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Abstract—The diversity gain of the joint error probabilty = and M-ary QAM. Based on these bounds, it is shown that
(JEP) of the decorrelating decision feedback detector (D-DFD) the diversity gain of the JEP of the decorrelating decision

for multiple-input multiple-output (MIMO) systems in the ; ‘i TR _
presence of Rician fading is considered. Upper bounds on the feedback detector in Rician fading is equale; — Ny + 1

JEP are derived for both M-ary Phase-Shift-Keying (PSK) and for both these cases, similarly to that in Rayleigh channel.

M-ary Quadrature Amplitude Modulation (QAM). It is shown The rest of this paper is organized as follows: First, we
that the diversity gain of the D-DFD receiver in both cases is outline our system model and the assumptions. Next, we
equal to Nr — N7 + 1 where Nr and Nr are the number derive the Bartlett decomposition of a complex non-central
of transmit and receive antennas, respectively. As an aside, the \y;ghart matrix which will be essential to our probability of
Bartlett decomposition of a complex non-central Wishart matrix . .. -
is also derived. error analysis. We then analyze the joint probability of error
Index Terms— Bartlett decomposition, diversity, joint error ~ 0f D-DFD receiver for MIMO systems in the presence of
probability, MIMO systems, non-central Wishart distribution,  Rician fading. We derive upper bounds on the JEP for PSK
Rician fading, Wishart distribution. and QAM signal constellations and show that the diversity
gain in both modulation schemes is equalN@ — Nt + 1.
Finally, we finish by giving some concluding remarks.
Recent results revealing the substantial capacity improve-
ment that might be possible in fading channels if multipl&lotation
antennas were employed at both transmitter and the receivefhe superscriptd and denote the transpose and com-
[1], [2] opens up & new solution to the problem of meetingjex conjugate transpose, respectively. The notatiops )tr
the growing demand for high data rate cellular systems whilg,q |A| denote the trace and determinant of the matkix
maintaining the reliability. In [1], the Bell Labs Layeredyggpectively and etA) stands forexp(tr(A)). Expectation
Space-time (BLAST) architecture was proposed as a way\ifth respect to the distribution of the random variable
exploit this enormous diversity gain offered by dual antenna genoted bye,{.}. Expectation with respect to the joint

array systems. The BLAST receiver is based on the dec@fstribution of the entries of the random matekis denoted
relating decision feedback detection, previously proposed By £a{}.

[3] and analyzed in [4] in the context of multi-user detection.

However, the analysis in [4] is not sufficient in the case 1. SYSTEM MODEL DESCRIPTION

of MIMO channels since it does not take into account . _ .
channel fading effects. Recently, [5] gave an analysis of thecon.S'd(.ar a s.mgle user, ungoded, narrowband communica-
decorrelating decision feedback detection for MIMO systerﬁ'gns link in which the transmitter r?md receiver are equped
in Rayleigh fading. It was shown in [5] that the diversit))N'th Nr andNp antennas, re;pectlvgly. Throughout,_ we V\.""
gain of the joint probability of error of the decorrelatingassume thalp > Nr. The discrete-time received signal in

decision feedback detector for QAM is equal¥g; — N7 +1, such a system can be written in matrix form as

I. INTRODUCTION

whereNr and Nt are the number of receiver and transmitter y(i) = H(,L-)Pl/2b(i) +n(i) )
antennas, respectively (assumiig; > Nr) for a Rayleigh ’
fading channel. wherey (i), b(i) and n(i) are the complexVy-vector of

In this paper we analyze the performance of D-DFD reeceived signals on th&; receive antennas, th¥-vector
ceiver for multiple antenna systems in the presence of Riciahtransmitted signals on th&' transmit antennas, and the
fading for different modulation schemes. Upper bounds a@omplex Ng-vector of additive receiver noise, respectively,
the joint probability of error are derived for both M-ary PSKat symbol time:i. The components oh(¢) are independent,



zero-mean, circularly symmetric complex Gaussian with inwwherem is the Nz —vector given by
dependent real and imaginary parts having equal variances.

K .
The noise is also assumed to be independent with respect m = m(l +j)e (5)
to the time index, and{n(i)n(i)} = NoIy,, wherely, _

denotes theVr x Ny identity matrix. ande is the Nr—vector of all ones.

