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Abstract— The performance of decentralized detection in a
resource-limited wireless sensor network is investigated. The
system is assumed to be subjected to a total power constraint
and all sensors are assumed to perform analog relay-amplifier
local processing. Under these assumptions, we show that, we can
monotonically improve the fusion performance by using non-
orthogonal sensor-to-fusion center communication, as opposed
to orthogonal communications. In order to quantify the per-
formance, we employ circulant matrix theory to derive closed-
form asymptotic expressions. These asymptotic results allow us
to observe the effect of each parameter on the total system
performance. Numerical results show that these asymptotics
provide a very good approximation to the exact performance,
even for a small number of sensors.

Index Terms— Circulant matrix theory, decentralized detec-
tion, data fusion, hypotheses testing, sensor networks, toeplitz
matrix.

I. INTRODUCTION

Wireless sensor networks is an emerging technology that
has several applications in civil as will as in military com-
munications [1]–[4]. Decentralized detection and data fusion
arise as basic problems in such networks. In this paper,
the performance of decentralized detection in a total power
constrained wireless sensor network is investigated assuming
analog relay amplifier local processing. In [5], under the same
assumptions, an optimal fusion rule and its performance were
derived assuming orthogonal sensor-to-fusion center commu-
nication. It was observed in [5] that for a fixed total power,
there is a performance floor as sensor network size increases
without bound. In this paper, we show that with analog
relay amplifier processing this, however, is not necessarily
the best achievable performance. In fact, we show that with
non-orthogonal communication, we can harness thecoherent
gain to our advantage thereby monotonically improving the
performance with sensor network size, for a given total power
constraint.

In [6], the performance of decentralized detection of a
power constrained network in a band-limited channel was
analyzed via large matrix theory, assuming independent sensor
observations. Our work can be considered to be a generaliza-
tion of [6] to the case of dependent sensor observations, since
non-orthogonal communication implicitly assumes a band-
limited channel. Moreover, we derive closed form expressions

for asymptotic fusion performance via circulant matrix theory.
Numerical results are used to show that the derived asymptotic
expressions closely match that of exact performance even for
a relatively small number of sensors.
The remainder of this paper is organized as follows: In
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Fig. 1. Distributed Sensor System Model

Section II we present our system model and derive the fusion
performance under orthogonal versus general non-orthogonal
sensor-to-fusion center communication. Next, in Section III
we use circulant matrix theory to obtain a closed form
expression for the system asymptotic performance. Finally,
in Section IV we provide conclusions of our results.

II. SYSTEM MODEL

We consider a binary hypothesis testing problem, in anN -
node distributed sensor system as shown in Fig. 1. Thek-th
sensor observation, under each of the two hypotheses is given
by

H0 : yk = x0,k + vk

H1 : yk = x1,k + vk .

In vector notation

y = x + v .



wherev is a zero mean, GaussianN -vector of noise samples,
with covariance matrixΣv. We assume that sensors are placed
on a straight line and are separated by an equal distanced.
The noise covariance function is assumed to be of the form
of

ρv(i, j) = σ2
vρ

d|i−j| .

Letting ρd = ρd, Σv can then be written as

Σv = σ2
v


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d . . . ρ
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d
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d

. . . . . . .

. . . . . . .

ρ
(N−1)
d ρ

(N−2)
d . . . . 1

 . (1)

We consider the fusion of a deterministic signal, so that
x0,k = −m underH0 and x1,k = m underH1 for k =
1, ..., N . Each sensor node applies analog relay amplifier
local processing to its observation by multiplying it by an
amplification factorg. Also a signalling waveform (or a
code)sk is assigned for each sensor. The sensors relay these
amplified signals to the fusion center after modulating with
sk(t). Assuming a bank ofN matched filters at the fusion
center, its output is given by

u = RAy + w ,

whereR is the signalling waveform (code) cross-correlation
matrix, A = gI, andg can be shown to be

g =

√
P

N(m2 + σ2
v)

,

whereP is the total power constraint on the whole sensor
system. The channel noise is assumed to be zero mean
Gaussian with noise power spectral densityσ2

w, so thatw ∼
N (0, σ2

wR). For convenience we assume that the code cross-
correlation matrixR has the form of

R =

 1 ρ . . . ρ
ρ 1 . . . ρ
. . . . .
ρ . . . ρ 1

 . (2)

Under the two hypotheses, it can be shown that

Ho : u ∼ N (RAm0, g
2RΣvR + σ2

wR) ,

and

H1 : u ∼ N (RAm1, g
2RΣvR + σ2

wR) .

Then, the optimal fusion rule is given by the test:

δ(u) =
{

1 T (u) ≥ τ
0 T (u) < τ

,

where

T (u) = 2mgeTRC−1u ,

e is theN -length vector of all ones and we have defined

C = g2RΣvR + σ2
wR .

