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Abstract

The impedances and field distributions of the symmetrical two wire and four .._
wire transmission lines are calculated. For.a particular ratio of the cross 5%=%

section dimensions, the four wire case has a very unifoim field distribution
-C&J<

near the cencer.
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In the simulation of nuclear El@ fields, it is desirable to produce
comparable fields in the form of a TEM wave OKIa cylindrical transmission
line. Furthermore, it is often desired that Chere be a uniform electric
and magnetic field distribution over some part of the cross section of the
transmission line. Thus, part of a uniform free-space plane wave is approxi-
mated.

By convention, the z axis of a Cartesian or cylindrical coordinate
system is taken as the direction of propagation of the TEM wave. The
(x, y) or (r, $) plane at constant z {the geometry being independent of z)
is the cross section of the transmission line. IL z previous note we have

discussed cwo types of parallel plate transmission iines.l While these
are useful for producicg reasonably uniform fields over a significant
fraction of the cross section enclosed by the conductors, there may be
other types of transmission lines wieh such a property. Although the
parallel plate structures are convenient to use in some cases, in others
they might be unnecessarily cumbersome, in particular foz very large ‘.

structures. In this note we consider some structures which are somewhat
sparser than the parallel plate eype.

The transmission lines to be considered are the symmetrical two wire
and four wire structures. The cross sections of these transmission lines
are illustrated in figure 1. In each case there are two planes of symmetry,
given by x = O and y = O, respectively. It is assumed that the structures

are far enough away from perturbing abjects, szch as the ground, to be
insignificance.y affected by their presence. The circularly cylindrical
wires, of radius, c, are separated by a distance, 2b, between centers in
the y direction. In the four wize case (figure Ii), the wires are located
at the corners of a rectangle with sides of length, 2a and 2b. For conven-

ience in the analysis, the positioas.hz~e been normalized by dividing by boo
The separation of infinitesimal Line charges and/or currents, from which
the field distribution for the PJO wire transmission line is developed,
is 2bo. The normalized positions zre denoted by che additton cafa prime
over the letter.

/’

Using a conformal transformation we first investigate some of the
characteristics of a symmetrical two wire transmission line. The symmetrical
four wire transmission line is then developed by superimposing the field
dis~zibutions of two, two wire lines. For a certain ratic of dimensions
(a particular a’] the four wire structure can sustain a v~ry uniform field
near the center of ics cross section. For both types of transmission line
the impedance, field efficiencies (or effectiveness in converting voltage
and current co uniform eleccric and magnetic fields) , and field distributions
are discussed. The solucians for both the two vice and four wize trans-
mission Lines also apply (when appr~priatz faczors of two are included)
to transinissionlines formed by replacing the wires qt.negative y by a
sufficiently large conducting plane at y = O (a’plane of s~etry).

.
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1. Lt Carl E. Baura,Sensor aad Simulation NoCe XXI, Impedances and
Field Distriiiutions for Parallel Plate Transmission Line Simulators, [,
June 1966.
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A. SYMMETRICAL TWO WIRE TRANSMISSION LINE
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B. SYMMETRICAL FOUR WIRE TRANSMISSION LINE

FIGURE 1. NORMALIZED TRANSMISSION LINE GEOMETRIES
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11. Symmetrical Two Wire Transmission Line.

Consider first the symmetrical two wire transmission line as in figure
3A. In normalized form we have the conformal transformation

w=
(-)

~~ = 2jarccot (z) (1)

where

z = x+jy (2)
and

w= u-i-jv (3)

This corresponds to equal and opposite line charges and/or currents at (x,y)
= (u,~l). The equipoten~ials and magnetic field lines are given by constant
u and the electric field lines by constant v. These are illustrated for
positive x and y in figure 2. This field plot can be extended to all four
quadrants by symmetry.

Expanding equation {1) gives for the potential functions

12

I

2
u ;In=— x +(l+y)

x2+(l-y)2
L J

and

H2X
v= arc tan

x2+y2-1
L J

Rewriting equation (1} as

z=

it can also

x=

and

y=

ocot-~ = jcoth (;]

(4)

(5)

(4)

be expanded as

_&.&l@. (7)Cosn(u)-cos(v)

sinh(u)
cosh(u)-cos(v) {8)

The contours of constant
equations.

