of the performance of the dominant-pole approximation
in the sense that for poles residing so far from the jw-axis the dominance
of the poles nearest the axis is, at best, weak. Although the dominant
pole results are relatively poor in Figures 7.12 and 7.13, they agree
within 35 percent with more accurately computed results. We therefore
conclude that in the low-Q limit, the approximation fails gracefully
and that for structures whose dominant pole quality factors are inter-
mediate between those of wire structures and the sphere, the dominant

pole-approximation may be sensibly applied.
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CHAPTER 8

SUMMARY AND CONCLUSIONS

Practical and systematic procedures have been developed for the
synthesis from the SEM (Singularity Expansion Method) description of
acitve, physically realizable equivalent circuits for electromagnetic
energy collecting structures with identifiable ports. The necessary
SEM information includes the poles {sn} of the structure and the
associated natural modes and normalization coefficients. From the poles
and the associated modal distributions one can compute for a given
incident field the coupling coefficients which weight a given singularity's
contribution to the total response. Two different coupling coefficient
forms have been used in the SEM work to date——the so-called class 1

and class 2 forms [Bawm, 1976b]. In the SEM equivalent circuit synthesis

only the class 1 form is applicable, which is known to exhibit numerical
instability in early times [Marin, 1972; Pearson, 1979]. However, it
1s demonstrated in Chapter 2 that the simple class 1 coupling coefficient
can be used with success provided the time origin of the problem is
placed in the port zone (gap region); it is also argued that the class
1 expansion is always convergent as Re[sn]-+-<v for this time origin
location.

The SEM expansion for the current density ?(;,s) on a scattering R
object is derived formally in Chapter 2 from the eigenfunction expansion
of ?(;,s) in terms of the eigenvalues and eigenvectors of the electric
field integral equation (EFIE) operator. It is assumed in this
development that a complete set of eigenvectors exists which is not

necessarily true since the EFIE operator is non-selfadjoint. In fact,

it is demonstrated in Appendix A that the eigenvalues of the EFIE
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operator may have branch points in the complex frequency plane at
which two or more eigenvalues become degenerate so that the inclusion
of root vectors in the expansion may be necessary [Ramm, 1980]. If

an eigenvalue has a branch point, a branch cut must be chosen in the
s-plane, resulting in a branch-integral term in its SEM expansion.
This can have an important bearing on the SEM equivalent circuit
synthesis because in most practical cases these branch-integral
constituents are not explicity identifiable. Their omission, however,
can result in non-realizable terminal eigenadmittances [Pearson and
Wilton, 1981].

In the process of expanding the inverse eigenvalue in terms of its
singularities one refers to the Mittag-Leffler theorem from the theory
of functions of a complex variable. Two basic SEM expansion forms
result depending on the large-s asymptotic behavior of the eigenvalue—
the so-called modified and unmodified forms [Bawn, 1976a]. It is
observed in Chapter 2 that the modified form imposes less stringent
conditions on the asymptotic behavior of the eigenvalues of the integral
operator. Therefore this form appears to be preferable in the case of
problems solved numerically. This suggestion is supported by the fact
that, as shown in Chapter 7, the modified SEM expansion is the proper
one in the case of the sphere, which 1s one of the few structures
for which an exact analytical solution is available.

The SEM equivalent network can be derived either from the Norton
or from the Thévenin equivalence, leading to two different but equivalent
networks. Of course, the SEM parameters which must be supplied are
different in those two cases. The short-circuit SEM data are usually

found by solving the short-circuit boundary value problem, whereas the
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open~circuit parameters result from the solution of the open-circuit
boundary value problem. The open-circuit SEM parameters are much more
difficult to obtain than the short-circuit parameters of the same
object because of the highly localized charge interaction effects
between the two parts of the structure in the vicinity of the gap
which must be modeled precisely in the open-circuit problem. Further-
more; it is eééugh to solve only one short-circuit boundary value
problem for all possible gap locations on the structure, whereas the
open-circuit problem must be solved for each location. Thus, if for
some reason the Thévenin-based equivalent circuit is preferred over
the Norton-based equivalent, it is perhaps more expedient to derive

it from the short-circuit parameters, as described in Chapter 3.

The SEM equivalent circuit synthesis procedures developed in this
work are based on the first-layer, dominant pole-pairs because they
dominate the response of the structure and they are the ones easiest
to extract by numerical or experimental means, An alternative
approach of grouping the poles according to eignvalues is not

practical, however, because in most cases this collection

of poles is not explicitly identifiable. Also, the number of poles
grows rapidly for higher order modes, making the corresponding circuits
extremely complicated [Streable and Pearson, 1981].

The SEM equivalent circuits developed in Chapter 4 have the form
of a connection of simple modules associated with the conjugate pole
pairs of the structure. These pole-pair circuits are synthesized one
at a time, so if the need arises the network can be easily expanded
by adding more pole-pair modules without repeating the whole synthesis
process. By using the network topologies developed in Chapter 4 the

synthesis process is reduced to the realization of a driving-point
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function biquadratic in s and a voltage transfer function bilinear
in s. The realizability conditions and explicit circuit realizations
are given for these functions.

If the driving-point function is realizable, it can be synthesized
by simple continued fraction expansion. If a pole-pair driving-
point function is initially nonrealizable, a simple padding procedure
is described to synthesize an approximating circuit. The padded pole-
pair driving-point function is a minimum-real-part function. It appears
that the only transformerless realization applicable in this case is
the Bott-Duffin network. 1If the amount of padding is negligible, this
network can be simplified by deleting one leg without introducing
appreciable error.

It is shown that the pole-pair voltage transfer function can be
always realized either in the form of a ladder circuit or in the form
of a symmetrical lattice circuit. Unfortunately, the applicability of
each of the two topologies is dependent on the direction of arrival
of the incident plane wave, so that the circuit topology may change when
excitation conditions are changed. In each of the two cases, two
equivalent realizations are possible: an RC realization and an RL
realization. In the cases tested it was found that the element values
of the RC network were more realistic than the element values of the
equivalent RL realization.