The minimum achievable probability of error of this optimum
fusion rule is given by (assuming a uniform prior)

Pe =
1
2
(α(τ) + β(τ)) ,

whereα(τ) andβ(τ) are the false-alarm and miss probabili-
ties given by

α(τ) = Q

(
τ +m2g2eTRC−1Re√

2m2g2eTRC−1Re

)
, (3)

and

β(τ) = 1−Q

(
τ −m2g2eTRC−1Re√

2m2g2eTRC−1Re

)
. (4)

Sinceτ = 0 for equi-probable deterministic signal detection,
from (3) and (4), we can easily show that

Pe = Q
(
mg

√
2eTRC−1Re

)
.

In the following we first consider the case ofR = I , which
represents orthogonal communication, followed by the general
non-orthogonal communication. Since our main objective is
to explore the effect of non-orthogonal sensor-to-fusion center
communication on the fusion performance, for simplicity we
first assume the case of independent observations.

A. Orthogonal codes and independent observation noise at
the senors

Consider the case ofR = I andΣv = σ2
vI. The effective

SNR at the fusion center can shown to be equal to

SNRf = mg
√

eT(g2σ2
vI + σ2

wI)−1e .

Substitutingγ0 = m
σ2

v
and γc = P

σ2
w

, which represent the
observation and channel SNR respectively, we have that

SNRf =

√
Nγcγ0

γc +N(1 + γ0)
. (5)

Figure 2 showsSNRf as a function of the number of sensors
with orthogonal codes and independent observations. We can
see from Fig. 2 thatSNRf has a limit, and dose not exceed
that limit as we increase the number of sensors. Specifically,

lim
N→∞

SNRf = lim
N→∞

√
Nγcγ0

γc +N(1 + γ0)

=
√

γc

1 + 1
γ0

.

That is, we cannot improve the fusion performance beyond a
certain limit by injecting more sensors into the network when
there is a fixed total power constraint on the system. This was
also observed in [5].
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Fig. 2. Dependence of the effective SNR on the number of sensorsN .

B. Non-orthogonal codes with independent noise at the sen-
sors

Now suppose that the code cross-correlation matrixR has
the general form in (2) and thatΣv = σ2

vI. Then the fusion
center effective SNR can be shown to be given by

SNRf = mg
√

eT(g2σ2
vI + σ2

wR−1)−1e . (6)

In the special case ofN = 2, for example, (6) simplifies as

SNRf =
√

2γ0

1 + 2(1+γ0)
γc(1+ρ)

.

This clearly shows that increasing the code correlationρ
improves the performance. In other words using the same
channel for all sensors is better, than using sperate channels
for each sensor, which corresponds to orthogonal communica-
tion. To show this in general, let us consider the two extreme
cases of (6) as follows:

1. ρ = 1 :

This means that all sensors use the same codes. Let us
consider thek-th sensor output and denote it aslk. Then

lk = gs(mk + vk) .

Denoting the received signal at the fusion center byz, we
have that

z =
N∑

k=1

gs(mb+ vk) + w

= Ngmbs + gsψ + w ,

whereb = ±1, ψ =
∑N

k=1 vk and the noise term (gsψ + w)
has the distributionN (0, (Ng2σ2

v +σ2
w)I). The fusion center

correlates this signal with the codes, so that the decision
variable is

sTz = Ngmb+ η ,

where η ∼ N (0, Ng2σ2
v + σ2

w). Then the effective SNR at
the fusion center can be shown to be given by

SNRf =
√
N

γcγ0

1 + γc + γ0
. (7)

It can be shown using the same approach that in the general
case of dependent observation noise, withρ = 1, the effective
fusion SNR is given by

SNRf =

=

√
Nγc

σ2
v(γ0 + 1) + γc

N eT Σve

=

√√√√ Nγc

σ2
v(γ0 + 1) + γc

N

(
2σ2

v

1−ρd

(
N + 1− 1−ρN+1

d

1−ρd

)
−N

) .

where in the last step we have assumed thatΣv is given by
(1).

2. ρ = 0 :

Following the same method as above, it is easy to show
that in this case (6) reduces to (5). Note that in the case of
orthogonal communication, the matched filter correlates the
channel noise inN orthogonal directions. On the other hand,
for the case ofρ = 1, it correlates the channel noise only in
one direction. As a result we can see from (5) and (7) that
SNRf in the case ofρ = 1 is larger than that in the case of
ρ = 0. In particularSNRf in (7) is strictly increasing with
the number of sensorsN . This means that we can improve the
performance by increasing the number of nodes and using the
same channel for all sensors. Figure 3 shows the improvement
of the effective SNR in (6) as a function of code correlation.

