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Abstract— Parallel scheduling is a new approach for load balancing. In parallel scheduling,
all processors cooperate to schedule work. Parallel scheduling is able to accurately balance the
load by using global load information at compile-time or runtime. It provides high-quality load
balancing. This paper presents an overview of the parallel scheduling technique. Scheduling
algorithms for tree, hypercube, and mesh networks are presented. These algorithms can fully

balance the load and maximize locality

1. Introduction

Static scheduling balances the workload before runtime and can be applied to problems with a
predictable structure, which are called static problems. Dynamic scheduling performs scheduling
activities concurrently at runtime, which applies to problems with an unpredictable structure,
which are called dynamic problems. Static scheduling utilizes the knowledge of problem charac-
teristics to reach a well-balanced load [1, 2, 3, 4]. However, it is not able to balance the load for
dynamic problems. In addition, the requirement of large memory space to store the task graph
restricts the scalability of static scheduling. Dynamic scheduling is a general approach suitable
for a wide range of applications [5, 6, 7]. It can adjust load distribution based on runtime system
load information. However, most runtime scheduling algorithms utilize neither the characteristics
information of application problems, nor the global load information for load balancing decisions.

System stability usually sacrifices both quality and quickness of load balancing.

Parallel scheduling is a promising technique for processor load balancing. In parallel schedul-
ing, all processors cooperate to schedule work. Parallel scheduling utilizes global load information
and is able to accurately balance the load. It provides high-quality, scalable load balancing. Some

parallel scheduling algorithms have been introduced in [8, 9, 10, 11].

Parallel scheduling can be applied to static problems. Most existing scheduling algorithms

for static problems running on a single processor are not scalable to massively parallel computers



because storing the task graph requires large memory space. To speed up scheduling and to
relax the demand of memory space, static scheduling can be parallelized. Kwok and Ahmad have
developed a parallel algorithm [12]. Wu has parallelized the MCP algorithm [13].

Parallel scheduling can also be applied to dynamic problems. When parallel scheduling is
applied at runtime, it becomes an incremental collective scheduling. It is applied whenever the
load becomes unbalanced. All processors collectively schedule the workload. Such a system has
been described in [11]. It starts with a system phase which schedules initial tasks; it is followed
by a user computation phase to execute the scheduled tasks and possibly to generate new tasks.
In the next system phase, the old tasks that have not been executed will be scheduled together
with the newly generated tasks. In each system phase, a parallel scheduling algorithm is applied
to balance the load.

In this paper, we discuss the parallel scheduling methodology. This paper is devoted particu-
larly to a kind of scheduling that only schedules ready jobs or tasks. That is, the objects to be
scheduled are a set of jobs or tasks that are ready to execute. Scheduling algorithms for tree,
hypercube, and mesh networks will be presented. These algorithms are primarily designed for dy-
namic problems with randomly arrived or dynamically generated jobs or tasks. These algorithms
can fully balance the load, maximize locality, and significantly reduce communication overhead

compared to other existing algorithms.

This paper is organized as follows. In section 2, we discuss the optimal scheduling problem.
The parallel scheduling algorithms for tree, hypercube, and mesh topologies are presented in
section 3. The properties of these algorithms are described in section 4 and performance is

presented in section 5. Previous works are discussed in section 6, while section 7 concludes the

paper.

2. The Optimal Scheduling Problem

The objective of scheduling is to schedule works so that each processor has the same work
load. Thus, we need to estimate the task execution time. The estimation can be application-
specific, leading to a less general approach. Sometimes, such an estimation is difficult to obtain.
Due to these difficulties, each task is presumed to require equal execution time, and the objec-
tive of the algorithm becomes to schedule tasks so that each processor has the same number of
tasks. Inaccuracy caused by grain-size variation can be corrected in the next system phase. An
algorithm with estimated time of tasks could improve load balancing to some extent. However,
since the algorithm is more complex, the scheduling overhead increases which may overwrite this
benefit [11].



The scheduling problem can be described as follows. In a parallel system, N computing nodes
are connected by a given topology. Each node ¢ has w; tasks when parallel scheduling is applied.
A scheduling algorithm is to redistribute tasks so that the number of tasks in each node is equal.
Assume the sum of w; of all nodes can be evenly divided by N. The average number of tasks
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Fach node should have wg,, tasks after executing the scheduling algorithm. When w; > wg,g,

the node must determine where to send the tasks.