Each of the transfer networks must be followed by a voltage-
controlled voltage source which serves as an impedance buffering
stage and as an amplifier to restore the gain lost in the associated
transfer network. The controlled sources can be implemented in practice

with active devices which, however, usually cannot sustain high voltages.
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The synthesis procedures developed are tested on thin-wire loop
and dipole antennas (Chapters 5 and 6), as well as on a spherical
antenna (Chapter 7). The synthesized equivalent circuits are analyzed
by a general circuit analysis program (SCEPTRE) and the responses
compared with classical frequency domain and numerical inverse Fourier
transform results or with results obtained from the Thin Wire Time
Domain (TWTD) code. In the case of the thin-wire structures, the results
are very encouraging. The circuit responses agree favorably with the
responses obtained by other means. Of course, the quality of the

circuit responses is commensurate with the quality of the dominant-

pole approximation, which is very accurate in the case of highly resonant
(slender) structures. The only additional approximation in the SEM
circuit is the possible padding introduced in the synthesis of the
pole-pair driving-point function. This padding is negligible in the
thin-wire loop and dipole cases; it is rather significant for the
spherical antenna. In the case of the spherical antenna the dominant
pole approximation breaks down, too. For these reasons the SEM equivalent
circuit of the spherical antenna cannot be expected to perform well,
unless modules associated with the second and, perhaps, third layer

of poles are included in the circuit.

The driving-point responses of the equivalent circuits are consider-
ably poorer than the short-circuit responses excited by a plane wave
incident field. This can be attributed mainly to the capacit’ve
deficiency of the SEM egquivalent circuit. Namely, the capacitance of
the finite equivalent circuit in the limit as s—+0 underestimates the

true static capacitance of the structure. Therefore, the early-
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time response of an SEM equivalent circuit can often be improved by
augmenting it by a shunt capacitor of a proper value. This phenomenon
does not influence the short-circuit response because the input terminals
of the structure are shorted for that case. Most of the comparisons
included in this work involve the short-circuit conditions primarily
because only for those cases were benchmark results readily available.
In view of the above, these tests may appear to be, perhaps, too for-
giving. However, the loaded dipole example inciuded in Chapter 6
indicates that our equivalent circuits also perform well under finite
loading conditions. The SEM equivalent circuits with nonlinear loads
are analyzed in Appendix B, No data were available for comparison
in those cases, but the results lend themselves to a straightforward
physical interpretation.

In the thin-wire dipole case the sinusoidal natural-mode approxi-
mation can be employed to simplify the SEM equivalent circuits. It
is demonstrated in Chapter 6 that this approximation is poor in the case
of the driving-point circuits but it can be applied successfully to
the voltage transfer networks, For a symmetrical dipole antenna or
a cylindrical post over a ground plane, particularly simple and yet
reasonably accurate circuits result,

In conclusion, the main objective of this work has been fulfilled.
The SEM equivalent circuits developed are physically realizable, simple,
and reasonably accurate. These circuits possess most, but not all of
the desirable features listed in the Introduction. In particular, the
network topology does change with the change of the direction of

arrival of the incident field. However, the equivalent circuit does
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not depend on the time history of the incident field. Also, the autonomic

voltage source is connected to only one port, and the equivalent circuit

is transformerless, but it does include controlled sources.
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APPENDIX A
ON THE EXISTENCE OF BRANCH-POINTS IN THE EIGENVALUES

OF THE ELECTRIC FIELD INTEGRAL EQUATION (EFIE) OPERATOR
IN THE COMPLEX FREQUENCY PLANE

A.]l Introduction

The Singularity Expansion Method (SEM) [Bawn, 1971] representation
for the current density on a scattering object can be derived formally
from the eigenfunction expansion involving eigenvalues and eigenfunctions
of the associated integral operator [Bawnm, 1975]. It has generally
been assumed that the inverse eigenvalues are analytic in the complex
frequency plane (s-plane) except for pole singularities [Pearson and
Wilton, 1981]. This is suggested by Marin and Latham's result
[Marin and Latham, 1972] that in the case of finite extent perfectly
conducting bodies in lossless media, poles are the only singularities
in the SEM expansion. 2 However, as pointed out by Pearson and Wilton
[1981], this does not preclude the possibility of the occurrence of
other singularities whic¢h cancel in the complete sum representing
the singularity expansion of the current. As it turns out, in fact,
only for bodies such as the sphere or the circular loop antenna, in
which geometrical symmetry completely determines the eigenfunctions
(and hence they are frequency independent), has it been possible to

show (Section 2.3) that such singularities cannot occur.

1)In contrast to finite extent bodies, infinite cylindrical objects
always manifest solutions with a branch point singularity of well-
understood origin at zero frequency. Schafer and Kouyoumjian [1975]
discuss this branch point for the case of a conducting circular cylinder.
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The presence or absence of branch points has an important bearing on .

the validity of the Eigenmode Expansion Method (EEM) [Bawm, 1975]
representation of the resolvent kernel, because at a branch-point in
the s-plane two or more eigenvalues become degenerate and the inclusion
of root vectors [Ramm, 1980] in the expansion may be necessary at that
point. The expansion of individual reciprocal eigenvalues or any
associated "eigen-quantities" to obtain their singularity expansion

can also require integrals along the concomitant branch cuts in order for
the expansion to be complete. The previously-mentioned meromorphicity
result of Marin and Latham for finite extent objects ensures that when
the eigenvalue expansions are summed, the branch-integral constituents
cancel and the traditionally-used SEM forms result. However, in some

applications, singularity expansions are applied on an eigenmode-at-

a-time basis and the branch integrals must be retained. For example,
the eigenvalues and their reciprocals manifest a ''generalized positive-
realness" [Pearson and Wilton, 1981] which is important in SEM circuit
synthesis. To discard the branch-integral constituent of their
expansion may compromise this property.

Although the existence of branch-integral constituents in the SEM
representation has been speculated upon [Baum, 1978; Pearson and
Kilton, 1981], no specific examples of their occurrence have been cited,
to date (except for the well-known infinite cylinder case, mentioned
above). The purpose of this paper is to fill this gap.

In SectionA.2 we demonstrate simple c¢circuit and transmission line
examples in which the eigenvalues of the impedance matrix have branch-
points. Although only finite~-dimensional impedance operators are

involved in these examples, they provide valuable insight into the ‘
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of the branch-point occurrence. In particular, they clearly demonstrate
the role of the object symmetry in the occurrence of branch-points in
the eigenfunction expansion of the inverse operator. In Section A.3
we consider the problem of scalar scattering by a prolate spheroid

and demonstrate the presence of branch points in the eigenvalues of
the associated integral operator which follows from the analysis of
the spheroidal wave equation in the complex frequency plane [Ogucht,
1970]. In Section A.4, similar analysis of the Mathieu's differential
equation [Blanch and Clemm, 1969] leads us to the conclusion that
branch points besides that associated with the infinite extent of the
object exist in the frequency plane behavior of the eigenvalues of

the EFIE for an infinite perfectly-conducting elliptic cylinder.

