Structure Function Analysis of Complex
Dynamics of Plasma Turbulence

C.X.Yu!, M. Gilmore®, T.L. Rhodes’,
W.A. Peebles’, and G. Wang’

' Dept. of Modern Physics, University of Science
and Technology of China, Hefel, PRC
° Electrical Engineering Dept., University of
California, Los Angeles, USA



INTRODUCTION

* Both SOC-based and standard turbulence-based models
have predicted the existence of longrange wrrelation
(persistence) in the density fluctuations in magneticdly
confined plasmas.

* These longrange correlations are though to have an
Important effed on the dynamics of turbulence and
transport.

* The usual way of charaderizinglongrange correlations
IS by the Hurst parameter, H. A number of tedniques
exist for cdculating H, such as

¢ Rescded range (R/S) analysis. fGn signals

¢ TheDispersiona Method fGn signals

¢ The Scded Windowed Variance Method fBm
signals

¢ Structure Functions.; fBm signals

¢ Spedral Analysis. both fGn and fBm

Time averaged spedrum = S, (f) = Cif P

forfGn: O0<B<1 B=2H-1
forfBm: 1<p(<3, pB=2H+1



« Randam processes, including dasmaturbulence, fall
Into various broad classes:
scding \s. nonscding
stationary vs. nonstationary
additive vs. multiplicaive
andso on...

Diff erent statistical methods are needed to charaderize
different classes of randam processes.

e Structure Functions can na only be used to investigate
long-range correlations viathe Hurst exponent (for
momofradal scaling), but also yield information abou
the intermittency and stationarity of the signals
(multifradal vs. momofradal scding).

e |nthiscontribution, Structure Functions, in addition to
other methods, are gplied to pasmaturbulence data
measured by refledometry onthe DIII- D tokamak to
charaderize some complex dynamicd feaures of the
data.



Structure Function Analysis

. Structure Functions apply to non-stationary self-similar
processes with stationary increments, which are cumulative
sums of stationary self-ssmilar signals and are cdled
fradiona Brownian motion (fBm).

. For atimeseriesof length N, () (i=1,23...,N), the
structure function of g order is:

S0)=(f6+1)- 10 [ a>0

() denotes an ensemble average

- For self-similar processes, we exped:

(1) =Cqt* (9) = CqTqH(Q)
where C, can be afunction o r which varies ower then
any power of t.

. For fBm, By (t), itsincrement has a Gaussian distribution
with variance

<‘BH (t+7)-By (t)‘2> 072"
where H is the Hurst Parameter, so:

S(r)= <\BH (t+71)- By, (t)1q>
$,(r)= B (1) B (ty>% e



IECTORAC

&(q) isalinea function o q.

. For multifracal processes, £(q) is anonlinear function o g.
The singularity spedrum D(a) (or f(a)) can be estimated
from the Legendre transform of the structure function
exponents £(q):

D(a)=ming(qa —£(a) +1)
that is:

D(a) = qa - ¢(a)+1

. Procedure:

1.For agiven series X(t;), we first construct the
cumulative sums of the original series:

|
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2. Calculate the structure function of the original and
integrated series, X(t) and Y(t; ):
Sx,q0)= (X (t +1)-X()°)

Sy,q(0)= (¥t +7)-X(5)7)
for different timelagst .
3.Plot logSy 4(t) vs. logr, and logSy 4(t) vs. logr.

4.Chedk where the original seriesis gationary by cheding
where the slope of logSy 4(t) vs. logT isequal to zero for

al qg.



If the Slopeisequal to zero, it is dationary, otherwise it
IS non-stationary
5. For the scderangethat X(t;)is sationary, cdculate the

exponents of &(q) of Y(t ):
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6. Caculate:

H(q):%q) f

&(g) isalinea function of g, it isamonofradal structure
and has asingle value for H, the Hurst parameter

7.For amultifradal structure, the exponent &(q) of the
structure function is a nonlinea function of g.