Considering curves

e“ [x2+y2-2y+l]

2. W. R. Smythe, Static

u and v (figure 2) are made from these last two
..-

of constant u, equation (i) gives
r

=

and

e‘u [x2+y2+2y+l] - (9)

Dynamic Electricity, 2nd cd., 1950, p. 76.
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FOR u<.57T,U ANDV ARE IN INCREMENTSOF .0574

FORu>.57,U ANDV ARE ININCREMENTSOF.1m

FIGURE2. FIELD ANO POTENTIALDISTRIBUTIONFOR
SYMMETRICALTWO WIRETRANSMISSIONLINE
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which can be rearranged as

Xz+yz+l - Zy Coth(u) = o (10)

or

X2+ (y - coth(u))z = cschz(u) (11)

This last equation shows that the lines of constant u, equipotentials,
are circles. As such, conducting circular cylinders can be placed with
their surfaces at constant u without disturbing the field pattern.
These conductors are extended in the z direction, Consider two such
wires, each of normalized radius, cl, and
tions given by (x,y) = (0,~1). These two
~ Uo. The upper conductor intersects the

y = coth(uo) ~ csch(uo)

centered at the symmetrical posi-
conductors are at potentials,
y axis (from equation (11)) at

(12)

Thus, the normalized center of the conductor is

b’ = coth(uo) (13)

and the normalized radius is given by

Ct = csch(uo)

The ratio of dimensions is then

(14)

L=k; = Cosil(uo}
c c

(15)

We can now relate b and c to the position of an equivalent line charge
and/or current, ba. From equation (13)

~

b~=: = Cosll(un) = (16)
o Icosh2(uoM1/2 @Lllw

or

bz= bo2+ C2 (17)

In normalized form

b’2
,2

= l+C (18)

Given b and c we can calculate bm to relate the symmetrical two wire
transmission line to the normali~ed coordinates.

The pulse impedance, ZL, of the transmission
the wave impedance, Z, by

‘L
=fgz

.. ‘

,

line is related to

(19)



where f_ is a dimensionless geometric factor. This is given by
s

2U
fg=$

where 2U0 is the difference in the potential
the two wiresand 27 is the change in v for a
Thus, using equation (15)

r

(20)

function, u, between
path circling one wire.

ii:)2 -1) l’! (21,

This and other parameters for che two wire case are plotted later along
with the corresponding parameters for the four wire case.

Next, let us relate the electric and magnetic fields to the voltages
and currents on the transmission line. Specifically, consider the electric

and magnetic fields at the origin of the coordinate system ((x,Y) = (u,O))
around which the field distribution is symmetric, Considering first the

electric field,define an effective half-spacing, bl, relating the potential
of tiuewires co the ciectric field b-etweenthe two wires. Then in normalized

form

L, =&&l

bl U. ay I

! X=o
I y=o

Since, for Jy ]~1,

and

then

Or,

the y

b. 7]b2-c2;k: ‘— !bi..-—
bl = ?- arccosh [c/ =

arccosh ~—(
2 ,. \c/

(22)

(23)

(24)

(25)

For the two wires at potentials, ~V, the electric field, Ey, is in
direction and is just given by V/bl’. This is just the result.for

the electric field nea: the center of a fwo conduccor, parallel plate
transmission line of spacing, 2bl, with a width much greater than this

spacing.3 If the two wire case with a closest spacing of 2[b-c) and the

3. See reference 1.
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same potentials is considered,
less. Thus, an electric field

however, the electric field in the center is
efficiency may be defined as

1/2

( )

:-1
fE’y =

2

1 1)
~

arccosh : i-l
c

(27)

Then the elecrric field in the cencer of the two wire transmission line
is calculated from

E I
~~ AV

Y 2b1 = Z(b-c) ‘E
x=()

(28)

where AV is the potential between the wires.

Considering the magnetic field,,define an effective half-width, al,
for the transmission line relating the current in the wires to the magnetic
field between the two wires. Then, in normalized form

or

ar=x
12

(30)

or
-.

~ %27=2‘b=2‘I=zo (31}

We can calculate the magnetic field in the cenEer of the two wire trans-
mission line from

Hx

where I is

(32)
J.x=()

y=o
the current out of che upper wire and into the lower wire.

