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Abstract— The diversity gain of the joint error probability
(JEP) of the decorrelating decision feedback detector (D-DFD)
for multiple-input multiple-output (MIMO) systems in the
presence of Rician fading is considered. Upper bounds on the
JEP are derived for both M-ary Phase-Shift-Keying (PSK) and
M-ary Quadrature Amplitude Modulation (QAM). It is shown
that the diversity gain of the D-DFD receiver in both cases is
equal to NR − NT + 1 where NR and NT are the number
of transmit and receive antennas, respectively. As an aside, the
Bartlett decomposition of a complex non-central Wishart matrix
is also derived.

Index Terms— Bartlett decomposition, diversity, joint error
probability, MIMO systems, non-central Wishart distribution,
Rician fading, Wishart distribution.

I. I NTRODUCTION

Recent results revealing the substantial capacity improve-
ment that might be possible in fading channels if multiple
antennas were employed at both transmitter and the receiver
[1], [2] opens up a new solution to the problem of meeting
the growing demand for high data rate cellular systems while
maintaining the reliability. In [1], the Bell Labs Layered
Space-time (BLAST) architecture was proposed as a way to
exploit this enormous diversity gain offered by dual antenna
array systems. The BLAST receiver is based on the decor-
relating decision feedback detection, previously proposed in
[3] and analyzed in [4] in the context of multi-user detection.
However, the analysis in [4] is not sufficient in the case
of MIMO channels since it does not take into account
channel fading effects. Recently, [5] gave an analysis of the
decorrelating decision feedback detection for MIMO systems
in Rayleigh fading. It was shown in [5] that the diversity
gain of the joint probability of error of the decorrelating
decision feedback detector for QAM is equal toNR−NT +1,
whereNR andNT are the number of receiver and transmitter
antennas, respectively (assumingNR ≥ NT ) for a Rayleigh
fading channel.

In this paper we analyze the performance of D-DFD re-
ceiver for multiple antenna systems in the presence of Rician
fading for different modulation schemes. Upper bounds on
the joint probability of error are derived for both M-ary PSK

and M-ary QAM. Based on these bounds, it is shown that
the diversity gain of the JEP of the decorrelating decision
feedback detector in Rician fading is equal toNR−NT + 1
for both these cases, similarly to that in Rayleigh channel.

The rest of this paper is organized as follows: First, we
outline our system model and the assumptions. Next, we
derive the Bartlett decomposition of a complex non-central
Wishart matrix which will be essential to our probability of
error analysis. We then analyze the joint probability of error
of D-DFD receiver for MIMO systems in the presence of
Rician fading. We derive upper bounds on the JEP for PSK
and QAM signal constellations and show that the diversity
gain in both modulation schemes is equal toNR −NT + 1.
Finally, we finish by giving some concluding remarks.

Notation

The superscriptsT and H denote the transpose and com-
plex conjugate transpose, respectively. The notations tr(A)
and |A| denote the trace and determinant of the matrixA
respectively and etr(A) stands forexp(tr(A)). Expectation
with respect to the distribution of the random variableγ
is denoted byEγ{.}. Expectation with respect to the joint
distribution of the entries of the random matrixA is denoted
by EA{.}.

II. SYSTEM MODEL DESCRIPTION

Consider a single user, uncoded, narrowband communica-
tions link in which the transmitter and receiver are equipped
with NT andNR antennas, respectively. Throughout, we will
assume thatNR ≥ NT . The discrete-time received signal in
such a system can be written in matrix form as

y(i) = H(i)P1/2b(i) + n(i), (1)

where y(i), b(i) and n(i) are the complexNR-vector of
received signals on theNR receive antennas, theNT -vector
of transmitted signals on theNT transmit antennas, and the
complexNR-vector of additive receiver noise, respectively,
at symbol timei. The components ofn(i) are independent,



zero-mean, circularly symmetric complex Gaussian with in-
dependent real and imaginary parts having equal variances.
The noise is also assumed to be independent with respect
to the time index, andE{n(i)n(i)H} = N0INR

, whereINR

denotes theNR ×NR identity matrix.
The (n, n)-th element in theNT × NT diagonal matrix

P1/2 is equal to
√

Pn, where Pn is the average received
power from transmittern.

