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Abstract— The effects of Rician fading on the capacity of multi-
antenna systems designed to be optimal for Rayleigh fading are
investigated under the assumption that channel state informa-
tion (CSI) is available only at the receiver. Capacity bounds for
the multi-antenna Rician fading channel are also derived and nu-
merical results for some representative situations are provided.

I. INTRODUCTION

Prompted by recent results suggesting possible extraordinary
capacity gains [5], [13], multiple antenna systems and space-
time coding have received considerable attention as a means of
providing substantial performance improvement against chan-
nel fading in wireless communications systems. In [13], it was
established that when the receiver has access to perfect chan-
nel state information but not the transmitter, the capacity of a
Rayleigh distributed flat fading channel will increase almost lin-
early with the minimum of the number of transmit and receive
antennas.

In this paper we investigate how the capacity predicted with
the Rayleigh fading assumption changes when the fading model
is replaced by the more general Rician model. The fading coef-
ficients are assumed to be known at the receiver but not at the
transmitter. Rician fading is known to be the better model for
some fading environments. For example, when there is a direct
line of sight (LOS) path in addition to the multiple scattering
paths, the natural fading model is Rician.

This paper is organized as follows: In Section II we will re-
view some of the mathematical results that will be needed in the
rest of the paper. Section III details the multi-antenna system
we are considering and the assumptions on the fading process.
Next, in Section IV we will address the general capacity prob-
lem for the Rician fading channel and obtain an upper bound
for the capacity of multi-antenna systems under Rician fading.
Section V will formulate the main problem that we address in
this paper, namely the capacity variation of multi-antenna sys-
tems designed to achieve Rayleigh fading capacity when the
fading process is replaced by the more general Rician fading.
In Section V we will first give the general form of the capac-
ity expression under the assumed conditions and then explicitly
evaluate the capacity for some interesting special cases. Finally,
Section VI will give some concluding remarks.

II. MATHEMATICAL PRELIMINARIES

Before turning to the problem of interest, we first establish
some necessary mathematical preliminaries concerning special
functions.

The gamma function for Re{a} > 0 is defined as the following
Eulerian integral of the second kind [1],

I(a) = /Ooo e x" e (1)

The authors are with the Department of Electrical Engineering, Princeton
University, Princeton, NJ, 08544, USA. E-mail:{sjayawee, poor}@princeton.edu.

This research was supported in part by the Army Research Laboratory under
Contract DAAD 19 — 01 — 2 — 0011, and in part by the New Jersey Center for
‘Wireless Telecommunications.

We can also define the complex multivariate gamma function,
I'yn(a), in terms of the univariate gamma function as [6], 7],

Po(a) = a2 DT (e (k- 1). (2)
k=1

It follows from (2) that, T'1(a) = I'(a). B
The Bessel function of matrix argument, ¢ F1, is defined by
the relation [6], 7],

oF (s HH) = / rHUATD) (g17) 3)

U(m)

where H is an n x m complex matrix with n < m and H denotes
the complex conjugate of the matrix H. In the above, U(m) is
the unitary group of all m x m complex unitary matrices U,
ie. UU = I, and (dU) is the invariant measure on U(m)
normalized to make the total measure unity. Here, I,,, denotes
the m x m identity matrix and superscript © stands for the
Hermitian transpose.
It can be shown that for a scalar r, (3) reduces to

oﬁ'l(m; 7'2) = F(m)r_(m_l)lm_l(Qr), (4)

where the v-th order modified Bessel function of the first kind,
I,(z) (v an integer) , can be defined as the series [1],

ITETE i ¢ 6
i pa KT(v+k+1)

The Bessel function of two argument matrices, S and T' (both
n X n), can then be defined via the relation [3], [7],

oF1(m; 8, T) = / oFy(m; SUTU™)(dU). (6)

U(n)
III. MODEL DESCRIPTION

Consider a single user communications link in which the
transmitter and receiver are equipped with Ny and Ng anten-
nas, respectively. The discrete-time received signal in such a
system can be written in matrix form as,

y (@) = H(i)x(i) + n(i) (M

where y(4), x(¢) and n(¢) are the complex Ng-vector of received
signals on the N receive antennas, the (possibly) complex Nr-
vector of transmit signals on the Nr transmit antennas and the
complex Npg-vector of additive receiver noise, respectively, at
symbol time i. The components of n(¢) are independent, zero-
mean, circularly symmetric complex Gaussian with independent
real and imaginary parts having equal variances. The noise is
also assumed to be independent with respect to the time index,
and B{n(i)n(i)?} = In,.