From equations (20), (22), and (29)-we can relate
distances by

bl blr
—- =—= f
al al’ g

The normalized field distribution is giveu
and (24))

E .&*=*

[’

1+ 1-

Yrel 2 u ‘2
x2+(l+y)2

‘1
x *@-y)2

8

these effective

.’ .

(33}

by {using equations (4) ‘

(34)



e

and

E
=lau=~ [—. x x

2ax2

[

j. (35)
‘rel x2+@y )2 x2+(L-y)2

1

The normalized magnetic field is equal to the normalized electric field but
perpendicular to it. This normalized field is defined so that E ‘is

Yre~

unity at the origin of the coordinates. We have the interesting special
cases along the coordinate axes

r
E I

[

27-1= l-y j

‘rel j
(36)

IX=o J

while E is zero along these axes. Equations (36) and (37) sh~w the
‘rel

symmetry of the field distribution in the center of the transmission
line. &y symmetry the odd derivatives (first, third, etc.) of E with

‘rel
respect to x or y are zero at (x,y) = 40,0). This gives a somewhat uniform
field distribution there.

111. Symmetrical Four Wire Transmission Line.

Second, consider the four wire transmission line as in figure lB.
In normalized form, construct a confonnal transformation by taking the
field distribution for two identical two wire transmission lines which
are shifted ~ a’ in the x direction. Thus, using equation (l), lec

w’(z) = w(z+a’) + w(z-ar) (38)

,’,,

where d

w’ = u’+jv’ (39)

This is valid only for c’ <c a’ and c’ C< 1. The finite size of, for
example, the wires at x = +a’ distort the field distribution from the
wires at x = -a’ in their immediate vicinity. For line charges and/or
currents, this type of superposition is exact. The equipotentials a:.i
magnetic field lines are given by constant u’ and the electric i~elti
lines by constant v’. These are illustrated for positive x and y in

.

figure 3 but can be extended t~ the remaining quadrants by symmetry.

JIn the figure a’ is taken as ~. The reasons for this
3

are discussed later.

Using equatiohs (4), (5), and (38) gives for the

9

particular ~hoice

;

potential functions



FOR Uh, u’AND V’ARE IN INCREMENTS OF .05 r.

FOR uh, u’AND V’ ARE IN INCREMENTS OF . I r.

FIGURE 3. FIELD AND POTENTIAL DISTRIBUTIONFOR
SYMMETRICAL FOUR WIRE TRANSMISSIONLINE
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d., in[&-pJ]+, h

and
r 1

P’y)2
x-a’ +(1+ 2

(x-a’)z+(l-y)z 1

L

These are used for the

To calculate the
impedance we use

2U-‘
fg=&-

(40)

(41)

contours of constant u’ and V’ in figure 3.

geometric factor, f in the transmission line
g’

(42)

Here 2U ‘ is the difference in u between the wires for positive and negative
y as illustrated in figure lB and 4R is the change in v for a path circling
the two wires for either positive or negative y. Define

u’ = uL’+u~’ (43)

(44)

is the contribution from the left pair of wires. The contribution from
the right pair of wires is

o

2
=~ln

x-a’ +(l+y)z’
‘1<’

L

(45)
(x-a’)2+(1-y)2~

Also define

(46)

where u~ ‘ are evaluated for the wire centered at (x,y) = (a’,b’)

Is ‘ and ‘%-c

from equations (44) and (45), respectively. Then equation (45) represents
the potential due to the charge on the right pair of wires which contributes
a potential on this wire. Evaluating the potential at (xiy) = (a’,b’-ct)

gives

(47)

Note that
%; - .

could have been evaluated at any position of the wire .