A.2 Branch Points in Circuit and Transmission Line Problems

A.2.1 General Remarks
The terminal quantities of an N-port linear, passive, and bilateral

electrical network are related via the equation
(zJ[1] = [V] , (A.1)

where [I] and [V] are column vectors containing N-port Laplace-transformed
currents and voltages, respectively, and [Z] is the NXN symmetric
open-circuit impedance matrix. Eq. (A.1) is analogous to the electric

field integral equation (2.1). The primary difference is that the electro-

magnetic problem consists of an uncountably infinite number of ports.
Even this distinction vanishes, however, when a numerical solution of
. , >
(2.1) is undertaken because then a matrix approximation replaces I' and
>3 >
column vectors analogous to voltage and current replace 1~ and J,

respectively [Harrington, 1968]. 1In the following, some conjectures
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concerning (2.1) are made based on observations of properties of (A.l).

In general, an eilgenvector expansion of the inverse of {Z] can

be found as follows:
T
-1 N 1 EH(S)] En(S)]
28] = El () =T g
= fe e

where the superscript T denotes transpose and An and [In] are

eigenvalues and eigenvectors of [Z]. In the regions in the s-plane
where (A.2) holds, solution of (A.l) can be found in a form analogous to
(2.13). However, it is demonstrated in simple examples below that there
may be points In the s-plane where the eigenvalues become degenerate and
the simple expansion (A.2) is no longer valid.

Before presenting specific examples it is helpful to investigate
what general conclusions can be drawn concerning the eigenvalues of
a two-port. The characteristic equation of a lumped reciprocal two-

port network described in the form of (A.l) is

2117 %1
det = 32 o (. -2l = .3
e Py (411+222))\+21]>222 21, 0 , @a.3)
219 Zyp)
where Zy1° 212, and 222 are rational functions in s. From (A.2.3)
eigenvalues become
1 _
)\%(s) 2E11+222 * VA(S..)] s (A.4)

where the discriminant A(s) is given by
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A(s) = (zy) 42,507 = 4(z 2, - 2,,7)

_ 2 2
(20 =290 " +4 20,7

(A.5)

The radical in (A.4) suggests.that, in general, the eigenvalues have

branch points in the s-plane. Branch points do not occur, however, if

one of the following conditions is satisfied:

1. Z),

=0 (uncoupled ports), which is a trivial case;

2. A(s) 20, which-can happen only if (z11 - 29p) =%3227; however,
this situation is not possible since zjy are rational functions

with real coefficients;

3. A(s) is frequency independent or of the form [P(s)/Q(s)]2
where P(s) and Q(s) are polynomials in s;

4. 294

=259 which holds for a symmetric network.

The role of the netwdrk symmetry in eliminating branch points in

the impedance matrix can also be illustrated in the example of a three-

port with rotational symmetry. The impedance matrix of such a network

is given by
%11 - %12 %12
(2)= |21, 217 29,
212 %12 11

The characteristic equation

det ([2] - A[1]) = (20, +22,,= M) (A +z;

yields the eigenvalues

_ 2
27 %110

A, =2+ 22
and

A, = 2

2 11 ~ %12

which have no branch points if 294 12

(A.6)

A7)

(A.8a)

(A.8Db)

and 2z are rational, but where AZ

is of algebraic multiplicity 2. The eigenvector corresponding to Al is
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1

[11] = |1 ’ (A.9a)

1

and the eigenvectors corresponding to AZ are

1 1
[1, 4] ELVE (1, ,) = J4m/3 (4.9b) )
J4m/3 32n/3

Since two independent eigenvectors corresponding to AZ could be found,
its geometric and algebraic multiplicities are equal. Also, owing to
the symmetry of the network, we see that the eigenvectors are the

so-called "

symmetrical components' and are frequency independent.
The impedance matrix of the last network example has properties .
similar to the EFlE operator in the case of the circular loop antenna
and the spherical antenna—both rotationally symmetric bodies. As in
the case given above, both the circular loop and the spherical antenna

have multiple eigenvalues for which independent eigenfunctions can be

found. These eigenfunctions are frequency independent, too.

A.2,2 Two-Port Example-——Lumped-Element Circuit

The simple two-port of Fig. A.l1(a) provides an example explicitly
illustrating the occurrence of branch points in the eigenvalues of an
impedance matrix and their mutual cancellation in the singularity expansion of

the inverse of the matrix. The impedance matrix of the circuit is
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FigureA.l1 (a) Two-port circuit and (b) branch points of the eigenvalues
of the impedance matrix.
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1+s/2 1
[Z] = (A.10)
1 1+2s

with the eigenvalues

2 (8) = 1+% s t /&) (A.11)
2
where
1 )2
A(s) =1+ [i S] ’ (A.12)

and with the eigenvectors

[:II(S)_—J = . (A.13)
2

%si»/m

From (A.11) one finds that Al(—5/2)==0 and A2(0)=(L and hence [Z_l]
has poles at s=0 and s=-5/2., However, there are also branch points
at s=1j4/3, where the eigenvalues become degenerate (Fig. A.1(b)). Away

from these isolated points we can find [Z-l] according to (A.2) as

1 %s+ JE(S)
5 2
2 s+ /B(s) lz-s+/A(s)]

-1 1
et A s [ty e

1 2 & - /A(®)
3 ¢ sy Beo GBS |
ZS- A(S) ZS_ A(S)
+ 1 . (A.14)
1+%5-JA(S) 2V (s) [/E(’s‘)-%s]
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. At the branch points the denominators of (A.14) vanish and the expansion

is not valid. However, if the terms in (A.l4) are combined together we

obtain

[ 2s+1 -1 ]

2.2 2.2

s +zs S +28

I:z'l(s):] = . (4.15)

-1 s/2+1

- 2.2 2,3
f +28 s +zs—

Obviously, there are no branch points in [%-l(s{}. Its only singularities
are the poles at s=0 and at s=-5/2.

