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INTRODUCTION

• Both SOC-based and standard turbulence-based models
have predicted the existence of long-range correlation
(persistence) in the density fluctuations in magnetically
confined plasmas.

• These long-range correlations are thought to have an
important effect on the dynamics of turbulence and
transport.

• The usual way of characterizing long-range correlations
is by the Hurst parameter, H.  A number of techniques
exist for calculating H, such as

♦ Rescaled range (R/S) analysis: fGn signals
♦ The Dispersional Method: fGn signals
♦ The Scaled Windowed Variance Method: fBm

signals
♦ Structure Functions: fBm signals
♦ Spectral Analysis: both fGn and fBm

Time averaged spectrum = Sxx(f) = Cff
-β

for fGn: 0 < β < 1, β = 2H – 1
for fBm: 1 < β < 3, β = 2H + 1



• Random processes, including plasma turbulence, fall
into various broad classes:

scaling vs. nonscaling
stationary vs. nonstationary
additive vs. multiplicative
and so on …

   Different statistical methods are needed to characterize
   different classes of random processes.

• Structure Functions can not only be used to investigate
long-range correlations via the Hurst exponent (for
momofractal scaling), but also yield information about
the intermittency and stationarity of the signals
(multi fractal vs. momofractal scaling).

• In this contribution, Structure Functions, in addition to
other methods, are applied to plasma turbulence data
measured by reflectometry on the DIII- D tokamak to
characterize some complex dynamical features of the
data.



Structure Function Analysis

• Structure Functions apply to non-stationary self-similar
processes with stationary increments, which are cumulative
sums of stationary self-similar signals and are called
fractional Brownian motion (fBm).

• For a time series of length N, ( )itf   ( )Ni ...,3,2,1= , the
structure function of q order is:

( ) ( ) ( )
q

iiq tftfS −+= ττ ,  0>q

.  denotes an ensemble average

• For self-similar processes, we expect:
( ) ( ) ( )qqH

q
q

qq CCS τττ ξ ==
where qC  can be a function of τ  which varies slower then

any power of τ .

• For fBm, ( )tBH , its increment has a Gaussian distribution
with variance:

( ) ( ) H
HH tBtB 22 ττ ∝−+

where H is the Hurst Parameter, so:
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∴ ( ) ( ) Hq
qqH == ξ

( )qξ  is a linear function of q.

• For multi fractal processes, ( )qξ  is a nonlinear function of q.
The singularity spectrum ( )αD  (or ( )αf ) can be estimated
from the Legendre transform of the structure function
exponents ( )qξ :

( ) ( )( )1min +−= qqD q ξαα
that is:
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• Procedure:
1. For  a given series ( )itX , we first construct the

cumulative sums of the original series:
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1

2. Calculate the structure function of the original and
integrated series, ( )itX  and ( )itY :

( ) ( ) ( )
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ττ
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,

,

for different time lags τ .
3. Plot ( )tS qX ,log  vs. τlog , and ( )tS qY,log  vs. τlog .

4. Check where the original series is stationary by checking
where the slope of ( )tS qX ,log  vs. τlog  is equal to zero for

all q.



If the slope is equal to zero, it is stationary, otherwise it
is non-stationary

5. For the scale range that ( )itX is stationary, calculate the
exponents of ( )qξ  of ( )itY :

( )
( )

τ
τ

ξ
log

log ,qYYS
q =

6. Calculate:

( ) ( )
q

q
qH

ξ=       If

( )qξ  is a linear function of q, it is a monofractal structure
and has a single value for H, the Hurst parameter

7. For a multi fractal structure, the exponent ( )qξ  of the
structure function is a nonlinear function of q.



1

10

10 0

1 10 10 0 1 0 0 0 10 4 1 0 5

R a w  D a ta

S q

T im e  L a g  (u s )

s ta tio n a ry
n o n -
s ta tio n a ry

q = 5
q = 4 .5

q = 0 .5

q = 1

1

1 0 0

1 0
4

1 0
6

1 0
8

1 0
1 0

1 0
1 2

1 0
1 4

1 0
1 6

1 10 1 0 0 1 0 0 0 1 0
4

1 0
5

I n t e g r a t e d  D a t a

S
q

T im e  L a g  ( u s )

q = 5

q = 4 . 5

q = 4

q = 0 . 5

s t a t i o n a r y

n o n -
s t a t i o n a r y

a n t i c o r r e la t io n

q = 1

Structure Function Analysis of Fluctuation Data

The stationary range is determined from qS  of the raw data. ( )qζ  and

( )qH  are then determined from a linear fit to the integrated data in
the stationary range, at lags shorter than anticorrelated, system-size
(time) events. Then ( ) qqHH = .