In a communication step, many communications can be performed simultaneously. The time
spent on the load balancing activity depends on the number of communication steps and the
time taken for each step. For a parallel scheduling algorithm that utilizes global information,
the number of communication steps can be of the order of log N, where N is the number of
processors [14]. The average time of each communication step depends on both the total number

of tasks migrated and their traveling distances. The objective function is to minimize the number
ek
k

where e is the number of tasks transmitted through the edge k. In general, this problem can be

of task-hops:

converted to the minimum-cost maximum-flow problem [15] as follows. Each edge is treated as a
bidirectional arc and given a tuple (capacity, cost), where capacity is the capacity of the edge and
cost is the cost of the edge. Set capacity = oo, cost = 1, for all edges in the processor network.
Then add a source node s with an edge (s,7) to each node 7 if w; > wg,, and a sink node ¢ with
an edge (7,¢) from each node j if w; < wyyy. Set capacitys; = w; — weyy, costy = 0, for all 7, and
capacity;s = Wqyg — wj, costy; = 0, for all 7. A minimum-cost maximum-flow algorithm yields a
solution to the problem. Figure 1 shows a load distribution in an eight-node hypercube network.
The graph constructed for Figure 1 is given in Figure 2, where w,,, = 8. The minimum cost

algorithm [15] generates a solution as shown in Figure 3.

The complexity of the minimum cost algorithm is O(N?v), where N is the number of nodes
and v is the desired flow value [15]. The complexity of its corresponding parallel algorithm on N
nodes is at least O(Nwv). This high complexity is not realistic for runtime scheduling. For certain
topology, such as trees, the complexity can be reduced to O(log N) on N nodes. For a topology

other than trees, we need to find a heuristic algorithm.

3. Parallel Scheduling Algorithms

In this section, we present parallel scheduling algorithms for the tree, hypercube, and mesh

topologies. The common feature of these algorithms is that the total number of tasks is obtained by
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Figure 3: An optimal solution of Figure 1.
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a parallel reduction operation so that the average number of tasks per node can be calculated [14].
A node will not send its tasks to other nodes unless the number of tasks exceeds the average.

Therefore, only necessary tasks are migrated.

Before discussing individual algorithms for different topologies, we give a generic algorithm
which is shown in Figure 4. The first step collects global information by using a sum reduction [14].
In step 2, the average number of tasks per node is calculated. If the number of tasks cannot be
evenly divided by the number of nodes, the remaining R tasks are evenly distributed to the first
R nodes so that they have one more task than the others. The values of w,,, and R are available
to each node. In step 3, each node calculates its quota so that each node knows if it is overloaded
or underloaded. The quotas for some subsets of nodes are also computed here for a particular
topology. In step 4, tasks are exchanged to meet the quotas with minimum communication.

Different algorithms are designed for different topologies.

Let w; be the number of tasks in node <.
1. Global Information Collection: Perform the sum reduction of w; to compute T and
other information, where T is the total number of tasks.

2. Average Load Calculation: w,,, = |T/N]|, R =T mod N.

3. Quota Calculation: Each node computes its quota ¢;

q'_{wavg—l—l if i<R

Wang otherwise

The quotas for some subsets of nodes are also computed.

4. Task Exchange: FEach overloaded node determines where to send its excess tasks.

Figure 4: The Generic Parallel Scheduling Algorithm.

In the following subsections, we present three parallel scheduling algorithms: the Tree Walk-
ing Algorithm (TWA), the Cube Walking Algorithm (CWA), and the Mesh Walking Algorithm
(MWA). The tree algorithm is an optimal algorithm in terms of the number of task-hops. The

hypercube and mesh algorithms are heuristic algorithms.
3.1 Tree Walking Algorithm

When the network topology is a tree, the complexity of optimal scheduling can be reduced.
The Tree Walking Algorithm (TWA)is shown in Figure 5, which is essentially the same as the one
presented in [11]. In step 1, when the total number of tasks is counted with a parallel reduction
operation, each node records the number of tasks in its subtree and its children’s subtrees (if

any). In step 2, the root calculates the average number of tasks per node and then broadcasts



the number to every node. In step 3, each subtree rooted at node ¢ calculates its quota ); that

indicates how many tasks are to be scheduled to the subtree. (); can be calculated directly as

follows:
Qi = Wqypg * 1 + 7
where
0 if1> R
T = n; if1 < R—mny

R—1 ifR—n<t<R

Fach node keeps records of @; and @;, where node j is node ¢’s child (if any). In step 4, the
workload is exchanged so that at the end of the system phase each node has the same number of

tasks as its quota.

Tree Walking Algorithm (TWA)

Assign each node an order ¢ according to the preorder traversal; and n;, the number of nodes of its
subtree, where ¢t = 0,1,...., N — 1, and N = ng is the total number of nodes in the system. Node ¢
has its parent node p; and also has a child vector ¢; g, ¢; 1, ...., ¢;m,—1 to give its m; children’s node
numbers.

