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Abstract— Particle filtering is a sequential Monte Carlo technique

that recursively computes the posterior probability density function

using the concept of “Importance Sampling”. This paper considers

the application of particle filtering technique to a target tracking

application, in which a radar sends a signal towards a target and

estimates the state (position and velocity) of the target using the

observations (time delay and Doppler shift) from the reflected signal.

State model and measurement model have been derived for the

proposed target tracking problem. Effectiveness of particle filtering

technique has been demonstrated by comparing the results with

those obtained with Kalman filtering technique. The prediction

error obtained by using particle filtering technique is found to be

significantly less than that error obtained from Kalman filtering

technique.
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model, Particle filtering, posterior density, state model.

I. I NTRODUCTION

Over the past 40 years many techniques have been developed

for target tracking in clutter environment, which include classical

Kalman filtering [1], [2], unscented Kalman filtering [3] and

extended Kalman filtering [3]. The tracking task presented in this

paper is a state estimation problem consisting of state transition

model which relates the target position and velocity at every

time step and an observation model relating the current target

state with the current target observations. This paper presents a

solution to target tracking using particle filters. In recent years,

particle filtering techniques have been used by several researchers

for various applications in coding, communications and signal

processing. Such applications include turbo coding [4], multiuser

detection, blind detection and equalization [5].

The basic idea behind particle filtering [6] is to sample a the

continuous posterior density function of interest into a set of

weighted particles. If the weights are chosen appropriately, then

these weighted set of particles represent the posterior density

in a way that the posterior density function (pdf) can be made

arbitrarily close to the equivalent set of weighted particles. The

main task of particle filter is to assign appropriate weights and

update the weights as time progresses. Problems dealing with

particle filtering involve making inferences on the state vectorxt,

based onz0:t, the observations from time0 to t. Using sequential

importance sampling [7], particle filters can approximate the

posterior density function i.e.,p(xt|z0:t) regardless of the nature

of the underlying model. A critical step in particle filtering is

the choice of importance function [7]. Two standard choices of

importance functions are the posterior and the prior. The posterior

importance function is defined as

π(xt|x(m)
0:t−1, z0:t) = p(xt|x(m)

0:t−1, z0:t), (1)

and the importance weights are given by

w
(m)
t ∝ w

(m)
t−1 p(zt|x(m)

t−1), (2)

where the superscript (m) denotes the set of weights. The

weights are given bywt = p(x)
π(x)

[8]. The posterior importance

function minimizes the variance of the importance weights [7].

However, the difficulty in using posterior importance function is

that it involves complex high dimensional integrations to sam-

ple p(xt|xm
t−1, zt). It is convenient to choose prior importance

function due to its ease of imlementation. The prior importance

function is defined as

π(xt|x(m)
0:t , z0:t−1) = p(xt|x(m)

t−1), (3)

and the weights are defined as

w
(m)
t ∝ w

(m)
t−1 p(zt|x(m)

t ). (4)

Another important feature of particle filtering is resampling [9],

in which the weights which have a very low value are eliminated

and are replaced with the weights which have a higher value.

This paper presents a particle filtering technique for target

tracking [6] using a linear state model and a nonlinear mea-

surement model with additive white Gaussian noise. Extensive

experiments have been performed to analyze the behavior of the



proposed model and the particle filtering method, specifically par-

ticle density, particle location and noise variance in the proposed

model.

II. SYSTEM MODEL

In this model, the target movement is modelled as a discrete-

time, linear, state model perturbed by additive noise. The obser-

vation model is non-linear with additive white Gaussian noise.

Let x(t − τ(t)
2

) be the state vector at timet which consists

of the position and velocity of the moving target (i.e,x(t −
τ(t)
2

) = [x(t − τ(t)
2

), y(t − τ(t)
2

), ẋ(t − τ(t)
2

), ẏ(t − τ(t)
2

)]T )

where superscriptT denotes the transpose. We can then model

the target movement as

x
(

t− τ(t)

2
+ T

)
= Ax

(
t− τ(t)

2

)
+ u

(
t− τ(t)

2

)
, (5)

whereu
(
t− τ(t)

2

)
is the state noise which is assumed to be

zero-mean with covariance matrixQ and matrixA is given by

A =


1 0 T 0

0 1 0 T

0 0 1 0

0 0 0 1

 . (6)

Suppose that a signalE(t) is transmitted by the sensor at time

t. The received signal reflected from the target is given by

sr(t) = <[ArE(t− τ(t))ejωc(t−τ(t))], (7)

whereAr =
√

2Pr, (Pr includes the transmit power and the two-

way propagation and reflection processes [10]),ωc is the carrier

frequency andτ(t) is round trip delay of the transmitted wave

between the sensor and the target.