The (n, n)-th element in theN; x Ny diagonal matrix ~ Next, denote byh!, the m-th row of H. If we denote by
P'/2 is equal to\/P,, where P, is the average received® the Ny x Nr diagonal covariance matrix of the vector

power from transmitter.. h,, (same for allm = 1,..., Ng), it can be shown that
The matrixH(z) in the model (1) is theVr x N matrix 1 9 .0

of complex fading coefficients. Then, n)-th element of the 16"“ 1 0

matrix H(i) represents the fading coefficient value at tilme >y = ) _ . (6)

between then-th receiver antenna and theth transmitter : Do

antenna. TheH(:) corresponding to each channel use is 0 0 ... 1

considered to be independent from that of other channel usgg, these definitionsH is said to have a complex normal
i.e. H(i) andH(j) are independent whenevet j. In this  distribution H ~ N, (M, Iy, ® £) with the probability
case, we may drop the explicit time indek, in order to density function (pdf)
simplify notation. 1

fu(H) = TNRNT (14 r) MR
A. Fading Model . . .
9 . where we have also included the differential volume element
We assume that the elements Hf are independent and dH) for the sake of clarity.

identically distributed complex Gaussian random variables oo e will soon see the performance of the multiple

satisfying the normalizatio& {\ H),, . Zi =1for m = antenna system will be determined by the properties of the
1,...,Ngp andn = 1,...,Np. We further assume that N, x Ny matrix W defined as

real and imaginary parts of each elem¢H), ., denoted i

respectively adte (H),, , andIm (H), , are independent W = H'H ™

and identically distributed. We assume a model in Whic]‘i"\i[/heg I;IV is itC(i)sm rL%)f/vr??#astSit%g ﬂsattrriiw(?s %Sor?tc):g\r/\?r'aﬁnd
(H),,, ~ N ($5(1+),20%) for m = 1,...,Np, and \Wishart distributed with the paf

etr(—zfl(H -M)PH - M)) (dH),

~Y 2 = =
(H),,., N (0,202) for m 1,...,Ng and n oo (W) ] L et (3 W) [ RN
2,..., Nr. The normalization criterio {| (H),, , |2} =1 Prp (Nm)(L+ )70
for m = 1,..., Ny then requires that el (—€2) o 1 (Nr; BT W) (W), ®
p2 4202 = 1. @) where the complex multivariate gamma functibp, (a) is

can be written as [6]
In practice, a model of this type may arise when there are m
direct Line-of-Sight (LOS) paths to the receiver antennas fm(a) - pzm(m-1) H [(a—(k—1)), (9)
from one of the transmit antennas but not from the others. kel
e 0 ot Sneyion X8 we have ey — S-'M"M. Note that the Besse
We, also expect that performance bounds obtained for thusnCtlon oFi(m; A) of ann x n Hermitian matrixA. in (8)

particular fading model might serve as a guide to the mo'r%e defined as [7], [6]

general situations. oF (m; HHY) = / SMHUHHTUD (q17) - (10)
Note that, with the above assumptions, the amplitudes U(m)
|(H),, |, form =1,..., N are Rician distributed when here [/ is an n x m complex matrix withn < m,

n = 1, and Rayleigh distributed when = 2,....Nr. 17 — (17, U7,] with U; being ann x m complex matrix and
In dealing with Rician distributed random variables it I§7Hy, = I,,. In (10) H denotes the complex conjugate of
convenient to introduce the so call&ice factor , defined the matrix 7 and (dU) is the normalized invariant measure

in this case as 2 on the unitary group/(n). It can be shown that for a scalar
K=-—. (3) a, (10) reduces to
202 .
Combining (2) and (3) we then have that = %~ and oFi(m;a®) = T(m)a~ ™ VI, 1(20)  (11)
0% = _z(ﬁm)- . where I, (a) is the v-th order modified Bessel function of
Define theNgr x N7 matrix M as the first kind.

[ We will use the notationW ~ W,(Np, Nr, X, Q) to
M = &&H}=|m 0 ... 0/, (4) denote that matrid has the complex non-central Wishart
[ distribution given by (8).



IIl. BARTLETT DECOMPOSITION OF ACOMPLEX Let the Np x Np(Ng > Np) matrix H ~
NON-CENTRAL WISHART MATRIX N (M, Iy, ® ), whereM andX are as defined in (4) and
Since W is an Ny x Ny Hermitian matrix it can be (6), respectively, so thaW = H''H has the non-central
represented 8 — THT, whereT is anNy x N complex, Wishart distributionW,(Nr, Ng, %, 2). Let W = THT_
upper-triangular matrix with positive diagonal elements. IWhereT is a complex, upper-triangular matrix with positive
the case wher&V is real symmetric Wishart, the distributiondiagonal elements. Then, the elemetsare all independent
of the elements T are well known and is referred to as thd®" ¢ = L...., Nz, J = Z"2"’NT' tij ~ Ne(0,1) for
Bartlett decomposition [8], [9], [10]. Bartlett decompositiont = ¢ < J = Nr, 2t7; ~ Xy, ;) fOri =2,..., Ny
of a real non-central Wishart matrix can also be found in, f@d2(1+k)t7 ; ~ X3y, (0) with § = 2Ngk. HereX ~ X7
example, [11], [12]. Although the derivation of the BartlettndY ~ X72(5) mean thatX has theXx distribution with
decomposition for a complex non-central Wishart matrix i@ degrees of freedom and that has the non-centrak
not that difficult, the result at least is not readily available ifistribution with . degrees of freedom and non-centrality

the published literature and thus here we derive it explicitRarameten.