At a branch point the root system can be used to expand the inverse
matrix. The coefficients of this expansion can be found with the help
of the biorthogonal root system [Peagse, 1965]. For example, at the branch

. point s=+4j4/3, [Z] has a double eigenvalue A=1+43j5/3 and a root system

[1;,41 = Ej ,» (1, 5] = l:ﬂ (A.16)

If the scalar product
<(1,1.01,1> = [1,1711,] (A.17)
1°°+72 1 2 )

is introduced where 1 denotes the Hermitian transpose, a biorthonormal

root system can be found as

[ :] . j
W = ’ EJ ] = . ' (A.18)
1,1 0 1,2 1

Using (A 16) and (A.18) [Z-1] can be expanded at the branch point

s=+j4/3 as
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SR i 0 j-1
[:Z (jg):l -t +— , (A.19)

[1+j %J 0 1 [1+j%]2 -1

with a similar conjugate representation at the other branch point,
s=-3j4/3. Note that the eigenfunction expansion (A.14) is valid through-
out the complex s-plane except at the two isclated branch points.
One might speculate that the resistive element in this circuit
is the feature which leads to the branch points. Since we wish to draw ~
analogies with scattering from lossless surfaces, this would indeed
be untimely. However, one can readily construct LC circuit examples
as well, where the branch points arise. Furthermore, examples are easily

constructed in which the branch points lie in the right half plane.

A.2.3 Two-Port Example—Non-Uniform Transmission Line

To illustrate that the branch point occurrence in the eigenvalues

is not limited to lumped systems, we consider a section of lossless
non-uniform transmission line of length [ (Fig. A.2(a)). The impedance
and admittance per unit length are assumed to vary exponentially with the
distance x along the line according to, respectively, z(x)= exp(2ax) and
y(x) =y exp(-2ax), where z=5f and y=sc and £ and ¢ denote, respectively,
the per-unit-length inductance and capacitance of the line. Viewing the
line as a two-port network we may find its chain-parameter matrix by the
method described in [Bertnolli, 1967}. From the chain-parameter

description the impedance matrix can be found as

- ol
¢

] . o P
; ctnh (I'L) + y v ST (T

(2] = , (.20)
ol

' e r af 2ol
L ;m)— E;Ctnh(l"L)-;je
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Figure A.2 (&) Exponential transmission line, (b) branch points of the
eigenvalues of the impedance matrix and (c) branch~point trajectory as
a function of the taper parameter.
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where I'= /o2 +2y = Vol + (s/v)*with v=1//2¢ denoting the speed of light

(2 deviation from the generally accepted notation is made here because
the symbol ¢ 1is used in this section to denote the per-unit-length

capacitance of the line). The inverse of [Z] can be readily found as

—

_ ~al
r o _I_%&
7 CtoR(TL)- 2 = = ey
[}-1:} ] y ) (A.21)
r . i I3 -2('1[.
-z LD [?““h(m +;]e R

1f the hyperbolic functions in (A.21) are expanded in a power series,
it is seen that only even powers of T enter the elements of [%-{], hence
the inverse matrix has no branch points. Its only singularities are the

infinite number of poles given by

S—VL = +3/(om)? + (@l)?, n=0,1,2,... (Ae22)

The eigenvalues of [Z] can be found to be

{
Ay = eaL Tg ctnh(T'L)cosh(al) - %-sinh(aL) + VA(s)} . (A.23)

2

where

2
B(s) = (-yt] ctnh? (TLycos? (al) - (&) (g]ctnh(l"L)sinh(ZaL)

R (A.24)
+ (%} sinh?(al) -% o

Obviously, there are branch points in the eigenvalues (A.23) which can
be found from the equation A(s) = 0. A numerical investigation of
(A.24) yields four branch points located symmetrically in the four
quadrants in the s-plane (Fig. A.2(b)). Note that the branch points

are not restricted to the left half-plane., The trajectory of the
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first-quadrant branch point for different values of the parameter o
is shown in Fig. A.2(c).

We recover a uniform transmission line— Z,e,, a symmetric structure—
by letting oo+ 0. In the limit, the branch points recede to infinity,

continuing the trend indicated in Fig. A.2(c).

A.3 Scalar Scattering from a Prolate Spheroid

The role of symmetry in eliminating the appearance of branch points
in the preceding examples suggests that in the scattering problem we

should examine a finite-extent structure which, for simplicity, conforms

to a separable coordinate system but which is not symmetric under a
general rotation, 7Z.e., something separable, but not spherical.
The vector Helmholtz equation is not separable in spheroidal coordinates,
but the scalar Helmholtz equation is. We therefore consider the
associated scalar scattering problem,

The geometry of the structure under consideration and the coordinate
system are shown in Fig. A.3. The surface S of the spheroid is defined
by the radial coordinate u=us, and the semifocal distance is 2. We

are interested in the eigenvalues of the integral equation in Y defined

by
[Jep@. T usvroast = rdto), Fes (4.25)
S
> >
where GO(r,r',s) is the scalar Green function defined in (2.4) and

F(?,s) Is the forcing function.
Expanding the Green function in (A.25) on the surface S in terms of

the spheroidal wave functions gives [Flammer, 1957]

245



-
‘.--_-——

+

\u=u°

Figure A.3 Geometry of the prolate spheroid.
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e_Y!;—¥" v © o (2"50m)
—— T - 2’” z z —N——'-— Smn(qsv)smn(q’v )

>
4ﬂ|r—r‘| m=0 n=m mn
x cos[m(do—d)')]R;i)(q,uO)R;i)(q,uo), T,r'e s (A.26)

where énm is the Kronecker delta, q=-jy% is the frequency parameter,
and Smn and R;;)(i==l,4) satisfy the following differential equations
which arise in the separation of the Helmholtz equation in prolate

spheroidal coordinates [Flammer, 19571:

. 2
I:(l -v ) S (q,v)] + Emn(q) —7q2v2 - ﬂsmn(q,w =0 (A.27)

o [:(uz-l) 4 (1)(q,U):| [mn(q)-q2u2+ _] (1)(q u) =0 , (A.28)

where m and n are integers and a . are the separation parameters. The
normalization factors appearing in (A.26) are defined through the
orthogonality of the angle (periodic) functions

1

J Smn(q,V)Smn.(q,V)dv =S N (A.29)

nn' mn
-1

Emn(q)jz
' (r+2m)t LT

(2r 4 2Zm+1)r! ’

and are found to bel)

N_=2 )

r=0

(A.30)

mn , , s .
where the functions dr (q) are the coefficients in the expansion of

the ample functlons § . In terms of the assoclated Legendre functlons:
mn

1"The prime over the summation sign indicates that the summation is
over (only) even values when (n-m) is even and over (only) odd values
when (n-m) is odd.
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!

mn
Smn(q,v) - X dr (a)p
r=0

m

m+r(v) . (A.31)

The substitution of this expansion into (A.27) yields a three-term
recursion formula for the coefficients d?n. From this recursion
formula, we obtain a transcendental equation, the roots of which are

the separation parameters a . [Ogquchi, 1970]. This equation has the form
U(amn,q) =0 . (A.32)

It follows from (4.8) that the separatior parameters a coupling
(A.27) and (A.28) are functions of the frequency parameter q.