“ local”
turbulence

mesoscale “system-
size”



Nonstationary Data Analysis
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• Nonstationary data results in values of H that are “biased”
toward 1.  This is a “ drift” - not the type of long-time
correlation we are interested in!

Raw Data

Integrated Data



Singular Measures (Intermittency)

1. Singular Measures apply to multiplicative cascades which
are stationary.

2. For the stationary time series of length N, ( )itX   ( )Ni ...2,1= ,
the singular measures are:
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3. For a non-stationary time series with stationary increments,
( )itY , the singular measure must be derives from its

increment:
( ) ( ) ( )iii tYtYtX −= +1
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4. For self-similar processes, we expect:
( ) ( )qK

qq C −= ττε    

where  qC   can be a function of τ  which varies slower than

any power of τ .

   



• Knowing the exponent ( )qK , we can define: 

( ) ( )
1−

=
q

qK
qC          

and the generalized dimension:
 ( ) ( )qCqD −=1  

the parameter ( )1C , which is calculated as:

 ( ) ( )
11 == qdq

qdK
C  

is called the intermittency parameter. This parameter 
varies between 0 for monofractal structures and 1. The 
larger the parameter is, the more intermittent the 
proccesses are.

• Procedure:

1. For a non-stationary time series, ( )itY , we first calculate its
increments, ( ) ( ) ( )iii tYtYtX −= +1  to construct a stationary
time series.

2. Taking the absolute value of ( )itX  and averaging over sub-
blocks of data of length τ :
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τ j
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The averaging can be done by non-overlapping blocks, or
blocks with some degree of overlap.



3. Calculate the singular measures:
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4. Plot ( )τεqlog vs. τlog and for the scale range where

( )τεqlog scales linearly with τlog , calculate the slope:

( ) ( )
τ
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log

log qqK =

5. Using the exponent ( )qK , calculate the intermittency
parameter ( )1C  and the generalized dimensions:
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11 == qdq

qdK
C

( ) ( )
1

1
−

−=
q

qK
qD

Examples of Simulated
Data with Various
Intermittency Para-
meters, C(1)

From A. Marshak, et al, J.
Atmos. Sci. 54, 1423 (1997).
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Hurst Exponents and Intermittency

• Using Fluctuation Reflectometry, Hurst Parameters have been
measured in Ohmic and L-mode DIII- D discharges, in the core as
well as near the edge. Edge values are consistent with
measurements by other diagnostics on other devices.

Ohmic
case

L-mode
Case

• Reduced H values are
seen consistently just
inside the separatrix

Ohmic and L-mode Plasmas

, C(1)=0.11

, C(1)=0.12

, C(1)=0.14

C(1)

0.11, 0.12

0.14, 0.13

0.11, 0.11



Power Spectra and Autocorrelation
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Autocorrelation function
computed via the method
of Carreras, et al (Phys
Plasmas 6, 485 (1999)).

• Long-time
correlation not
present on 24 GHz
channel, w/ cutoff
just inside separatrix

• These data correspond
to the ohmic profile
above.



Second Order Structure Functions, S2
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• Reduced slope (Hq=2) on 24 GHz channel, w/
cutoff just inside the separatrix



Shear Layer Variations
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• H appears to drop at the
shear flow layer

• H and C(1) appear
anticorrelated

H-Mode (Preliminary)
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Second Order Structure Functions, S2
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• During this time interval, the 50 GHz cutoff is located
within the shear layer, while the other channels are
outside the shear layer

• A reduced slope (and therefore reduced H2) is seen on
the 50 GHz channel.



Power Spectra and Autocorrelation
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Autocorrelation function
computed via the method of
Carreras, et al (Phys Plasmas 6,
485 (1999)).

• 50 GHz channel, w/
cutoff in the shear
layer, shows no long-
time correlations,
which are present on
other channels



How Do These (Preliminary) Data
Compare with Other Complex Dynamical

Systems?

• Davis, et al (JGR 99, 8055 (1994)) describe the Mean
Multif ractal Plane -  a plot in the H1-C(1) plane.

• Where do these data fall?
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layers.  From Davis paper.



Summary

• The Structure Function method can be used to investigate
long-term correlations, and provides a straight-forward
method to assess the stationarity of the data.

• Hurst Exponents of f luctuations have been measured in
DIII-D Ohmic and L-mode plasmas in the core as well as the
edge.

• (Preliminary) Reduced H-exponents, near 0.5, are measured
in the shear flow layer in both L-mode and H-mode
conditions, while higher values are seen both inside (core)
and outside(SOL) the shear layer. This drop in H appears to
coincide with an increase in the intermittency parameter,
C(1).

• These (preliminary) data fall outside the range cited by
Davis, et al for fluid turbulence in the ( )11 CH −  plane,
showing less stationarity.