..
circumference with an equivalent result. Another foim for this potential,
which comes from the two wire line (equation (15)), is

[1b’u!= arccosh —,
[1
&

R. = arccosh
c c (48) ‘
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There is no single value of UL : on the surface of the upper right wire,

o
nowever; so we take an average by evaluating it at the center of the wire.
This gives

or

=$Ln

[

4a’2i-(h’+1)2
‘L. ‘ 4a’2+(bt-1)2 1

J

(49)

(50)

This approximation is v~lid for c! ~~ a’ and c’ ~~ 1. Thus,
~(

f

1
(1
k ++ In

[

“v)’ )4a2+{b+ bz-c=—
g ‘n

arccesn
c

F22 ]1
(51)

4a2+(b- b -c ) j

T7nisis plotted in figure 4 with a? as a parameter and compared with the
results for the two wire l“ine(equation (21110

Again relate the electric and magnetic fields ac the center of the
transmission line to the voltages aridcurrents. Define bl as the effec-
tive half-spacing for Ehe relationship between the wire potential and the
electric field. Then, In normalized form,

Since, from equations (44} through (46),

and thus

au’ ~ z(lty) 2(l-y)
~

+
a’z+(l+y)z

X=o
a’z+(l-y)z

and

i Y=o

Then

(52)

(53)

(54)

.. .
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or

,l=~[-+j[r..o.h[,,+,~.~~])
As with the symmetrical two wire transmission lin~ let us define

electric field efficiency as

(57)

an

(58)

This is plotted in figure 5 with a’ as a paraxueeerand compared with the
results for the two wire line (equation (27)). Using equa~ions (28) and
(58) the electric field may be related to the potential between the wires
(for positive and negative y).

Relating the current in the wires to the magnetic field at the center
of the coordinate system, again define an effective hal’f-width, a . In

.2normalized form

or

(59)

(60)

(61)

Note the similarity in form to equation (31) for the two wire line. Using
equations (32) and (61) we can relate the current and magnetic field. These
effective distances, b and a , for the four wire transmission line have
the same relationship &s the iwo wire case (equation [33)).

The normalized field distribution is given by (using equations (44),
(45), and (55))

E=
‘rel

a‘2+1=
T

a’z+l au’
4—~

v

1+
+

(x+a’)2+(l+y)2

..

l-y ~+y

(x+a’ )2+(1-y)2 ‘(x-a’ )2+(l+y)2
+

l-y :‘1(x-a’)2+(1-y)2

(62)
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and

= a’2+1.
[

xi-a’
4

(x+a’)2+(l+y)2

x+a’

@+a’)2+(1-y)2
+

x-a f

(x-a’ )2+(1.+y}2

.
x-a’

1
(x-a’)2+(1-y)2

(63)

‘unityat the origin of Che coordinates. Along Che
.

Again Eyrel is equal to

coordinate axes the normalized field distribution reduces to

= a’2+1 (

(

l+y l-y )
E

2
+

Yre~ 2/
(64)

a’2-l-(l+y)2 a’2+(1-y) J
X=o

and

[

>

E
= a’2+1 1

+
1

‘rel
2 1

(65)
l+(x+a’)2 l+(x-a’)2Jy=o

Again Ex is zero along these axes. These normalized field distributions
rel

. along the coordinate axes are plotted in figures 6 and 7 with ar as a
parameter and are compared with the results for the two wire transmission
line (equations (36) and (37)).

As with the two wire transmission line the field distribution for the
four wire case is symmetric about the x and y ~xes. The odd derivatives
of ‘E with respect to x or y are zero at (x,y) = (0,0) giving a somewhat

Yrel

uniform field distribution near the center of the coordinates. Conveniently,
however, the parameter, a’, can be chosen to optimize the field distribu-
tion. Varying af changes the geometry of the structure since for c’ <C 1,

al is very nearly the ratio of the width to the height of the structure.
(in the orientation g?ffigure lB). Figures 6 and 7 snow the effect of
varying at on the uniformity of the field distribution near the coordinate
origin.