The matrix H(¢) in (7) is the Ng x Ny matrix of complex
fading coefficients. The (ng,nr)-th element of the matrix H(7)
represents the fading coefficient value at time i between the ng-
th receiver antenna and the nr-th transmitter antenna. These

0-7803-7468-1/02/$17.00 (C) 2002 IEEE



fading coefficients are assumed to be known to the receiver but
not to the transmitter. The H(z) corresponding to each channel
use is considered to be independent from that of other channel
uses. This gives rise to a memoryless channel, and thus the ca-
pacity of the channel can be computed as the maximum mutual
information, i.e.

CNp,Ng = max I(x; (y, H)) (8)

Fx (%)

where fx (x) is the probability distribution function of the input
signal vector x.

The elements of H are assumed to be complex Gaussian dis-
tributed with independent real and imaginary parts each dis-
tributed as N (/v/2,02). Moreover, the elements of H are
independent of each other. Thus, the elements of H are in-
dependent and identically distributed (i.i.d.) complex Gaus-
sian random variables with, E{(H), . 1} = Z5(1+j) and
Var{(H)nR,nT} =202 forng=1,...,Nrand np =1,..., Nr.
With these assumptions, the distribution of the magnitudes of
the elements of H have the following Rician distribution:

Fr(r) =201 + k)re” T 2RI+ /)P, (9)

where I is the zero’th order modified Bessel function of the first
kind and where we have defined the Rice factor

k=4, (10)

and introduced the normalization, u? + 20% = 1. Note that (9)
reduces to the Rayleigh distribution when x = 0.

IV. CAPACITY OF THE MULTI-ANTENNA RICIAN FADING
CHANNEL

It is shown in [13] that, for the Rayleigh (x = 0) flat fading
channel under the total power constraint P, i.e. E{x"x} < P,
the capacity of the channel (7) is achieved when x is a cir-
cularly symmetric complex Gaussian with zero-mean and co-
variance Q° = (P/Nr)In,, and that this capacity is given by
Clip vy = F{logdet(In, + z=HH")}. In the case of deter-
ministic fading where matrix H nhas all its elements equal to
unity (kK — 00), the so called water-filling algorithm specifies
the covariance matrix of this capacity achieving Gaussian distri-
bution to be of the form Q*° = NL;\IJNT, where ¥y, is defined
as the Ny x Np matrix of all ones.

Moreover, it is easy to show that in a multi-antenna system
where the receiver has access to the channel information, but
not the transmitter, the capacity achieving transmit signal dis-
tribution is in fact Gaussian for any type of fading distribution.
This capacity is given by,

max  Fa{logdet(HQH" + In,)}.(11)

CNp.Ng =
Q>0,trQ<p
Thus, for a channel with Rician distributed fading, having a
general value of x, one would expect that the covariance matrix
Q@ of the capacity achieving distribution to lie in between these
two extremes corresponding to k = 0 and k = co. Specifically,
one might expect that the covariance matrix of the capacity
achieving distribution under a general power constraint in the
Rician case will not necessarily be diagonal.

A. A capacity upper bound for the Rician channel

Observe that for any Q the matrix HQH + Iny is positive
definite and the function log det is concave on the set of positive

definite matrices. Thus, applying Jensen’s inequality to (11) we
have

max

log det(NrQY + In,)
Q>0,trQ<pP

CNT»NR < (12)
where we have used the determinant identity det(/ + AB) =

det(I + BA) and introduced the notation
E{H"H} = NgY. (13)

It is easy to show that the Ny x N matrix Y is in fact given
by,

1+k K K
1 K 1+ ... K
= . 14
el I (14)
K K 1+k

If we denote the eigenvalues of T by \; for i = 1,..., Np, then
it can be shown that
1+Nrk
{ 1-}1—&

1+k

ifi=1

A= ifi=2,...,Np

(15)

We may decompose T as T = UDUT, where D is the Ny x Ny
diagonal matrix having the eigenvalues in (15) as its diagonal
entries and U is an orthogonal matrix. Substituting this in the
right hand side of (12) and letting U7 QU = Q we have

Cnp.Ng < max logdet(NRQDJrINT).

