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Abstract

By a renormalization procedure involving the square roots of the characteristic impedance matrices of the
multiconductor transmission lines, the wave variables (combined voltages and currents) are put in a special form.
This allows one to bound the scattering matrices in 2-norm sense. This gives a convergence criterion for the
geometric-series expansion of the inverse of the interaction supermatrix in the BLT equation.
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1. Introduction

Since the introduction of the BLT equation [1], various alternate forms have been developed based on the
alternate ways that multiconductor transmission lines can be modeled as tubes or junctions in the overall
electromagnetic topology of a complex electronic system [4, 6, 7]. In the modeling of uniform multiconductor
transmission lines (MTLs), such as in BLT 1, one constructs linear combinations of voltage and current vectors with
the latter multiplied by the characteristic impedance matrix of the MTL. This separates the solution into two

uncoupled waves propagating in opposite directions (these being coupled if the MTL is nonuniform (NMTL)).

More recently it has been found useful to multiply such waves by the square root of the characteristic
admittance matrix [5, 8]. This has advantages when considering power relationships. In this paper we explore the
use of such renormalized waves in the formulation of BLT1. This will prove useful when we consider bounds based
on the 2-norm.



2. Renormalized BLT1 Equation

As in [8] let us convert our wave variables to renormalized ones, this time for the simple case of a uniform

N-conductor (plus reference) transmission line. Recall the telegrapher equations

V@) = ~(Zam®) - (@) + (i 29)

H12@9) = ~(am(@) - (@) + (i @9))

s = Q + jo = Laplace-transform variable or complex frequency 2.1)
(Zhm(®) = (Zam®)'

(%m®) = (Fm(®)"

where reciprocity is assumed.

Based on the above we form

(70,m(s)) = [(Zﬁ,m(s)) . (Yﬁ,m(s))]llz (p.r. square root)

= propagation matrix

(Zeyn®) = (7am®) * (Tam®) " = (Fam(®) " +(Zam(®)

i 1 i T (2.2)
= (Yen®) = (Zeyn®)
= characteristic impedance matrix
This is followed by
-~ 1/2 T
(20 ®) = (Zepm @]~ = (20, ®) o3

(Yorn®) = (Yern @)~ = (Jenn @) = (2 (®)

which are used for renormalization.

The renormalized voltage and current variables take the form



(1(29) = Yoy @) + (Vo2.9))

(in(z:9)) = (fcn,m(s)) + (lh(@9) (2.4)
(% @9) = (Yepn®) + (V& 9))
({9 @9) = (2, ®) * (i @.9)

Since the square roots of the characteristic impedance matrices are not functions of z, the telegrapher equations

reduce to [8]

$(30@9) = (0m®) * (0@9) + (8 @)

@) = (Gum@) - (n@9) + (i @.9)

(600() = ~(Tern ®) * (Frm(®) * (260 ) 25)
= (7o ®) = (am(®)" + (Ve (©))
:(gn,m(S))

which is a symmetric form.

The combined normalized voltages (waves) are

(Vn(2.:9)); = (Vn(2,9)) * (in(z.9)) (2.6)
2

and similarly for the sources. This leads to a supervector/supermatrix equation

= w@,) = ((ean®),,, | © ((@9),,) + (4 @9) |
On,m(S) On,m ) T
(ORI b R

n,m) —(gn,m (s)

(2.7)

At this point we can write down the solution for the two uncoupled waves, noting that



ﬁe((gn,m(s))vi‘/,jdz' _ e[Z—ZO](Gn,m(S)) ® e—[z—zo](gn'm(S)) 2.8)

20
For constructing BLT1, following [1], we note that waves need only propagate in the +z direction by
reversing the z coordinate for the opposite direction, accounting for this by two values of the u,v variables labeling

the waves on a tube (MTL). Define a renormalized delay matrix for the uth wave as

(én,m(s))u = E(Gn,m(s))uLu - (énvm(s)U)T

u=12..Ny, Ny = number of waves (twice number of tubes) (2.9)

For the renormalized wave we also define a scattering matrix from the vth to the uth wave via

(W (0,9)), = (S}’]’m(s))uyv = (va(Lv:3)),

Ly = length of tube with label v (2.10)

Note that the previous scattering matrix was defined via

(Va(0s), = (s},,m(s))w * (Va(Lv:9)), (2.11)
giving the transformation

(S0m®)y = (%0 @), + (Sam ), * (Yorm ), (212)

using the characteristic impedance matrices appropriate to the uth and vth waves.

We can now write down the renormalized BLT equation as



(o)) - (S300),, ) @ (600, )] © ((#005),)
_ ((s” ©), j o ((vgs)(s))u)
((\79)(5))) Tegnm(S) [Lae] (V%S)'(Z'))dZ' (2.13)

m(s)) for u=v

) otherwise

G S (
(Gam®),, {(0

((én,m(s))ul ) ( (5)) (Gn,m(s))z@-~-@(én,m(5))NW

Expansion of BLT1 in Geometric Series

The formal solution of (2.13) can take the form [6]

(<vn<0s>>u)=((K'n,m<s>)u,v) (Shm(9),, ) @ ((#09),)

((Kh,m(S))u,V)=[((1n,m)u, an(s) }1= inverse of interaction supermatrix -
dCME g(@nm(s»w)

(Enm@),, ) = ((San©),, ) @ ((Gnms),,, )

For the geometric series to converge (for any given s) requires that ((ih,m (S))u,v) be sufficiently small compared to

the identity. Smallness can be considered in a norm sense. Note that later we specialize S to jw.