The orthogonality given by (A.29) is awkward in identifying (A.26)
with an eigenfunction expansion of the (scalar counterpart to) form
(2.11), because the weight in the integration of (A.29) is unity, while

in (A.25) the surface metric is

ds' = 22/(ué-1)(u2-v'2) dv'de' . (A4.33)

However if we interpret

P(vy0,8) = 22/(u2 = 1) (u -v'?) Y(v,0,s) (A.34)

as the unknown in (A.25) and define

2r 1

<T, > = J J Ty dv do , (A.35)
0 1

then our symmetric product yields the orthogonality integral of (A.29).

By comparison with (2.11) we find that

« g(1) (&)
A (D= R T(qu IR (q,u) (A.36)
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The radial (non-periodic) functions R(l)

n in the eigenvalues (A.36)

can be computed in terms of the spherical Bessel functions [Flamer,

1957]. Here, we are interested only in their analytical properties in

(1)

the complex gq-plane. Since Rmn

satisfy the differential equation
1)

(A.28), their behavior in the g-plane™ can be inferred from the

properties of the associated separation parameters an The branch

(1)

points of amn(q) are also branch points of .

, and thus of A .

mn
The functions amn(q) have been investigated in the literature [0gychi,
1970; Meixner et al., 1980] and, indeed, it has been found that they

have branch points in the gq-plane. The branch point locations can be

computed by the procedure outlines below,

The behavior of the separation parameters a in the g-plane is

mn

governed by the differential equation [Wi{lton et al., 1975]
4 U
—a _(q) = - f‘- , (A.37)

wusch results from(A.32) (the subscript denotes a partial differential
with respect to the variable indicated). Integration of (A.37) on a

closed contour C in the gq-plane yields

U
= - ¢ -4 A.38
A %mn % Ua dq * ( )
C
This integral gives a non-zero contribution, Z.e., amn is multi-valued,
if the contour C encloses a 2ero of Ua. The location of the branch

point of a n coincides with the location of the zero of Ua. Thus, the

branch points can be found by solving (A.32) together with

l)Following the convention accepted in the literature we use the
q-plane rather than the s-plane here. The normalized frequency plane
is related to the g-plane by the trivial mapping Y2 = jq.
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Ua(amn,q) = . (A.39)

These simultaneous transcendental equations can be solved by a Newton-

like iteration [Oguchi, 1970].

A partial listing of branch points in the eigenvalues for a
number of indices m,n is given in [Oguchi, 1970]. A more complete
list is included in [Meixner et al., 1980]. As an example, we display
in Table A.l a number of branch points for m=0-2 and n=0-4. Wwe observe
that some of the branch points for different eigenvalues coincide,
which means that an eigenvalue for some m,n can be obtained by an
analytic continuation into another Riemann sheet in the g-plane of an
eigenvalue with different indices. This observation substantiates

the degeneracy interpretation of the branch point which is mentioned

in Section 2.3. .

When the spheroid is deformed into a sphere, which can be accomplishe.
by letting the focal distance £ go to zero, the points in the y-planc
corresponding to branch points in the gq-plane recede to infinity—

a phenomenon analogous to that observed in the case of a non-uniform
transmission line (Section A.2.3). Indeed, it is well known that the eigen-
values of the sphere are proportional to the spherical Hankel functions

of the second kind, which are meromorphic in the finite complex

frequency plane. The absence of branch points can be thus attributed

to the geometrical symmetry of this structure, which is lacking in the

spheroid case.
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Table A.1 Branch points of the eigenvalues in the prolate spheroid
problem.

n n Branch Points of am’n(YQ)
0 0,2 ~2.601670 + j 1.824770
0 2,4 -5.807965 4+ j 2.,094267
0 2,4 -3.081362 4+ j 5.217093
0 1,3 -2.887165 4+ j 3.563644
1 1,3 -4,097453 + j 1.998555
1 2,4 -4,492300 + j 3.862833
2 2,4 -5.449457 + j 2.736987
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A.4 TM Scattering from an Elliptic Cylinder

In this section we consider an electromagnetic scattering problem

which demonstrates the intrecduction of branch points because of its
departure from rotational symmetry: that of transverse-magnetic (TM)
scattering from a perfectly conducting elliptic cylinder. Since the

structure is infinite in extent, a branch point at the origin of the

frequency plane appears as in the case of the circular cylinder -
[Schafer and Kouyoumjian, 1975]}. It is demonstrated here that the
elliptic cross-section introduces additional branch points into the
frequency plane.
The geometry of the structure and the coordinate system used
are shown inFig. A.4. The elliptical surface of the cylinder, which is
infinite in the z~direction, is defined by the radial coordinate u=u_.
The semifocal distance is 2. The integral equation for the current

- .
density JZ(O,Y) excited by the incident electric field Ei(?,y) is

3 -+ 2 -> 5> i -+ -+
-dzy JJz(o',y)Hé Ygy[33hart = 2@, Bel . (a.40)
Z
L
where Héz)is the Hankel function of the second kind and zeroth order

and is the two-dimensional free-space Green function.
The Hankel function can be expanded in terms of Mathieu functions

as [Jones, 1964]

1)

Héz)(-JYlg-g'l) =2} cem(V.q)cem(v'.q)Mc,f\ (uo,q)Mc;l‘)(uo,q)

m=0

+ Zmzl Sem(v,q)sem(\r'.q)Msfrgl)(uo,q)Ms;l')(uo,q) ,

pDsp'EL . (A.41)
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v =const.

Figure A.4 Cross-sectional geometry of the elliptic cylinder.
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The frequency parameter is q=-(y2/2)? and ce and se ~are, respectively,

the even and odd angular (periodic) Mathieu functions [MeLachlan, 1947)

satisfying
42 ( a_(q) ] {cem(v,q)} )
el [{bm(q) - 29 cos v se_(v,q) 0 (A.42)

and Mcéi) and Ms;i)(i= 1,4) are the radial (non-periodic) Mathieu
functions satisfying

Mcéi)(u,q)

4 [{am(Q)} ) ] 0 (4.43)
-— + - 2q cosh u . = . .
du? bp(a) Msél)(u,Q)

As in the spheroidal equation case in the preceding section, the
separation constants am(q) and bm(q) of the Mathieu's equation satisfy
transcendental eharacteristic equations and are dependent on the complex

variable q. The angular functions possess the following orthogonality

properties:
2m
cem(v,q)cen(v,q)dv = ﬂ'Gmn s (A.44a)
0
2
Jsem(v,q)sen(v,q)dv =7 Gmn . (A.44D)
0
and
2n
J sem(v,q)cen(v,q)dv==0 . (A.b4c)
0
while the integration metric is
dL = 2/boshzuo-coszv dv . (A.45)
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By applying reasoning analogous to that used in the spheroid development,
we conclude that the frequency variation of the eigenvalues

of the operator in (A.40) follows

Me(H s omel u_,0)

A_e(Q) (A.46)

" s sams ) w_,e)

§4) and Mséa) are related to the Hankel

Since the radial functions Mc
functions of the second kind [MeLachlan, 1947], they share with them

the branch point at the origin—the branch point due to the infinite
extent of the scatterer. The radial functions in (A.46) manifest
additional branch points, however.