! To optimize the field distribution we can choose the value of at.
There are various criteria by which an optimum field distribution can be
defined. The one to be discussed here involves the field distribution at
(X,y) = (0,0). Let us choose a’ to make the second derivatives of E

‘rel
with respect to x and y zero at the coardinace center,- ““The“oddderivatives
(first, third, etc.) are already zero by symmetry, Using equation (64)
for derivatives with respecs to y gives

aE
Yrel af2+1 f a’2-(l+y)2 a’2-fi-yi2‘~—

ay 2
( ~

(66)
[a’2+(l+y)2]2

X=o
[a’2i-{1-y)2]2

k
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and

a2E
‘rel

1{

==- [a’2+1] C1ti)[3a
‘2-(1+Y)2]

ay~”
X=o

[a’2+(l+y)2]3
1+ ‘l-Y) ‘3a’2-(1-y)2] (67)

[a’2+(1-y)2]3 J
Using equation (65) for derivatives with respect to x gives

2E ‘
Y.el

- [a’2+1]
[ x+a’- x-a r

Iy=o = /

.—
3X .

i- (
[l+@+a’)2]2

1
[l+(x-a’)2]2

L

and

32E I f
‘rel ‘

f
~ _ [atz+~] ‘1-s(x+a’); s +

ax2 y=o , [1-b(fi~t) ]
i

Then from equations (67) and (69)

- I o I

l-3(x-a’)2 ~

[l+(x-a’)2J3 J

~LE 1 aLE
‘rel ~ Yre~ z l-3a’ 2

—, =-— =—

ay2 X=o aX2 X.o [l+a’2]2

y=o y=o

These second derivatives are zero for the special case of

(68)

(69)

(70)

-v’&
a’ =

3
(71)

For this special case the first three derivatives of the field distribution
with respect to x and y are zero at the origin of the coordinates. This
choice of dimensions for a uniform field distrillution is similar to that
for Helmholtz coils which approximate a uniform magnetic field. The
formalized field distribution (equations (62) and (63)) for this special
case of the symmetrical four wire transmission line is plotted in figures
8 through 11. These figures show the extent in x and y of a given degree
of field uniformity.

IV. summary.

The symmetrical two wire and four wire transmission lines then have
a somewhat uniform field distribution in the center of the respective ‘
structures. For the four wire case there is a particular ratio of the
structural dimensions which gives a particularly uniform field distribu-
tion in that the first three derivatives of the field with respect to x
and y, at the coordinate origin, are zero.

These transmission lines nave less of a structure of conducting
surfaces than do parallel plate type of transmission lines of similar
size.
where

plots

Thus, they may have application for simulators of the nuclear El@
such mechanical prcblems may be important.

We would like to thank A2C Anthony Regal and Mr. John Vogel for the

contained in this note.
19



,“.-

1.6

1.4

1.2

1.(

/

.2

-r1/3

.,

c 1 ! I , 1 I I I I I I I 1 1 i I I I I
.4y.5

FIGURE8.

!

.1 .2 .3

NORMALIZEDEy FOR

LINE’ d= ~

CONSTANTX FOR

20

.6

SYMMETRICAL

.7

FOUR
.8 .9 I .0

WIRE TRANSMISSION



1.6‘ 1 I I I 1 I 1 I I I 1 I I I 1 I 1 I I

1.4 -

y =.7

1.2 - Y r
).=

1.0,

~
~~ .0 -

.6 -.

.4- .’ y= 1.0

.2-

..

0 “ t I I I 1 I 1 I 1 I t 1 1 I t I I 1 I

o .1 .2 .3 .4 ~ 5 .6 .7 .8 .9 I .0

FIGURE 9. NORMALIZED Ey FOR CONSTANT y FOR SYMMETRICAL FOUR WIRE TRANSMISSION

LINE: a’=
r V3 21



I I I I I I 1 I I I I I I I I 1 I 1

x =.2

X=.1

x=.5

t I I I I I 1 I I I I I I I t I I 1 1

.1 .2 .3 .4 y .5 .6 .7 .8 .9 I .0

.FIGURE10.NORMALIZEDEx FOR CONSTANTX FOR SYMMETRICALFOUR WIRETRANSMISSION .
LINE’a’=% ,! 22



. ‘1
.2 I 1 I I I I 1 I I I I I [ I I I I 1 1

y=.6- 11-
y=fi

.1 - y=.5

o

-. I “

-.2 t- .

y=.5

,

.

:6 ““’ I 1 I 1 I 1 I I I I I 1 I 1 I I 1 1 I
0 .1 .2 .3 .4 x .5 .6 .7 .8 .9 1.0

FIGURE‘“11. NORMALIZED Ex FOR CONSTANT y FOR SYMMETRICAL FOUR WIRE TRANSMISSION

LINE: a’ = ~
23 I