The matrixH(i) in the model (1) is theNR×NT matrix
of complex fading coefficients. The(m,n)-th element of the
matrix H(i) represents the fading coefficient value at timei
between them-th receiver antenna and then-th transmitter
antenna. TheH(i) corresponding to each channel use is
considered to be independent from that of other channel uses,
i.e. H(i) andH(j) are independent wheneveri 6= j. In this
case, we may drop the explicit time index,i, in order to
simplify notation.

A. Fading Model

We assume that the elements ofH are independent and
identically distributed complex Gaussian random variables
satisfying the normalizationE

{
| (H)m,n |2

}
= 1 for m =

1, . . . , NR and n = 1, . . . , NT . We further assume that
real and imaginary parts of each element(H)m,n, denoted
respectively asRe (H)m,n and Im (H)m,n, are independent
and identically distributed. We assume a model in which
(H)m,1 ∼ Nc

(
µ√
2
(1 + j), 2σ2

)
for m = 1, . . . , NR, and

(H)m,n ∼ N
(
0, 2σ2

)
for m = 1, . . . , NR and n =

2, . . . , NT . The normalization criterionE
{
| (H)m,1 |2

}
= 1

for m = 1, . . . , NR then requires that

µ2 + 2σ2 = 1. (2)

In practice, a model of this type may arise when there are
direct Line-of-Sight (LOS) paths to the receiver antennas
from one of the transmit antennas but not from the others.
This specific model was introduced so that analytical expres-
sions could be obtained for the probability or error bounds.
We, also expect that performance bounds obtained for this
particular fading model might serve as a guide to the more
general situations.

Note that, with the above assumptions, the amplitudes
| (H)m,n |, for m = 1, . . . , NR are Rician distributed when
n = 1, and Rayleigh distributed whenn = 2, . . . , NT .
In dealing with Rician distributed random variables it is
convenient to introduce the so calledRice factor, κ, defined
in this case as

κ =
µ2

2σ2
. (3)

Combining (2) and (3) we then have thatµ2 = κ
1+κ and

σ2 = 1
2(1+κ) .

Define theNR ×NT matrix M as

M = E{H} =

 | | . . . |
m 0 . . . 0
| | . . . |

 , (4)

wherem is theNR−vector given by

m =
√

κ

2(1 + κ)
(1 + j)e (5)

ande is theNR−vector of all ones.
Next, denote byhT

m the m-th row of H. If we denote by
Σ the NT × NT diagonal covariance matrix of the vector
hm (same for allm = 1, . . . , NR), it can be shown that

Σ =


1

1+κ 0 . . . 0
0 1 . . . 0
...

...
...

...
0 0 . . . 1

 . (6)

With these definitions,H is said to have a complex normal
distribution H ∼ Nc (M, INR

⊗Σ) with the probability
density function (pdf)

fH(H) =
1

πNRNT (1 + κ)−NR
etr
(
−Σ

−1
(H−M)

H
(H−M)

)
(dH),

where we have also included the differential volume element
(dH) for the sake of clarity.

As we will soon see the performance of the multiple
antenna system will be determined by the properties of the
NT ×NT matrix W defined as

W = HHH (7)

When H is complex Gaussian distributed as above, and
NR ≥ NT , it is known that the matrixW is non-central
Wishart distributed with the pdf

fW(W) =
1

Γ̃NT
(NR)(1 + κ)−NR

etr
(
−Σ

−1
W
)
|W|NR−NT ×

etr(−Ω) 0F̃1(NR;ΩΣ
−1

W)(dW), (8)

where the complex multivariate gamma functionΓ̃m(a) is
can be written as [6]

Γ̃m(a) = π
1
2 m(m−1)

m∏
k=1

Γ (a− (k − 1)) , (9)

and we have letΩ = Σ−1MHM. Note that the Bessel
function 0F̃1(m;A) of an n× n Hermitian matrixA in (8)
is defined as [7], [6]

0F̃1(m;HHH) =
∫
U(m)

etr(HU1+HU1)(dU), (10)

where H is an n × m complex matrix with n ≤ m,
U = [U1, U2] with U1 being ann×m complex matrix and
UH

1 U1 = In. In (10) H denotes the complex conjugate of
the matrixH and (dU) is the normalized invariant measure
on the unitary groupU(n). It can be shown that for a scalar
a, (10) reduces to

0F̃1(m; a2) = Γ(m)a−(m−1)Im−1(2a) (11)

where Iν(a) is the ν-th order modified Bessel function of
the first kind.