As in the spheroid case, the analytic properties of these functions
in the complex q-plane can be inferred from the properties of the
separation parameters an(q) and bn(q)~ These functions have been
investigated in the literature [Blanch and Clemm, 1969; Meixner et al.,
1980] where it was shown that a, and bn have branch points in the g-
plane, and the locations of these points were computed for a number
of values of n by a scheme similar to that outlined in Section A.3.

The listing of branch points in a and bn in yf-plane for n=0-7 is
displayed in Table A.2.

When the elliptic cylinder is deformed into a cylinder with
circular cross-section, the eigenvalues of the external scattering
problem become the Hankel functions having only a branch point at the
origin. Thus we may assoclate the additional branch points in the

elliptic cylinder with the lack of symmetry in this structure.
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Table A.2 Branch points of the eigenvalues in

the elliptic cylinder

problem.

n Branch Points of an(YR) n Branchk Points of bn(YQ)
0,2 <1,713919 + j 1.713919 2,4 -3.722621 + i 3.722621
1,3 -1.917584 + j 3.376788 3,5 -3.968460 + j 5.416204
2,4 -2.046414 + § 4.988464 4,6 -4,159649 + i 7.064678
3,5 ~2.140312 + j 6.582698 5,7 ~4,316064 + j 8.689667
4,6 ~5.739541 + j 5.739541 6,8 ~7.758450 + j 7.758450
4,6 ~-2,213980 + j 8.168790 6,8 ~4,448352 4+ 1 10.300680
5,7 -5.895408 + j 7.313526 7,9 ~8.027379 + j 9.468520
5,7 -2.274478 + j 9.750397 7,9 ~4,562911 + j 11.902630
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A.5 Conclusions

It is demonstrated by several specific examples that eigenvalues
of impedance-type integral operators can have branch points in the
complex frequency plane (s-plane)., Through a two-port circuit example,
it is demonstrated that as s approaches a branch point two eigenvalues
become degenerate, the eigenfunction expansion of the inverse operator
becomes invalid, and the root vector expansion must be used to expand
the inverse operator at this point., If the terms involving the degenerate
eigenvalues are grouped together a representation is obtained which
does not exhibit any branch points and simple poles are the only
singularities of the inverse operator,

In the eigenanalysis of scattering from a prolate spheroid or
elliptic cylindet branch points also occur and two or more eigenvalues
become degenerate. In fact, since some of the branch points for
different eigenvalues coincide, one of- the eigenvalues can be obtained
by the analytic continuation into another Riemann sheet in the s-plane
of the "neighboring" eigenvalue,

These examples demonstrate that symmetry plays an important role

in the presence or absence of branch points in the eigenvalues of

the EFIE operator. It is conjectured that branch points may always

be present when sufficient object symmetry is lacking. This conjecture
is supported by the fact that branch points appear when the sphere is
deformed into a spheroid or when a circular cylinder is deformed into
an elliptic one. The analogous phenomenon has been observed in the
circuit and transmission line problems. For example, when the taper
parameter of a non-uniform transmission line goes to zero (the line

becomes uniform), the branch points move away to infinity.
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The examples substantiate that the previously-speculated-upon

branch points do occur in the scattering theory. In addition, they
suggest a tie between the branch points and the need for root vectors
in a basis spanning the solution space. Whether the need for root
vectors in the solution expansion is isolated to branch points in the
frequency plane and what ties exist between the branch points and

the normal operator condition stated by Ramm [1980] remain open

questions.
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APPENDIX B
AN APPLICATION OF THE SEM EQUIVALENT CIRCUITS TO
THE ANALYSIS OF ANTENNAS WITH NONLINEAR LOADS

In this appendix we give some examples of the application of the
SEM equivalent circuits to the analysis of antennas with nonlinear
loads. Nonlinear effects are important for antenna systems containing
semiconductors, integrated circuits, and voltage limiters when they
may be illuminated by an extremely strong signal, such as that produced
by a lightning strike or an electromagnetic pulse (EMP) [Liu and
Tesche, 1976].

One approach to the analysis of nonlinearly loaded energy-collecting
structures has been to solve a space-time domain integral equation for
the current Miller et al., 1976; Liu and Tesche, 1976; Schuman, 1974].
At each time step a system of nonlinear algebraic equations must be
solved in this method by a Newton-like iterative procedure. Even
complex-shaped bodies could be treated by this technique if the procedures
developed recently by Rao et al. [1981] are applied. This approach
is not very practical, however, since the complex boundary value
problem must be resolved each time the loading is changed.

An original technique for the analysis of antennas with nonlinear
loads has been developed recently by Tesche and Liu [1975] (see also
[Liu and Tesche, 1976;Liu et al., 1977]. They use frequency domain
data of an unloaded structure and a numerical Fourier transform to
formulate a Volterra-type integral equation for the current in the
time domain., Subsequently, this equation is solved by stepping in

time and iteration procedure.
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It is believed that the approach proposed in the present work,

t.e., the application of the SEM-derived equivalent circuits and a

standard circuit analysis code to the analysis of nonlinearly loaded
energy-collecting structures, can be an useful alternative to the
method of Tesche and Liu [1975}. It has the advantage that no special
purpose computer code is required. Furthermore, the input languages
of many advanced circuit analysis programs, such as SCEPTRE [Jensen and
MeNamee, 1976], allow one to define almost any real or conceivable
loading situation. Also, an EMP with an arbitrary time history can
be easily defined.

In the examples given below the nonlinear loading is provided
by an 1N414B high-speed switching diode. The diode was represented
in the circuit by a voltage dependent current source I==Io[exp(AV)-l]

with Io = 2.9*10—7 A and A=15 V—1 in shunt with a 0.5 pF capacitor

modeling the junction capacitance. The diode parameters were taken
from [Liu et al., 1977].