16
Q>0,trQ<pP (16)

We observe that for any x such that 0 < k < oo the matrix T
is non-singular and thus all the eigenvalues of T are non-zero.
Now, it is easy to see that the right hand side is maximized by a
diagonal Q and the maximizing diagonal entries are such that,

P r(4r)(Np—1) —
Qi = vt Na(NeR) ifi=1 (17)
o L e ifi =2 Np
Nr  Ngr(+Nrk) he=2..., 01

Hence, the capacity of the Rician channel under total transmit
power constraint P is upper bounded, for 0 < k < oo, as
Nr 1+ Ntk
<log [1+ (Nr—1 —— P
Cnpovg < Og[ +(Nr = Dr+ }
K Nr 1 P}
1+ Ntk Nr 1+ k

+ (Nr—1)log {1 - (18)

Case 1: k=0

It is easily seen that for x = 0, which is the Rayleigh fading
case, the above bound reduces to,
N
Cnpng < Nrlog [1 + —RP} . (19)
Nr
It is clear from (19) that when Nr = Np the capacity upper
bound is a linear function of Nr. In fact, it was shown in [13]

that in this case the capacity can be approximated by a linear
function of Nt asymptotically for large numbers of antennas.

Case 2: Ny =1
When N7 = 1, the capacity upper bound in (18) becomes,

Cing < log[l+ NgP]. (20)

In [13] it was shown that the capacity of the Rayleigh fading
channel in this case is asymptotic to log(1+ NgP) for large Ng.
Thus, we see that again in the Rician channel the capacity is in
fact upper bounded by log(1+ NgP) for any number of receiver
antennas Ng.
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V. CAPACITY OF THE RICIAN CHANNEL WITH SIGNALS
DESIGNED FOR RAYLEIGH DISTRIBUTED FADING

The aim of this section is to investigate the variation of the
capacity results obtained for a Rayleigh distributed fading pro-
cess in [13], when the fading process is actually replaced by the
more general Rician distribution. Thus, henceforth we will re-
strict attention to the case in which the covariance matrix Q
of x is a scaled version of the Ny x Nr identity matrix. As
noted earlier this is the form of the covariance matrix of x that
achieves the capacity in the Raleigh fading case under the same
input power constraint. Invoking the transmit power constraint,
then we have that, x is circularly symmetric, zero-mean com-
plex Gaussian with E{xx} = Q = N_PTINT and the capacity
of the channel under Rician fading is given by,

Crpvn = Bt {log det (NiHHH + INR) } (21)
T

where the expectation is with respect to the probability distri-

bution function of H, which can be written as [3], [7],

_ 1 —tr[s=t(H-M)(H-M)H]
fulH) = Cosrmampr (22)
where ¥ is the Hermitian covariance matrix of the columns
(assumed to be the same for all columns) of H and M =
E{H}. For the assumed model, we have ¥ = 20°Iy, and
M = %(1 +j)\IJNR,NT where \IJNRJ\IT is the Nr X N7 matrix
of ones. Let us define m = max{Ngr, Nr}, n = min{Ng, Nr}

and
w_{

Hence W is always an n X n square matrix. Then, we have from
(21) and (23) that

HHY
HH

if Nr < Nr

if Np > Np (23)

P
CNT!NR = Ebw {logdet (—W + In) } .
Nr
It is well-known that when H is distributed as in (22), the dis-
tribution of W is given by the non-central Wishart distribution
3], 71,

(24)

—cr[zflMMH} e—tr=T Wy m—n

fw (W) =e oF1(m;s MM s 1w

Tp (m)|S|™ (23)
Note that in (25) we have assumed, without loss of general-
ity, that W = HH". We will continue with this assumption
throughout unless stated otherwise.