We will use the notationW ∼ Wc(NT , NR,Σ,Ω) to
denote that matrixW has the complex non-central Wishart
distribution given by (8).



III. B ARTLETT DECOMPOSITION OF ACOMPLEX

NON-CENTRAL WISHART MATRIX

Since W is an NT × NT Hermitian matrix it can be
represented asW = THT, whereT is anNT×NT complex,
upper-triangular matrix with positive diagonal elements. In
the case whereW is real symmetric Wishart, the distribution
of the elements ofT are well known and is referred to as the
Bartlett decomposition [8], [9], [10]. Bartlett decomposition
of a real non-central Wishart matrix can also be found in, for
example, [11], [12]. Although the derivation of the Bartlett
decomposition for a complex non-central Wishart matrix is
not that difficult, the result at least is not readily available in
the published literature and thus here we derive it explicitly
for the above model.

Applying the QR decomposition we may write

H = UT, (12)

whereU is anNR ×NT matrix with orthonormal columns
andT is anNT×NT complex, upper-triangular matrix. Since
the elements ofH are independent it can be shown thatH has
rankNT with probability one and thus the diagonal elements
of T are positive with probability one. Combining (7) and
(12) we have thatW = THT, and thus

|W| = |T|2 =
NT∏
i=1

t2i,i, (13)

and

tr
(
Σ−1W

)
= (1+κ)t21,1 +

NT∑
i=2

t2i,i +
NT∑
i=2

NT∑
j=i+1

|ti,j |2, (14)

where ti,j denotes the(i, j)-th element ofT. Furthermore,
one can show that the only non-zero eigenvalue ofΩΣ−1W
is s1 = ω2t21,1 where we have definedω =

√
NRκ(1 + κ).

It then follows (using (11)) that in this case

0F̃1(NR;ΩΣ−1W) =
Γ(NR)

(ωt1,1)
NR−1

INR−1(2ωt1,1), (15)

Substituting (13), (14) and (15) into (8), and using
the Jacobian of the transformation given by(dW) =
2NT

∏NT

i=1 t2NT−2i+1
i,i (dT) one can obtain the following pdf

for T:

fT(T) =

(
e−NRκ

(1 + κ)−NR

(
t1,1

ω

)NR−1

e
−(1+κ)t21,1INR−1(2ωt1,1)dt

2
1,1

)
NT∏

i=2

e
−t2i,i

(
t2i,i

)(NR−i)

Γ(NR − i + 1)
dt

2
i,i


NT∏

i=1

NT∏
j=i+1

e−|ti,j |
2

π
dti,j

 .(16)

Note that, in obtaining (16) we have made use of the obser-
vation that from (9) we may writẽΓNT

(NR) asΓ̃NT
(NR) =∏NT

i=1

(
Γ(NR − i + 1)

∏NT

j=i+1 π
)

and that for an upper-
triangular matrixT the differential volume element is given
by (dT) =

∏NT

i=1

∏NT

j=i dti,j .
Theorem 1: (Bartlett Decomposition of a Complex Non-

central Wishart Matrix):

Let the NR × NT (NR ≥ NT ) matrix H ∼
Nc (M, INR

⊗Σ), whereM andΣ are as defined in (4) and
(6), respectively, so thatW = HHH has the non-central
Wishart distributionWc(NT , NR,Σ,Ω). Let W = THT
whereT is a complex, upper-triangular matrix with positive
diagonal elements. Then, the elementsti,j are all independent
for i = 1, . . . , NT , j = i, . . . , NT , ti,j ∼ Nc(0, 1) for
1 ≤ i < j ≤ NT , 2t2i,i ∼ X 2

2(NR−i+1) for i = 2, . . . , NT

and2(1+κ)t21,1 ∼ X 2
2NR

(δ) with δ = 2NRκ. HereX ∼ X 2
n

and Y ∼ X 2
n(δ) mean thatX has theX 2 distribution with

n degrees of freedom and thatY has the non-centralX 2

distribution with n degrees of freedom and non-centrality
parameterδ.

Proof: Recall that ifX ∼ X 2
n , Y ∼ X 2

n(δ) and Z ∼
Nc(0, 1), and if fX(x), fY (y) andfZ(z) denote their pdfs ,
respectively, then

fX(x) =
1

2n/2Γ(n/2)
e−x/2xn/2−1dx,

fY (y) = e−
δ
2 0F̃1

(
n

2
;
1
4
δy

)
1

2n/2Γ(n/2)
e−y/2yn/2−1dy,

and

fZ(z) =
1
π

e|z|
2
dz.