We need

< 8(s) <1 (3:2)

(GO

so that [11]



i

[(Ramtoly ) -

=1

<1+ i&(s) <1 (3.3)
=1

O

Here we note for all associated matrix norms [10] that

“((1”:m)u,v)

Note that &(s) is not an analytic function of s.

-1 (3.4)

Consider now the 2-norm for our associated matrix norm [2]. Thus we need

“((ih,m(s))u,v)uz = [ﬂmax[((ih,m(s))uyva . ((i'n,m(s))u’vj]]llz

Amax = maximum eigenvalue (all eigenvalues nonnegative) (3.5)

t = T= = adjoint = transpose conjugate

Relating the problem to one of the eigenvalues of a Hermitian matrix with positive eigenvalues.

We have

Amax {((i'n,m(s))ulvjr © (ih‘m(s))u,vj
= Jmax (((éa,m(s»u,V)T 0 [(S?’n,m(s>)ulvjT 0 ((éa,m(so)u,vje(én,m(s>)ulv]

(3.6)

Consider the delay matrix for the case of a simple lossless MTL for which we have



(Lﬁ,m) ' (Vﬁ,m(s)) = S(Cﬁ,m(z))
(}7n,m(5)) = 5[(Lﬁ,m) . (Cﬁ,m)}llz

(thm)  (Chm)] ™ (Lhm)

(

_ ZCnm) o
(ch,m) - ch,m )1/2 - (ch,m )T
(gn m(s)) = —S(YCn’m) . [(Lﬁm) . ( nm)}l/2 (chm)
- _S(ch,m) ' (Cnm) : (ch,m)
- _s(ycn,m) ' (Lﬁm) ' (ycn,m)
= (gn,m(s))T
Then the delay matrix in (2.9) has the property for s = jw
) t
(én m(jw))Jr = ejw(zcn,m)u'(cr"'m)u '(ch,m)
' u
_ (chm) (Cn m) (ch,m) (3.8)

e
- (6 m(jw));

and is therefore unitary [9]. In (3.6) we then have (for s = jw), noting the block-diagonal property (2.13) of the delay

supermatrix,

Amax ((ih'm(jw))u,V)T o ((i'n,m(jw))u’vj]
o ((Gn,m(jw))ulvj_l o ((éﬁ’m(jw))u‘vjf o (((S},m(jw))ulvj o} ((én’m(j“’))u,vjj] (3.9)
= Amax ((S},‘m(ja)))u’va o ((gn’m(jw))u,vj]

since eigenvalues are preserved in a similarity transformation. This simplifies the result somewhat.



Another way to look at this geometric series is to diagonalize ((i'n,m)u,v) as

CEOME ézﬂs)(rn(s)u)ﬂ(zn(s)u)/,

Ny, = number of wires on uth tube

Ny = number of waves (twice number of tubes)

NW
N =3 N
u=1
(Enn(9),, | © (G),), = 26O0((0(),),
(i), ), © ((Eam(s)),, ) = 226((Fa), ), (3.10)
(")), © ((?n(S))u)ﬁ2 =g = {; :2: 2:2
(biorthonormal)
In this form we have
((Kﬁ,m(s))u Vj _ ¥ [1- 256 (), ) (7)), )ﬂ (3.11)
’ =1

Comparing this to (3.3) we can see the factor [1—;2ﬂ(s)]_1 corresponding to a geometric series in the individual

eigenvalues, as compared to the bound [1—5]_1 .



4. Scattering Matrices

This renormalized form (2.12) of the scattering matrix has appeared previously [3, 9]. It has special

properties. In particular for passive cases

0< <1 (4.1)

((gﬁ,m(jw))ulvj

2

with 1 corresponding to the lossless case for this bounded real supermatrix. This is a property following from the
renormalization which placed the waves in a more power-like form. Note that the renormalization needs to be in
terms of real-valued impedance/admittance matrices, which applies in the case of lossless MTLs (and other special
cases). Note that this passivity property also applies to the scattering matrix for each junction separately in the

electromagnetic topology.

Revisiting the bound in (3.3) we see that for such a series to be appropriate we need losses in the network

to bring the 2-norm, which can be used in (3.3), to less than one. Note that in this case ¢ is the 2-norm.

There is an important difference between the geometric-series expansions in frequency and time domains.
In time domain, causality isolates the leading terms from successive terms, giving an early-time exact

representation. In frequency domain, the Laplace/Fourier transform, being a transform over all time, gives different

properties. One can compute ((K,’Lm)ulv) (the inverse of the interaction supermatrix) as a matrix inverse (except at

natural frequencies of the system). Using the geometric series (3.1) depends on successively smaller correction
terms for series convergence. The present formulation in terms of the renormalized variables gives series

convergence for sufficiently lossy systems, the more loss giving more rapid convergence.

10



5. Concluding Remarks

By this renormalization procedure we have found a general bounding result for the BLT equation for
passive systems. This allows one to find a convergent geometric series for the inverse of the interaction

supermatrix. This applies to frequency domain, the time-domain form having other properties.
While this derivation has been in terms of BLT1 involving junctions and tubes, it applies to other forms of

the BLT equation as well. One can replace the tubes (MTLSs) by equivalent junctions. These are then absorbed into

the scattering supermatrix for which the present results apply.
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