Since W in (24) is an n x n Hermitian matrix, if we denote its
(non-negative) eigenvalues as A1, Az, ..., A\n, then we can write
W = UAUZ where U is unitary and A is the diagonal matrix
of eigenvalues. Since det (5=W + I,,) =[]/, (1 + 3=Xi), the
capacity in (24) can be given in terms of the eigenvalue distri-
bution of the non-central Wishart distributed matrix W as

(26)

A. Capacity in the Limit of Large N1

Before attempting to evaluate the exact capacity in (21), it is
instructive to investigate the behavior of the above capacity in
the limit as the number of transmit antennas increases without
bound. For a fixed Ng, by the strong law of large numbers we
have almost surely,

lim L HHY =7

Np—o00 INT

(27)

Asymptotic Capacity for Large Number of Transmit Antennas V ersus Rice Factor
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Rice Factor (log scale)

Fig. 1. Asymptotic Capacity for Large Number of Transmit Antennas
Versus Rice Factor.

where the matrix T is defined in (14) (here it is taken to be an
n X n matrix).

Hence, for a fixed number of receiver antennas when the num-
ber of transmit antennas becomes very large, the capacity of the
channel in the presence of Rician fading is given by,

P
Coo,Np = (Ng — 1) log [1 + - (28)

+

i|+10g |:1+(NRK+1)
1+

The following two cases illustrate the dependence of the asymp-
totic capacity on the Rice factor x:

limOC’OO,NR = Ngrlog(1+P) (29)
lim Coonp, = log(1+ NrP) (30)

K—00

Asymptotic Capacity for Large Number of Transmit Antennas V ersus Rec. Antennas
T T T T T T T T

N

&
T
I

P=20dB
Rice Factor = 10

N

S
T
I

sk g P=15d8... |

Capacity for Large Number of Transmit Antennas (in Nats)

5 6
Rice Factor (linear scale)

Fig. 2.  Asymptotic Capacity for Large Number of Transmit Antennas
Versus Number of Receiver Antennas.

Note that (29) is the asymptotic capacity of the Rayleigh
channel given by Telatar in [13]. It is easily seen that Coo,nj In
(28) is a monotonically decreasing function in « for x > 0 and
Ngr > 1 and is constant for Ng = 1. Thus, we observe that the
Rician fading environment will degrade the capacity of a system
that is designed to achieve the Rayleigh channel capacity (recall
that we have constrained the input signal covariance to be a
scaled identity matrix), when the number of transmit antennas
is very large. However, this does not necessarily mean that the
capacity of the Rician fading channel is less than the Rayleigh
fading channel. In fact, in the deterministic case, which is the
limiting case of Rician fading with x — oo, the capacity of the
channel, as achieved by the water filling algorithm, can easily
shown to be log(1 + NgNr P), for any Nr and Nr.
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Figure 1 shows the dependence of the asymptotic capacity
of the Rician fading channel (in the limit of a large number of
transmit antennas) on the Rice factor x for P = 0dB.

Figure 2 shows the asymptotic capacity of the Rician fading
channel in the limit of large number of transmit antennas versus
number of receiver antennas Nr for kK = 10. This plot shows
the almost linear dependence of the asymptotic Rician capacity
on the number of receiver antennas (which is the smaller of Nr
and Np in this case), similar to the previously established linear
dependence for the Rayleigh fading environment ([5], [13]).

B. Special Case: min{Ng, Nr} =1

In this section we will evaluate (21) for the special case n =
min{Ngr, Ny} = 1. In this special case, the covariance matrix
¥ reduces to a scalar, i.e. ¥ = 202. Thus, the distribution of
W in (25) (which is a scalar) can be written as,

%%
2 5.3 m—1
_ ~ 7 e 252 |W|

wW)=e "o [ mim—W | —n ———. 31

Fw(W) m< W>nmww (31)
Using (4) in (31), we have that,

For (W) = e e_2v<rV2 jwm—1 (m/w)f(mfl) I (26VW) (32)
W o2y m—1 .

where in (32) we have defined w? = mk(1 + k). From (24) the
capacity in this special case is,

> P
wa:/kMHmMNWW (33)
0

where fw (W) is given in (32). As noted by Telatar in [13] for
the Rayleigh case, again from (33) we observe that the capacity
is not symmetric in Ng and Nr also in the Rician case. Thus,
we have two cases to consider as below.