Letting x1,1 = 2(1 + κ)t21,1 and xi,i = 2t2i,i, for i =
2, . . . , NT , one can manipulate (16) to obtain

fT(T) =

e
−NRκ

0F̃1

(
NR;

1

4
(2NRκ)x1,1

)
e−x1,1/2x

NR−1
1,1

2NRΓ(NR)
dx1,1


NT∏

i=2

e−xi,i/2x
NR−i+1−1
i,i

2NR−i+1Γ(NR − i + 1)
dxi,i

NT∏
i=1

NT∏
j=i+1

e−|ti,j |
2

π
dti,j

 .(17)

from which the theorem follows immediately.

IV. JOINT ERRORPROBABILITY ANALYSIS OF D-DED
RECEIVER IN RICIAN FADING

A. D-DFD Receiver for MIMO Systems

Using the QR decomposition ofH given in (12) we may
transform the received signal in (1) to obtain

ỹ = UHy = TP1/2b + η, (18)

where we have letη = UHn. It is easy to see thatη ∼
Nc(0, N0INT

) and has independent real and imaginary parts.
SinceT is upper triangular it is clear from (18) that̃yk,

the k-th element of̃y, only depends on symbolsbn for n =
k, . . . , NT . Denote the output decision of the receiver for
symbolbn by b̂n, for n = 1, . . . , NT . Then, the decorrelating
decision feedback detector decision statistic for the symbol
bk is given, fork = NT , NT − 1, . . . , 1, by

zk = ỹk −
NT∑

n=k+1

√
Pntk,nb̂n

=
√

Pktk,kbk +
NT∑

n=k+1

√
Pntk,nb̃n + ηk, (19)



whereηk ∼ Nc(0, N0) denotes thek-th element of the noise
vectorη and we have let̃bn = bn − b̂n.

B. Joint Error Probability Analysis

Let Ck and Cg
k denote the events that the D-DFD and

its genie-aided version correctly detect thek-th symbolbk,
where by the genie-aided D-DFD we means a detector which
has perfect feedback. LetC denotes the event that all symbols
are detected correctly by the D-DFD. Of course, we have
that C =

⋂NT

k=1 Ck. The eventE that at least one symbol is
detected erroneously is then given byE = Cc =

⋃NT

k=1 Ek,
where Cc denotes the complement of the eventC and
Ek = Cc

k denotes the event that thek-th symbol is detected
erroneously by the D-DFD. Then, the joint error probability
that at least one of the symbols are detected erroneously
is given by JEP= P(E) = P

(⋃NT

k=1 Ek

)
. Since for any

decision feedback detector it can be shown that
⋂NT

k=1 Ck =⋂NT

k=1 Cg
k , JEP can also be written as

JEP = P

(
NT⋃
k=1

Eg
k

)
. (20)

From (20) we may obtain the following simple bounds on
the JEP:

JEP ≥ max
1≤k≤NT

P(Eg
k) (21)

and

JEP ≤
NT∑
k=1

P(Eg
k) ≤ NT max

1≤k≤NT

P(Eg
k) . (22)

Note that if we denote by P(Eg
k |T) the probability that

the genie-aided D-DFD makes an error for thek-th symbol
decision givenT (or H), then fork = 1, . . . , NT ,

P(Eg
k) = ET {P(Eg

k |T)} . (23)

It is easily seen from (19) that for the genie-aided version of
the D-DFD the second term on the right hand side of (19)
vanishes and thus the decision statistic for thek-th symbol
is simply given by

zg
k =

√
Pktk,kbk + ηk. (24)

1) M-ary Quadrature Amplitude Modulation (QAM):
From (24), P(Eg

k |T) in this case nothing more than the
probability of error of M-ary QAM in an additive white
Gaussian noise (AWGN) channel. Assuming a rectangular
signal constellationBk of size |Bk|, one can upper bound
P(Eg

k |T) as [13],

P(Eg
k |T) ≤ 4Q

(√
2αkt2k,k

)
, (25)

where αk = 3Pk

2N0(|Bk|−1) and Q−function is the integral

Q(x) = 1√
2π

∫∞
x

e−t2/2 dt. Using the standard Gaussian tail

function boundQ(
√

x) ≤ 1
2 exp

(
−x

2

)
for x ≥ 0, we may

write

P(Eg
k |T) ≤ 2 exp

(
−αkt2k,k

)
. (26)