Structure Function Analysis of Fluctuation Data

The stationary range is determined from S of the raw data. { (q) and

H (q) are then determined from alinea fit to the integrated datain
the stationary range, at lags shorter than anticorrelated, system-size
(time) events. Then H =(H(q)) "
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Nonstationary Data Analysis

Nonstationary data results in values of H that are “biased”
toward L Thisisa“ drift” - not the type of longtime
correlation we are interested in!
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Singular M easures (I nter mittency)

1. Singular Measures apply to multi pli cative cascades which
are stationary.
2. For the stationary time series of length N, X(t) (i =1,2..N),

the singular measures are:

8q(T)=<%j§;X(ti+jlg> G>0

or

5q(T):< E(l)xz(ti + J)§> >0

3. For anon-stationary time series with stationary increments,
Y(t ), the singular measure must be derives from its

Increment:
X(t)=Y () - Y()

gq(r)=<%§><(ti+j1g>

4. For self-simil ar processes, we exped:
£q(r)= CqT'K(Q)
where C, can be afunction of r which varies sower than
any power of t.



Knowing the exponent K(q), we can define:
K(a)
C(q)=""
(a) g1
and the generalized dimension:
D(a)=1-C(q)
the parameter C(1), whichis cdculated as:

cly)= dK(q dK(a)

Is cdled the mtermlttency parameter. This parameter
varies between Ofor monofradal structuresand 1 The
larger the parameter is, the more intermittent the
proccesses are.

. Procedure:

1. For anon-stationary time series, Y(t; ), wefirst cdculate its
increments, X(t)=Y(t.,)-Y(t) to construct a stationary
time series.

2. Taking the absolute value of X(t;) and averaging over sub-
blocks of data of length 7 :

Til‘x("”l

The averaglng can be done by nonoverlapping blocks, or
blocks with some degreeof overlap.



3. Calculate the singular measures;

8q(r)=<%§)x(ti+j}g> G>0

4.Plot loge,(r) vs. logr and for the scade range where
logey(r) scdeslinealy with logr, cdculate the slope:
Iogsq(r
K(0)= logT
5. Using the exponent K (g), cdculate the intermittency
parameter C(1) and the generalized dmensions:

cll)= dK(CI)‘q_l

K(CI)

D(q)=1- g1

Examplesof Simulated
Datawith Various
Intermittency Para-
meters, C(1)

From A. Marshak, et al, J.
Atmos. Sci. 54, 1423(1997).




Ohmic and L-mode Plasmas

Hurst Exporents and Intermittency

- Using Fluctuation Reflectometry, Hurst Parameters have been
measured in Ohmic and L-mode DIII- D discharges, inthe mre as
well as near the edge. Edge values are mnsistent with
measurements by other diagnastics on aher devices.
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SeandOrder Structure Functions, S,

* Reduced slope (Hq=2) on 24GHz achannel, w/
cutoff just inside the separatrix

DIII-D shot 103498, 1060-1100ms
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Cutoff Profiles

. H appeastodropat the
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Seand Order Structure Functions, S,

e During thistime interval, the 50 GHz cutoff is locaed
within the shea layer, whil e the other channels are
outside the shear |layer

A reduced slope (and therefore reduced H») is sen on
the 50 GHz channel.

DIII-D shot 105145, 3310-3330 ms
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Power Spedra and Autocorrelation

DIII-D shot 105145, 3310-3330 ms
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How Do These (Preliminary) Data
Compare with Other Complex Dynamical
Systems?

» Davis, et a (JGR 99, 8055 (1994)) describe the Mean
Multifractal Plane - aplot in the H;-C(1) plane.
* Where do these datafall ?
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Summary

- The Structure Function method can be used to investigate
long-term correlations, and provides a straight-forward
methodto assess the stationarity of the data.

. Hurst Exponents of fluctuations have been measured in
DIIl-D Ohmic and L-mode plasmas in the core & well asthe

edge.

- (Preliminary) Reduced H-exponents, near 0.5, are measured
In the shear flow layer in both L-mode and H-mode
conditions, whil e higher values are seen both inside (core)
and outside(SOL) the shear layer. Thisdrop in H appears to
coincide with an increase in the intermittency parameter,
C(D).

- These (preliminary) datafall outside the range cited by
Davis, et al for fluid turbulencein the H,; — C(1) plane,

showing less stationarity.