for the above model. Proof: Recall that if X ~ Xr%’ Y ~ Xﬁ@) and Z ~
Applying the QR decomposition we may write Nc(0,1), and if fx (z), fv(y) and fz(z) denote their pdfs ,
respectively, then
H = UT, (12) )
- = ,z/2 n/2—1d
whereU is an Nr x Ny matrix with orthonormal columns fx(@) 2”/2F(n/2)e v “
andT is an Nt x Nt complex, upper-triangular matrix. Since s = (n 1 1 —y/2 nj2—1
the elements oH are independent it can be shown thihas /Y (%) = ¢ 2ol { 5370y 2T (nj2)" Y dy,
rank N7 with probability one and thus the diagonal elements q
of T are positive with probability one. Combining (7) and™"
(12) we have thaw = THT, and thus fr(2) = Loy,
s
Nt
|W|=|T]> = Ht2 (13) Letting 21,1 = 2(1 + «)t7, and z;; = 2t7,, for i =
P 2,..., Ny, one can manipulate (16) to obtain
and CNpe g 1 oL 2 R
No R~ fr(T) = (e NE"oFy (NR;Z(2NRK)CE1,1> A . 2NRF(TA1,%) dzy 1

tr(Z'W) = (14+r)t2,+ ) 2.+ tii|%, (14 Nroomwii/2p NR—iti—l Ny Npoo -t 512
(27W) = (1+m)B + 22430 3 [l (@4) (H )dm> (H . dn,,(}z)

i=2 i=2 j=i+1 i 2NRTIHID(Ng — i+ 1 icijei T

wheret; ; denotes thei, j)-th element ofT. Furthermore, from which the theorem follows immediately. [
one can show that the only non-zero eigenvalu@di—'w

is s, = w2t , where we have defined = /Npr(1+ k). V. JOINT ERRORPROBABILITY ANALYSIS OF D-DED
It then follows (using (11)) that in this case RECEIVER IN RICIAN FADING

A. D-DFD Receiver for MIMO Systems
I'(Nr)

oF1 (Np; Q2 7'W) = WINR*I(m'dtLl)’ (15 Using the QR decomposition & given in (12) we may

(@ha transform the received signal in (1) to obtain
Substituting (13), (14) and (15) into (8), and using _ i 12
the Jacobian of the transformation given WYW) = y = U%y = TP /*b+n, (18)
N Nt ,2N1—2i+1 H :
forTTHizl fit (dT) one can obtain the following pdf 06 e have lety = Un. It is easy to see thap ~

N N N:(0, NI, ) and has independent real and imaginary parts.
- K —1 . . . . . ~
fr(T) = (i (Q) " e*“““?lINR,l(thl,l)dtil SinceT is upper triangular it is clear from (18) that,,

a J;”VNR o~ ‘”7,) the k-th element ofy, only depends on symbols, for n =
Np o—t2 (t?,i) 8 e r N e—ln,j\zdf 16 k,...,Nr. Denote the output decision of the receiver for
,_.132 C(Ng—i+1) = ir:[lj:l_ilﬂ w M |00) symbolb,, by b,,, forn = 1,..., Nr. Then, the decorrelating

. o decision feedback detector decision statistic for the symbol
Note that, in obtaining (16) we have made use of the obsg-is given, fork = N7, Ny — 1,...,1, by

vation that from (9) we may writ€ . (Nz) asT .. (Ng) = N
T

N , N .
Hi:Tl (F(NR —i 1) Hj_:TiH 77) and that for an upper- 2 = §r— Z Patinbn
triangular ma]tvrle Jt\pe differential volume element is given it
by (dT) = [[,.Z; IT;Z; dti ;. Nr
Theorem 1: (Bartlett Decomposition of a Complex Non- = /Pty b + Z / Put nbn + m1,  (19)

central Wishart Matrix): b1



wheren;, ~ N.(0, Ny) denotes thé:-th element of the noise function boundQ(v/z) < Lexp (—%) for > 0, we may
vectorn and we have leb,, = b,, — b,,. write