Hence, from (23) and (26) we have the following upper
bound

P(Eg
k) ≤ 2Etk,k

{
exp

(
−αkt2k,k

)}
. (27)

We may use the results developed in the previous section
to evaluate the upper bound (27) on P(Eg

k). In fact, using
the results of theorem 1 and (16) in (22), we can obtain
the following union bound for rectangular M-ary QAM joint
error probability:

JEP≤ 2

exp
(
−NRκ
1+ 1+κ

α1

)
(
1 + α1

1+κ

)NR
+

NT∑
k=2

1

(1 + αk)NR−k+1

 . (28)

Note that if the signal constellations were such that|Bk| =
22p, for some integerp, then the bound (25) can further be

tightened by a factor of

(
1− 1√

|Bk|

)
. The resulting expres-

sion for JEP can be obtained by straightforward modification
of (28).

Theorem 2:The diversity gain of the joint error proba-
bility of the D-DFD receiver for the MIMO Rician fading
channel with QAM isNR −NT + 1.

Proof: It can be shown that

exp

(
−NRκ

1+ 1+κ
α1

)
(
1 +

α1
1+κ

)NR
−

1

(1 + α1)
NR

≤ 0 for 0 ≤ α1 < ∞.

Hence, P(Eg
1 ) decays at least asα−NR

1 for large values of
SNR. On the other hand, from the exact expressions derived
in [5] for the Rayleigh channel, it can be shown that for
large values of SNR P(Eg

k), for k = 2, . . . , NT decays as
NR − k + 1. Thus, for large SNR, (21) becomes

JEP ≥ P
(
Eg

NT

)
.

Hence, the diversity gain of the JEP of the D-DFD is upper
bounded by the diversity order of P

(
Eg

NT

)
, which is equal

to NR −NT + 1. But, from (22) it is clear that the diversity
gain is also lower bounded by the diversity order of P

(
Eg

NT

)
.

Thus, the diversity gain of the JEP of the D-DFD receiver
for QAM in Rician fading isNR −NT + 1.

2) M-ary PSK Modulation:Using the approximation to
the symbol error probability of a single-user M-ary PSK
system [13], we have that,

P(Eg
k |T) ≈ 2Q

(√
2βkt2k,k

)
, (29)

whereβk = 2
3αk(|Bk|−1) sin2

(
π
|Bk|

)
. Comparing (29) with

(25), we see that the JEP for the M-ary PSK modulation can
be obtained by replacingαk by βk and then multiplying the
results by a factor of two. We omit the details here. It can
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Fig. 1. Joint Error Probability of the Decorrelating Decision Feedback Detector for Multiple Antenna Systems in Rician Fading. Uncoded QPSK
Modulation on each Transmitter Antenna withNT = 4. (a) NR = 4. (b) NR = 5.

be shown, in a similar way, that the diversity gain of the JEP
of D-DED in PSK system is also equal toNR −NT + 1.

Theorem 3:The diversity gain of the joint error probabil-
ity of the D-DFD receiver for MIMO Rician fading channel
with PSK modulation isNR −NT + 1.

V. NUMERICAL EXAMPLES

Figure 1 shows the JEP of the D-DFD for a4-transmit-
antenna MIMO system withNR = 4 and NR = 5. In Fig.
1 it assumed that each antenna transmits uncoded symbols
using QPSK (or4-ary QAM) modulation thus resulting in
a total bit rate of8 bits per channel use. From Fig. 1 it is
clear that the slope of the JEP in Rician fading (κ = 10
in the figure) is almost the same as the slope of the JEP in
Rayleigh fading (κ = 0), thus confirming our results on the
same diversity gain in the two fading environments.

VI. CONCLUSIONS

The diversity gain of the joint probability of error of the
decorrelating decision feedback detector for multiple-input
multiple-output systems has been derived in the presence of
Rician fading. Upper bounds for joint error probability have
been derived for both QAM and PSK constellations. It has
been shown that the diversity gain of D-DFD receiver in
both cases is equal toNR −NT + 1. We have also derived
the Bartlett decomposition of a complex non-central Wishart
matrix which was essential to our joint error probability
analysis.
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