The delayτ(t) is given by

τ(t) = τ0 −
2vrad

c
t, (8)

whereτ0 is the reference delay andvrad is the radial velocity

of the target. Substitutingτ(t) in (7), we get

sr(t) = <
[
ArE

(
t− τ0 +

2vrad

c
t

)
ejωc(t−τ0+

2vrad
c

t)

]
. (9)

From (9), we note that the doppler frequency shiftfD of the

received signal is

fD =
2fc

c
vrad. (10)

2/)(tt τ−
2/)(tt τ− 2/)(tt τ−

2/)(t

t
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Fig. 1. (a) The Orientation of sensor and target for computing delay

and doppler. (b) Velocity components of the target.



Referring to Fig.1(a), the time delayτ(t) is given by

τ(t) =
2

c

√(
x

(
t− τ(t)

2

)
− xs

)2

+

(
y

(
t− τ(t)

2

)
− ys

)2

,

where(xs, ys) represents the sensor location.

Suppose that the target is moving with a velocityv as shown

in Fig. 1(b). Then, the radial component of the velocity is given

by

vrad = ẋ

(
t− τ(t)

2

)
cos(ϕ) + ẏ

(
t− τ(t)

2

)
sin(ϕ), (11)

where angleϕ represents the orientation of the line connecting

the target and sensor.

The observation vector is defined asz
(
t− τ(t)

2

)
=

[τ(t), fD(t)]T , where[τ(t), fD(t)]T are given by(8) and (10).

vrad component is the nonlinear term in(8) and (10). One

approach to target tracking is to approximatevrad into a linear

term and apply the classical Kalman filtering technique [11].

Particle filtering provides a solution without requiring any such

approximations.

III. T RACKING ALGORITHM USING PARTICLE FILTERING

The first step in particle filtering is the choice of the importance

sampling function [8], [7], using which we sample the continuous

density functionp(x) into a set of discrete particles with weights

assigned to each sample or particle. Sampling from the continuous

density function might be intractable. Therefore, to sample this

continuous density function a functionπ(x), termed as impor-

tance function and has same support as that ofp(x), for which

sampling is tractable is used. Then the sampled approximation to

the continuous density is given by

p(x) =

M∑
m=1

w(m)δ(x− x(m)), (12)

where

w(m) =
p(x)

π(x)
, (13)

(m) denotes the set of particles andM denotes the total number

of particles. If the posterior density functionp(x0:t−1|z0:t−1) is

sampled and the samples,xm
0:t−1 were drawn from the importance

functionπ(x0:t−1|z0:t−1), then weights defined in equation(13)

become

w
(m)
t−1 =

p(x
(m)
0:t−1|z0:t−1)

π(x
(m)
0:t−1|z0:t−1)

. (14)

If the importance density function can be factorized as

π(x0:t|z0:t) = π(xt|x0:t−1, z0:t)π(x0:t−1|z0:t−1, ) (15)

and if,

x
(m)
0:t−1 ∼ π(x0:t−1|z0:t−1) (16)

then by augmenting the existing samplesx(m)
0:t−1 ∼

π(x0:t−1|z0:t−1) with the new statex(m)
t ∼ π(xt|x0:t−1, z0:t),

one can obtain samplesx(m)
0:t ∼ π(x0:t|z0:t). Using Bayes rule

[12], the weight update equationp(x0:t|z0:t) is computed as

follows:

p(x0:t|z0:t) =
p(zt|x0:t,z0:t−1)p(x0:t|z0:t−1)

p(zt|z0:t−1)

=
p(zt|x0:t,z0:t−1)p(xt|x0:t−1,z0:t−1)

p(zt|z0:t−1)

x p(x0:t−1|z0:t−1) (17)

=
p(zt|xt)p(xt|xt−1)

p(zt|z0:t−1)
p(x0:t−1|z0:t−1)

Therefore,

p(x0:t|z0:t) ∝ p(zt|xt)p(xt|xt−1)p(x0:t−1|z0:t−1). (18)

The denominator can be ignored since it is a normalizing constant.

By substituting(15) and(18) into (14), the updated weights are

obtained as follows

w
(m)
t ∝

p(zt|x(m)
t )p(x

(m)
t |x(m)

t−1)p(x
(m)
0:t−1|z0:t−1)

π(x
(m)
t |x(m)

0:t−1, z0:t)π(x
(m)
0:t−1|z0:t−1)

= w
(m)
t−1

p(zt|x(m)
t )p(x

(m)
t |x(m)

t−1)

π(x
(m)
t |x(m)

0:t−1, z0:t)
. (19)

The two most frequently used importance functions are the prior

importance function given byp(xt|x(m)
t−1) with which the updated

weights from(19) become

w
(m)
t ∝ w

(m)
t−1 p(zt|x(m)

t ) (20)

and the posterior or optimal importance function given by

p(xt|x(m)
0:t−1, z0:t) with which the updated weights from(19)

become

w
(m)
t ∝ w

(m)
t−1 p(zt|x(m)

t−1). (21)

For simplicity reasons, prior importance function is taken in the

simulations. The main objective in particle filtering is to estimate

the posterior density function i.e., the set of weightsw
(m)
t . In

order to compute the posterior density function, it is necessary to

have the knowledge of the prior density function i.e.,w
(m)
t−1 and

the nature of the likelihood function i.e.,p(zt|xt−1).