B. Joint Error Probability Analysis P(E{IT) < 2exp(—antiy)- (26)

Let C) and C} denote the events that the D-DFD andience, from (23) and (26) we have the following upper
its genie-aided version correctly detect théh symbolb,, bound
where by the genie-aided D-DFD we means a detector which
has perfect feedback. L&t denotes the event that all symbols P(E]) < 28, {eXp (_a"“tivk)}' (27)
are detected correctly by the D-DFD. Of course, we ha¥ge may use the results developed in the previous section
that C' = (7, Cy. The eventE that at least one symbol isto evaluate the upper bound (27) or{ /). In fact, using
detected erroneously is then given By= C°¢ = szTl Ey, the results of theorem 1 and (16) in (22), we can obtain
where C° denotes the complement of the evefit and the following union bound for rectangular M-ary QAM joint
Ei, = Cf, denotes the event that theth symbol is detected error probability:
erroneously by the D-DFD. Then, the joint error probability
that at least one of the symbols are detected erroneously exp ( _NR“> Np
is given by JEP= P(E) = P(Uffjl Ek) Since for any JEP< 2 +y

[e5]

decision feedback detector it can be shown fRgE’, C;, = 1+ 1+n) h=2
~T CY, JEP can also be written as

1+ 1:1»:,

(14 ay)Ne k) (29)

Note that if the signal constellations were such th&f =

Nt 22r, for some integep, then the bound (25) can further be
JEP = P(U E,ﬁ) . (20) 1
k=1 v/ Bkl

From (20) we may obtain the following simple bounds Oﬁ;lon for JEP can be obtained by straightforward modification

tightened by a factor of 1 —

. The resulting expres-

) of (28).
the JEP: Theorem 2:The diversity gain of the joint error proba-
JEP > max P(EY) (21) bility of the D-DFD receiver for the MIMO Rician fading
1<k<Nr channel with QAM isNz — Nr + 1.
Proof: It can be shown that
and
Nt exp (%)
JEP < > P(E}) < Ny (Jax  P(B]). (22) G ! < 0 for 0<an < oo

(1+ a1 )NR (1t a)r

k=1 T+r

Note that if we denote by EFY|T) the probability that Hence, REY) decays at least as; '* for large values of
the genie-aided D-DFD makes an error for thé¢h symbol SNR. On the other hand, from the exact expressions derived

decision givenT (or H), then fork =1,..., Nr, in [5] for the Rayleigh channel, it can be shown that for
; g large values of SNR PEY), for k = 2,..., Ny decays as
P(EY) = &x{P(E;|T)}. (23) Ny — k+ 1. Thus, for large SNR, (21) becomes
It is easily seen from (19) that for the genie-aided version of JEP > P(E%).
- T

the D-DFD the second term on the right hand side of (19) o . .
vanishes and thus the decision statistic for thth symbol Hence, the diversity gain of the JEP of the D-DFD is upper

is simply given by bounded by the diversity order of (%, ), which is equal
to Nr — Nr + 1. But, from (22) it is clear that the diversity
z] = /Pty b + k. (24) gain is also lower bounded by the diversity order ¢, ).
) _ Thus, the diversity gain of the JEP of the D-DFD receiver
1) M-ary Quadrature Amplitude Modulation (QAM): for QAM in Rician fading isNp — Ny + 1. -

From (24), RIE{|T) in this case nothing more than the 5"\ 4 pSK Modulation: Using the approximation to
probability of error of M-ary QAM in an additive white y,o"symnol error probability of a single-user M-ary PSK
Gaussian noise (AWGN) channel. Assuming a rectangulgvstem [13], we have that

signal constellation; of size |By|, one can upper bound

P(E{|T) as [13], P(EJIT) ~ 2Q (1 /25,615%,,6) , (29)
P(EJIT) < 4Q (\/2O¢k:ti,k) ; (25)  wheref;, = 2a(|Bx| 1) sin® (ﬁ . Comparing (29) with
h 3P, ¢ ion is the i | (25), we see that the JEP for the M-ary PSK modulation can
Whereé i = 3x(8,-1 and @—function is the integra be obtained by replacing;, by 8, and then multiplying the

Q@)= 7= [~ e~**/2 dt. Using the standard Gaussian taitesults by a factor of two. We omit the details here. It can
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Joint Error Probability of the Decorrelating Decision Feedback Detector for Multiple Antenna Systems in Rician Fading. Uncoded QPSK

Modulation on each Transmitter Antenna witiy = 4. (a) Ngp = 4. (b) Ngp = 5.

be shown, in a similar way, that the diversity gain of the JEP

of D-DED in PSK system is also equal {6z — Nt + 1.

Theorem 3:The diversity gain of the joint error probabil-
ity of the D-DFD receiver for MIMO Rician fading channel
with PSK modulation isNg — Ny + 1.

V. NUMERICAL EXAMPLES

Figure 1 shows the JEP of the D-DFD fordaransmit-
antenna MIMO system wittiNg = 4 and Ng = 5. In Fig.
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