In Figure B.1 1is plotted the input current response of a circular
loop (2=15) driven by a double exponential function wvoltage source
(with a peak voltage of 10V) through a diode connected in the forward
direction. Shown is also the input current with the diode removed.
The topology and element values of the equivalent circuilt used are

given in Table 5.2.

In Figures B.2 and B.3 are shown the current and voltage responses

at a port of a plane-wave-excited loop antenna ((2=15) loaded by a diode.

The incident wave time history is a step function with a peak field

strength 2mb Ei-'IOOV (note that the response cannot be magnitude-

normalized as in the examples given in Chapters 5 and 6, since the
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Figure B.1 1Input current of a circular loop antenna driven through a diode by a double-exponential
voltage source. Shown is also the input current with the diode removed.
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Figure B.2 Port current (solid) and voltage (dashed) responses of a circular loop antenna loaded
by a diode and excited by a step function plane wave. The diode is polarized initially in the
"forward" direction.
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Figure B.3 Port current (solid) and voltage (dashed) responses of a circular loop antenna
loaded by a diode and excited by a step function plane wave.

The diode is polarized initially
in the "reverse" direction.



present problem is nonlinear). In the case of Figure B.2 the diode .

is connected so that it is polarized in the '"on" direction from the

beginning and has little ifdfluence on the current waveform (e¢f. Figure

5.8). When the terminals of the diode are interchanged the situation

changes drastically, as shown in Figure B.3. The current is initially

blocked and then flows in the reverse direction. Also in this case,

the reverse voltage on the diode can reach quite high levels in early )
times. The topology and element values of the equivalent circuit

used are defined in Tables 5.2 and 5.4. Only the first eight dominant

pole-pair modules were employed. Note that in this case the transfer

networks for n=1,3,5,... are not present, as indicated in Table 5.4.

In Figures B.4 and B.5 are plotted the current and voltage wave-
forms at a port of a cylindrical dipole antenna (2=10.6) center-loaded
with a diode, exicted by a broadside incident plane wave with a double .
exponential time history and a peak field strength of 2Ei==100V.

In Figure B.4 the diode is connected so that it is initially forward
conducting. In Figure B.5 the terminals of the diode are interchanged.
As expected [Liu and Tesche, 1976], the current of the diode for tc/2>1
oscillates at about twice the rate of the short-circuit current shown

in Figure 6.21. This phenomenon occurs because the diode, when reverse
conducting, acts as an open circuit, The antenna thus behaves in

effect like two collinear wires, each having its fundamental natural
resonance at a frequency roughly twice that of the whole structure.

The simplified circuit of Figure 6.19 was used in the SCEPTRE analyses,

with the elements defiend in Tables 6.2 and 6.12.
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APPENDIX C

STATIC CAPACITANCE OF THE SPHERICAL ANTENNA

C.l1 Introduction

The rapidity of the convergence of the eigenfunction or SEM
series for the driving-point admittance of a simply-connected object
can be significantly increased if the static capacitance of the
structure is known, as discussed in Chapter 7. The early time response
of an SEM equivalent circuit can often be improved by adjusting the
static capacitance of the circuit to the proper value as demonstrated
in Chapters 6 and 7. It is in this context that we discuss here the
computation of the static capacitance of the spherical antenna.

In the first part of this appendix approximate closed form formulas
are derived for the internal (Cint) and external (CeXt) capacitances
of a spherical antenna with an equatorial slot. The derivation
essentially follows that given by Franceschetti [1976]. A constant
field distribution in the slot region is assumed. In the second part
a numerical technique is used to compute the total capacitance of
the spherical antenna. Results are presented for 6g==90° (equatorial
slot) and 6g==60° with the slot width d/a=0.05 in both cases.

C.2 Derivation of Closed Form Expressions for the Intermal and
External Capacitance

In the equatorial slot case the expressions (7.31) and (7.32)

can be rewritten as

(==}
int _ Ta 4n-1 _
¢ = Z_c nzl Za(za-1) 'nl™210%) (c-1)

and
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and

=]
ext Ta 4n-1
C 7 o 2 (—zn_—l.j—z-vn(‘rT/Z,oto) (C.2)
n=1
with
n
1 p—l o
V1 -
v (nizey =20 e 1 (n)dn (.3)
n *~o 2n 2a° 2n-1 )

where n=sino, a=T7/2-6, and a°=d/(2a).
Following Franceschetti [1976] we define
£(a ) == V(a) (.4
n o n n o
where V:(ao) is the asymptotic expansion of Vn('rr/Z,ao) for n>e,
From [Franceschetti, 1976}

1 4n

Pzn_l(n) Ay cos(nm)cos[ (2n-3)a] (C.5)
it follows that
1 1 2n
P (n )P n) ~ ————
2aml 7ot 21T eom_cosa
b {cos[(Zn-ls) (a—ao)] + cos[(2n-%) (a+a°)}} (C.6)
and
o4
o 2ycoso, 1 °
£ (a) = —— 2 o J Veosa cos[ (2nk) (ot )1da . (€.7)
-0
(o]

Now the series (C.l) and (C.2) can be recast in the following form

© =3
int T = A i
c Z,e nzl £,(00) + n-Z-l TYOTN) v (1/2,0) fn(ono)] (C.8)

and
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cext _ %EL Z £ L (%) + Z [;zﬁnliz v (1/2,0) - f:(aoi} . (C.9)

¢ n=1l

By using [Franceschetti, 1976]

j coslZnoax] - | cos(x/2)tn(2sing) + (1/2-x)sin(x/2) (C.10)
n=1

and assuming a narrow gap (a0<<]J, the first term in (C.8) and (C.9)

can be summed as follows

2/eosa_  , (° @ cos[(2n-) (oo )]
Z £ (a ) = p = > J Ycosa ) do
n=1 % ° n=1 n
-a
)
(o]
= %—El— fzn[Z(a+ao)]da =-%[%nﬂ§%)-k%} . (C.11)
-0
o

The series in the second terms in (C.8) and (C.9) are uniformly
convergent with respect to &, and their evaluation can be safely performed

for 0L0=0. Noting that

1

Pzn_l(O) = 2n P2n(0) (C.12)
and, for large n,
n
P;n(O)m,£:ll— (c.13)
ynm
it is easy to show that
V. (n/2,a) N2 (C.14)
n o m
and
£°0) = = (C.15)
n nm °
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Using (C.l4) and (C.15) it can be shown that

| 4n-1 o 2 5| 4n-1 1 .2
nzl{—zn(zn_l) Vn(Tr/Z.OLo) - fn(ao)} ~ nzl{———m(zn_l) -H} el 0.693 (C.16)

and

7 J_bn-1 ® )b =2 §ybncl 1) 2
nzl{m Vn(Tf/Zsao) "fn(do)} po Zl{—(m “al 7 2,620 , (C.17)

The substitution of (€.11), (C.16) and (C.17) into (C.8) and (C.9)

yields
cint = ZZ—C —J—Zn(%] +]:|a (C.18)
of L
and
c®*t = 2_20 _Qn(%] +2.97:la . (C.19)
of L
int

=70,66a [pF} and

CEXt==104.74a [pF], so that the total capacitance Ct°t==Cint4-CeXtE

75.4a[pF]. ‘

It is of interest to point out that Schelkunoff [1952] derived

For d/a=0.05 these expressions give C

the following expression for the capacitance of a symmetrical spherical

antenna driven by a biconical transmission line:
¢ =< (& +0.52| a (C.20)
Zoc d : *

This expression differs significantly from (C.19), except for very

narrow slots.