B1 N> Nr=1
From (32) and (33), the capacity of the Rician fading channel
in this case is,

1

T'(NR)

oo
C1Ng / log (1+ PW)WNR= =Wy (W, Ngydw. (34)
0

where we have introduced the function (W, m),

I )
(W, m) [mh;(l_i_ﬁ)]%(m—l) (

x WO o/ /mRr(l+ R)W)

1+K/)m —kW
€
ek

(35)

For comparison we note that according to [13], the capacity of
the Rayleigh channel in this case is,

g = . ) / log (1+ PW)WNe—te™ W dw,(36)
0

I'(Ng

Figure 3 shows the capacity of the Rician fading channel in
this special of Ny = 1, against the number of receiver anten-
nas for k = 10. We have also included on the same graph the
corresponding capacity curves for the Rayleigh fading channel
(x = 0 case). We observe that the capacity of the Rician chan-
nel is greater than the capacity of the Rayleigh channel and
it can also be shown that this capacity gap increases with the
increasing value of k. We can also observe from Fig. 3 that
the capacity gap is prominent for smaller numbers of receiver
antennas and, as N7 — oo, the two capacities converge to the
same value. However, again we should recall that this higher
capacity of the Rician channel was obtained by using a signal

Rician Channel Capacity for Single Transmit Antenna Versus Receiver Antennas
T T

Rice Factor = 10
10 SNR =35dB

Rician Channel (in Nats)

5
2
g
8
g
g
[¢]

e——>o Rician Channel Capacity

* - —* Rayleight Channel Capacit

| N

0 5 10 15
Number of Receiver Antennas

Fig. 3. Rician Channel Capacity for Single Transmit Antenna Versus
Receiver Antennas.

distribution which is not necessarily the capacity achieving op-
timal distribution for this particular channel. These results thus
suggest that we may be able to gain even greater capacity im-
provements by exploiting the Rician-ness inherent in the fading
process.

B2 Nr >Ng=1
The capacity of the Rician fading channel in this case is,

oo
1 P
- log (14 —w | wNT— =Wy (w, Npyaw
T(N) o Np

where (W, Nr) is given by (35).
Again, note that the capacity of the Rayleigh channel in this
case is [13],

CNp,1 (37)

1 o P
Cl1==—— lo (1 + —W) whNt=te=Waw. (38
Np,1 T(N7) /0 g Nr (38)
Figure 4 plots the capacity of the Rician fading channel in the

Rician Channel Capacity for Single Receive Antenna Versus T ransmit Antennas
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Rice Factor = 10 + - —* Rayleight Channel Capacit
8 oo
P =% w -
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551 4
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o _
-4

SNR =20 dB

L L
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Number of Transmit Antennas

Fig. 4. Rician Channel Capacity for a Single Receiver Antenna Versus
Transmit Antennas.

special case of Nr = 1, against the number of transmit antennas
for k = 10. Again, we observe that the capacity of the Rician
channel is greater than the capacity of the Rayleigh channel
and also we can show that this capacity gap increases with the
increasing value of k before finally converging to the same value
for large Nr. From Fig. 4 we note that for a smaller num-
ber of transmit antennas the capacity gap is significant. Since
in practical communications systems the interest is in gaining
as much capacity improvement using smaller numbers of trans-
mit and receive antennas, these results suggest that it is worth
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attempting to find optimal signal distributions for the Rician
fading channels.

Finally, note that using the series representation (5) of the
modified Bessel function, it is straightforward to show that,
lim,—0¢(W,m) = 1. Thus, in the limit x — 0, (34) and
(37) reduce to (36) and (38), respectively, as one would expect.