Although the above result seems somewhat nonintuitive at
the first glance, a closer look at the system reveals that there is
in fact nothing surprising here. Essentially, the analog relay-
amplifier local processing and non-orthogonal communica-
tions, in the case of deterministic signal detection effectively
makes the distributed sensor system to act as a cooperative
beam-former. In particular, it should be clear that withρ = 1
the system has a perfectly directed beam towards the fusion
center that exploits full coherent gain. However, on the other
hand whenρ = 0, we use separate orthogonal channels to
send essentially the same information thereby loosing the
cooperative beamforming gain. Clearly, this behavior is a
result of the assumption of perfect synchronicity of the whole
distributed sensor system and the fusion center. In a practical
scenario, however, there is a trade-off between the achievable
synchronicity and the performance since resources need to be
spent on achieving system synchronization.

III. ASYMPTOTIC FUSION PERFORMANCE

In order to analyze the asymptotic fusion performance of
the system we use circulant matrix theory which states that
a toplietz matrix goes to a circulant matrix as its dimensions
grow [7]. Note that, the observation correlation matrixΣv

is a toplietz matrix and that the code correlation matrixR
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Fig. 3. Dependence of the effective SNR on signalling waveform (code)
cross-correlation (Independent sensor observations)ρ.

is already a circulant matrix. Then the distribution of the
decision statisticT (u) can shown to be Gaussian with

E{T (u)|H1} = m2g2eT RC−1Re
= m2g2eT R(g2RΣvR + σ2

wR)−1Re .

After some simple algebra, we get

E{T (u)/H1} =

m2g2

σ2
w

(
eT Re− eT

σ2
w

(
1
g2

(RΣvR)−1 +
R−1

σ2
w

)−1

e

)
. (8)

It is easy to show that the inner matrix in the term

eT

σ2
w

(
1
g2

(RΣvR)−1 +
R−1

σ2
w

)−1

e (9)

goes to a circulant matrix. Then since the inverse of a circulant
matrix is also circulant and using the fact that all circulant
matrices have the same eigen-vectors, for asymptotically large
dimensions, the term in (9) can be shown to be equal to

N
σ2

vg
2λ2

MµM

σ2
w + σ2

vg
2λMµM

,

whereλM andµM are the largest eigenvalues of the matrices
R and Σv, respectively. Thus substituting these in (8) and
noting that

eT Re = N(1 + ρ(N − 1)) ,

we get

E{T (u)|H1} = γc

1+ 1
γ0

×
[
1 + ρ(N − 1)− 2γc(1 + ρ(N − 1))2

N(1 + γ0)(1− ρd) + 2γc(1 + ρ(N − 1))

]
.

Similarly, we can show that

E{T (u)|H0} = −E{T (u)|H1} .

The variance ofT (u) is the same under the both hypotheses
and is given by

VAR{T (u)} = 2γc

1+ 1
γ0

×
[
1 + ρ(N − 1)− 2γc(1 + ρ(N − 1))2

N(1 + γ0)(1− ρd) + 2γc(1 + ρ(N − 1))

]
.

Using these results the minimum probability of error is
asymptotically given by

Pe =

Q


√√√√ γc

1+ 1
γ0

[1 + ρ(N − 1)− 2γc(1+ρ(N−1))2

N(1+γ0)(1−ρd)+2γc(1+ρ(N−1)) ]

2

 .

In Figs. (4), (5) and (6) we have shown the exact and
asymptotic fusion performance. As can be seen from these
plots, the derived asymptotic expressions provide a reasonably
good approximation even for small number of sensors. Fur-
thermore, it allows us to gain some insight into the effect of
each parameter on the system performance. For example, from
Fig. (4) we can see the detrimental effect of the observation
correlationρd on system performance. This can be understood
by noting that as the observation correlation increases the new
information added by each additional sensor decreases thus
degrading the fusion performance. However, it also shows
the improvement that we can get from using non-orthogonal
communication. Figure (5) shows clearly that the fusion
center probability of error tends to have a performance floor
as we decrease the code correlation valueρ. Finally, from
Fig. (6) we can see that using a large channel correlation
ρ results in having an acceptable performance even for a
relatively large observation correlationρd. This means that
the system has some kind of robustness against the large
values of observation correlation when using non-orthogonal
communication. As mentioned earlier, this in fact can be
understood either as a cooperative beamforming or a coherent
gain.

IV. CONCLUSIONS

In this paper we investigated the decentralized detection and
fusion performance of a total power constrained sensor net-
work in a noisy channel under the assumption of analog relay-
amplifier local processing. We showed that the performance
can be monotonically improved using non-orthogonal sensor-
to-fusion center communication. This somewhat nonintuitive
result, in fact, is due to the fact that the analog relay-amplifier
local processing and non-orthogonal communications, in the
case of deterministic signal detection, effectively makes the
distributed sensor system to act as a cooperative beam-former.
In order to obtain asymptotic performance we made use of the
circulant matrix theory. The derived asymptotic expressions
show a good approximation for the exact results even for a
small number of sensors. These asymptotic expressions also
allowed us to gain some insight into the effect of each system
parameter on the final fusion performance.
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