C.3 Computation of the Total Capacitance by the MoM Technique

In this part of the appendix the static capacitance of the spherical

antenna is computed by solving numerically the integral equation for
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the charge density. The integral equation is formulated in terms of
the total charge density on the spherical shell, Z.e., it cannot
distinguish between the charge residing on the internal and the
external side of the shell. As a result the capacitance obtained is the
total capacitance, which is a sum of the internal and external
capacitances discussed above. The numerical technique applied is the
Method of Moments (MOM) [Harrington, 1968] with subsectional basis
functions.

The charge distribution O(?) on the spherical antenna (Figure

7.1) can be found from the system of two coupled integral equations

>
V, , re S
ﬂr_ldsv + ﬂ.r_lds' = (C.21)
4meR 4mR >
A res
S S 2° 2

1 2

-+
where Rﬁ=]r-;'|, and S, and 52 denote the upper and lower parts of the

1
sphere, respectively, having the arbitrary constant potentials V1 and
V2, and € is the permittivity of the medium. In order to find the

capacitance C of the structure, the system (C.21) must be solved with

the constraint Q==Ql==-Q2 where Q1 and Q2 denote the total charges

on S1 and 82, respectively. Then we have
c=3_ (c.22)
ViV

Exploiting the azimuthal symmetry of the problem, eq. (C.21)

can be rewritten in the form
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g -0

o T Ivzvl,oieieg-ao
Tp(e')K(e,e')de' + Jp(e')K(e,S')d6'= , (C.23)
0 9g+“o 4 V2,6g+aoieiw

where

p(8) = 233 6(8) (C.24)

1]
K(6,8") = —2in8° ¢ (p) (C.25)

ain |88

2

1
8 = sinb sinb (C.26)

1]
sin? [_6-4-76_]

and K(B) denotes the complete elliptic integral of the first kind

[Abramowita and Stegun, 1965]}. 1In terms of the new function p(8) the

total charge on surface S1 is given by
o
QF =ac T 0(8) sin6ds (€.27)
0

with an analogous expression for Sz.
The MoM technique is applied to (C.23) by dividing the surface
of the spherical antenna into N subsections and expanding the unknown

function p(8) in terms of the pulse functions as follows

p(8) = 2 Qy py(8) (C.28)
where
A9 A8
P | m,_J
1, j 7 5eg%+ 3
p,(B) = . (C.29)

3

0 , otherwise
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This is illustrated by Figure C.l.

The substitution of (C.28) into (C.23) and matching the integral

equations at 6? results in the matrix equation for the expansion
coefficients
N 4r® vy, 1<i<N
Yy a,.qQ, = (C.30)
g1 13 |4p2 V, » Nj<i<N
with m AB.
ej+"7§l
m t 1]
aij = J K(ei,ﬁ )dsé (C.31)
AB,
oT - —L
3j 2

where the index i takes on the values 1i=1,2,...,N, Nl and N2
(N1-+N2==N) denote the number of zones on S1 and Sz, respectively.
The integration is done numerically by a Gaussian quadrature.

The integrand in (C.31) is singular for i1=7j, thus the integration
for the self-term cannot be performed directly. This difficulty is

taken care of by subtracting the logarithmic singularity of the elliptic

integral and integrating the singular term analytically as follows

A8
m i
S +7
T gt X
- m ' i ' i
ayy ® J K(81)56") + fn |——| 140 -AeiEzn(T) -] ) (C.32)
em_'Aei
1772

In order to gain some confidence in this method, the capacitance
with respect to infinity of asolid sphere (o =0, vV, =V,=V, Q= Q1 + Q2) )
C=Q/V, was computed first., With N=10 the value 111.267 a [pF] was

obtained, which is in an excellent agreement with the exact value 4mea,
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Figure C.1 Subdomain placement on the spherical antenna for the
capacitance computation by the method of moments.
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In order to find the capacitance (or '"capacity' [Adams, 1972])
of the slotted sphere, the system (B.23) must be solved together with the
charge neutrality constraint. However, as pointed out in [Adams, 1972;
Lee, 1978], it is more convenient to solve the unconstrained system
(C.23) twice for even and odd voltage excitation modes (Figure C.2)
and then suitably superpose the results. It can be shown that the

capacity 1is then given by

1.2 1.2
Q0 - 90

C = e 0

(C.33)
2v(Q; +02)

where the superscripts "e" and "o" denote, respectively, the even and
odd excitation modes.

The capacity of the spherical antenna computed by this scheme is
shown in Table C.l1 and in Figure C.3 as a function of the number of
zones N. The extrapolated values of the normalized capacitances are
165 [pF/m] for 6g==90° and 137 [pF/m] for 8g==60°. The width the
slot was d/a=0.05 in both cases., The value 165 a [pF] obtained in
the equatorial slot case agrees favorably with the value 175.4 a [pF]
obtained from the closed form formulas derived in the first part of

this appendix, considering that approximations are made in both

approaches,
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(a)

(b)

Figure C.2 (&) The even and (b) odd excitation modes of a two-
part structure.
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Table C.1 The capacitance per unit radius of a spherical antenna with
a slot of width d/a=0,05 located at 6g=90° and 95 =60°, as a function
of the number of zones N in the MoM procedure.

C/a[pF/m]

N

f =90° f =60°

g g
10 132.7 107.5
20 145.9 119.4
30 151.5 124.7
40 154.6 127.5
50 156.6 129.3
60 158.0 130.6
70 159.0 131.5
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Figure C.3 Capacitance of the spherical antenna with a glot located at
6 =90° and at 0 =60° as a function of 1/N, where N is the number of zones
in the MoM solution.
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