C. General Capacity Expression for the Rician Channel

In order to compute the capacity of the Rician fading channel
for an arbitrary number of transmit/receiver antennas, as given
in (26), we need to find the latent root distribution of the non-
central Wishart distributed matrix W ([3], [7], [8], [9]). We
have the following result from [7].

Theorem 1: If W has the non-central Wishart distribution
given in (25), then the distribution of the latent roots A =

diag(A1, ..., An) of |W — AX| = 0 depends only on the latent
roots Q = diag(én,...,on) of [MMY —&¥| = 0, and is given
by
fd) = et F (me ), A) L |
* T R P
x|Am T = A0 (39)

i<j

Due to the scaled identity matrix structure of the covariance
matrix X in our case, it is easily seen that the latent root dis-
tribution A of the matrix W can be obtained from the distri-
bution given in (39) by noting that 202X; = A; and 20%@; = w;
for i = 1,...n, and thus 20°A = A and 202Q = Q, where we
have denoted the latent root matrix of MM by Q.

From the definition of M above, we see that MM = mu2w,,,
where W,, is the n X n square matrix of ones. It is easy to show
that the only non-zero eigenvalue of the matrix V¥,, is equal to

n. Hence the only non-zero eigenvalue of the matrix MM is
equal to mnu?, and thus wy; = mnu? and w; = 0fori =2,..., n.
Hence, by applying the above change of variables to (39) and

using the definition of the Rice factor x, we get the required
eigenvalue distribution of the matrix W as,

o An) = (A4 R) e TG By (ms (14 £)Q, (14 R)A)

an(n—1) _ . " .
A ) Ei:l i
Cp(m)Tp (n)

m—n
n n

Hxi H (xi —/\j)2g4o)

i=1 i<j

where the diagonal elements of the matrix 2 are the w;’s.

Therefore, a general capacity expression for the Rician fading
channel for an arbitrary number of transmit/receiver antennas
is given, from (26), by

n
P

log [ 14+ —X; | fay,nn Loy An)dAr - dAn,
Nt

AlseeAn ;g

where fi,,... x,(A1,...,An) is given in (40) above.

C.1 Special Case: n = min{Ng, Nr} = 2

We may simplify the probability distribution function
Faroan (A1, -, An) in (40) for the special case of n = 2 and
thus provide an explicit integral for the capacity of the Rician
fading channel. It has been shown that (see Eq. 1.13 of [11]),

ool 8103 2]
RL
{81(7“17“2) } P, (27;;27;2%)7

(41)

where the Legendre polynomial Py(z) is defined as [11]
k k1 2®—1
k 1
a*o Py (—— —3t3L—s ) (42)

27 2
and the usual scalar hypergeometric function is [4], [7], [12]

S (a)q(b)g 2°
Fi(a,bjcz) = r 4
Rlaban) = ) SHE (43)
q=0
with the hypergeometric coefficient (a); defined to be the prod-
uct (a)x =a(a+1)...(a+k —1). Thus,

kok o1 —( k ko, 1\ af
2Fi(=g g H gl z;( 2)q( 2+2>q(q!)2 (4
=
Particularizing (41) for our case with s; = an‘;—z2 = kmn =

2mk, 11 = (14+k)A1 and r2 = (1+ k)2 we have the required pdf
to specify the explicit integral representation for the capacity in
this special case of n = 2,

2 m—2

[IE

i=1

m204 W ) 3T A
Fa(m)Ta (2)

—2
Fxg,ap (A1 A2) = e e

1 k
5 oo {z,mu + N)(>‘1>‘2)§i|
5 A1+ A
JI 2> (m)j, (kD2 o ( o ) "
T k . 2
i<j k=0 o)t

VI. CONCLUSIONS

We have investigated the effect of Rician fading on the capac-
ity of multi-antenna systems designed to be optimal for Rayleigh
fading under the assumption of receiver only CSI. We have given
an integral expression for the capacity of a general system hav-
ing an arbitrary number of transmit/receive antennas. In some
special cases, we were able to numerically evaluate these capac-
ity expressions. We have also obtained an upper bound for the
capacity of the Rician fading channel, in the general case.
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