A. Selection of Prior

Initially, the prior probability density function is unknown.

Hence, we start with an assumption that it is a Gaussian. The



initial weights for the prior are computed for each particle

assuming the following:

p(x
(m)
t−1|z0:t−1) ∼ N (µ,R), (22)

whereµ = [µx, µy, µẋ, µẏ] is the mean andR is the covariance

matrix with diagonal elements representing the variances of the

positions (x andy) and the velocity components(ẋ and ẏ).

B. Computation of Likelihood

Once the prior is computed, the next step is to compute the

likelihood function. The observation model which is nonlinear,

consists of two observations i.e.,[τ(t), fD(t)]T , given by, zt =

[z1(t), z2(t)]
T + n(t) where

z1(t) =
2vrad

c
∗ t (23)

z2(t) =
2fc

c
∗ vrad (24)

wheren(t) is the additive Gaussian noise with zero mean and a

covariance matrixQ. The radial velocityvrad obtained from Fig.

(1) is given by

vrad = ẋ cos(ϕ) + ẏ sin(ϕ), (25)

where

ϕ = arctan(
y

x
). (26)

The joint density of the two observations givenxt, at time instant

t, for each particle is given by

p(zt|xm
t ) =

1

2π|R| 12
exp−((zt − µzt)

T R−1(zt − µzt)), (27)

where µzt is the mean ofzt and R is the covariance matrix.

The joint conditional densityp(zt|xm
t ) is Gaussian becausen(t)

is Gaussian.

C. Computation of Mean for the Likelihood

Given xt, the mean and covariance ofzt can be computed

from (23) and(24). The meanµzt is shifted by a constant value

obtained from that ofn(t). The covariance ofzt is same as that

of n(t). The continuous density function which was sampled into

particles is used to compute the means of the observation vector

and is given by

µz1(t) =
2vrad

c
∗ t (28)

µz2(t) =
2fc

c
∗ vrad (29)

wherevrad is given by

vrad = ẋ(m) cos(ϕ) + ẏ(m) sin(ϕ), (30)

and

ϕ = arctan

(
y(m)

x(m)

)
. (31)

D. Weight Update

An important step in particle filtering technique is to update the

weights or the posterior density as time progresses. In order to

compute the weights the prior and likelihood have to be computed

as explained in the previous sections. To start with, we select a

density function with an arbitrary mean and variance, sample

the pdf to get a set of particles, use them in the prior i.e.,(22)

and compute the prior for each particle. Then, we compute the

likelihood using(27) for each particle, multiply the likelihood

with the prior at a given time instant. This process is repeated

recursively at each time step.

Once the new weights are computed for each particle, the

expected value is computed as follows

E(x) =
∑

i

x p(x). (32)

In the next time step, the particles are chosen around the expected

value and are updated by

xm
t = Axm

t−1. (33)

IV. SIMULATION RESULTS

Simulations have been performed by choosing2500 to 10000

particles, and by varying the target locations, keeping the velocity

range constant. The carrier frequency is chosen as109 and the

initial time delay is chosen to be0.01 sec. The true initial

location and velocity of the target are assumed to be [5,5,1,1]

for all simulations. The range for the location and the velocity

are selected in such a way that they include the true location and

extends beyond the true location. It is assumed that the noise is

uncorrelated and its correlation matrix is given by

Qcov =

 0.25 0

0 0.25

 . (34)

As time varies, the correlation matrix changes randomly. The

error in estimating the range(E∆R) is given by

E∆R =
√

(∆x2 + ∆y2)

where ∆x and ∆y are the errors in estimating the locations x

and y. Figures 2 (a), 2 (b) and 2 (c) illustrates the error in range

estimation for a set of particles that are selected within the range

[4,8], which includes the true location of the target and [6,10],

which extend beyond the true location. Comparing Figure 2 (b)



and Figure 2 (c), it can be observed that by increasing the number

of time steps in the simulations better results are obtained. It can

also be observed that the error obtained using particle filtering

technique is less than the error obtained using Kalman filtering.

V. CONCLUSIONS

In this paper, we present a particle filtering technique for target

tracking using a linear state model and a non-linear measurement

model with additive white Gaussian noise. The results suggest

that particle filtering technique performs much better than Kalman

filtering technique. Future work includes applying particle filter-

ing technique to a non-linear state model and by incorporating

non-Gaussian noise.
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Fig. 2. (a) The Error in range when the position range is within [4,8]

and velocity range is [1,3]. (b) The Error in range for100 time steps

when the position range is within [6,10] and velocity range is [1,3]. (c)

The Error in range for200 time steps when the position range is within

[6,10] and velocity range is [1,3].