1. Global Information Collection: Perform a sum reduction of w;:
i+n;—1

W, = Z w;
=i
2. Average Load Calculation: 7' = Wy, wg,, = |T/N|, and R =T mod N.

3. Quota Calculation: The quota of each node ¢; is computed:

q}_{wwg—l—l if i<R

Wang otherwise

Also, the quota for each subtree is computed:

i+n;—1

Qi= > g
=i

4. Task Exchange: Fach node computes

772L =W; —@Q;, and nﬁj =Q,, — W, where j =0,1,....,m; — 1.

4.1) For node i with nl < 0 receive tasks from node p;.

4.2) For node i and 7 =0,1,...,m; — 1 if 772{%]‘ < 0 receive tasks from node ¢; ;.
4.3) For node i with I > 0 send 5! tasks to node p;.
4.4)

For node ¢ and j = 0,1,...,m; — 1if 772{%]‘ > 0 send 7721?]‘ tasks to node ¢; ;.

Figure 5: The Tree Walking Algorithm



Lemma 1: After execution of TWA, the number of tasks in each node is equal to its quota.

Proof: Assume node j is a child of node ¢ such that ¢;; = j, 77]L in node j is equal to —nfl
in node ¢. Thus, if 77]L < 0, node j will receive |77]L| tasks from node 2. Similarly, 7751 in node 7 is
equal to —77]]; in node j. Thus, if 7751 < 0, node 7 will receive |nﬁ| tasks from node j. Therefore,
after execution of TWA, the number of tasks in node ¢ is

w;:wi—mL— Z Uﬁj:wi_(Wi_Qi)_ Z (Q]_W])‘

jis child of i jis child of i

Because Z W; = W, —w;,
jis child of i
wy=wi—(Wi=Qi)— >, Qi+Wi—w)=Q:i— >  Qj=ua.
jis child of i jis child of i

O
In this algorithm, steps 1 and 2 spend 2m communication steps, where m is the depth of the
tree. The communication steps in step 4 is the distance from a leaf node to another leaf node,
which is at most 2m. Therefore, the total number of communication steps of this algorithm is
at most 4m. With a balanced tree, m = logN, and the number of communication steps of this

parallel algorithm on N nodes is O(logNV).
Example 1:

An example is shown in Figure 6. The nodes in the tree are numbered by preorder traversal.
At the beginning of scheduling, each node has w; tasks ready to be scheduled. Values of W; are

calculated in step 1. The root calculates the value of w,,, and R:

Weyg = 4, R =5.

Then, each node calculates the value of J; in step 3. The values of w;, n;, W;, Q;, nZL, and nﬁj

are shown as follows:

i wi | [We [ Qi [ o [ afh [0 [ 0
0 11 9] 41 41 0] -5 0 1
1 41 3] 20| 15 5 0| —6 -
2 51 1 5 5 0 - -
311 1| 11 ) 6 - -
4 7T 2 9 9 0 2 - -
) 211 2 41 =2 - -
6 31 3 11]12] -1 11 -1 -
7 311 3 4] -1 - -
8 51 1 ) 4 1 - -




Figure 6: Example for the Tree Walking Algorithm.

The numbers of tasks to be exchanged between nodes are shown in Figure 6. At the end of

scheduling, nodes 0—4 have five tasks each, and nodes 5—8 have four tasks each.
3.2 Cube Walking Algorithm

In this subsection, we study two algorithms designed for the hypercube topology: the DEM
algorithm [8, 9] and the proposed Cube Walking Algorithm (CWA ).

In DEM, small domains are balanced first and then combined to form larger domains until
ultimately the entire system is balanced. The “integer version” of DEM is described in Figure 7.
All node pairs in the first dimension whose addresses differ in only the least significant bit balance
the load between themselves. Next, all node pairs in the second dimension balance the load
between themselves, and so forth, until each node has balanced its load with each of its neighbors.
The number of communication steps of the DEM algorithm is 3d, where d is the number of

dimensions [16].

DEM

for k=0 to d—-1
node ¢ exchanges with node j the current values of w; and w;, where j =1+ @ 2k
if (w; —w;) > 1, send |(w; —w;)/2] tasks to node j
if (w; —w;) > 1, receive |(w; — w;)/2] tasks from node j
update the value w;

Figure 7: The DEM algorithm.

Example 2:
The DEM algorithm is illustrated in Figure 8. The load distribution before execution of the



Figure 8: An example for the DEM algorithm.
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DEM algorithm is shown in Figure 8(a). In the first step, nodes exchange load information and
balance the load in dimension 0 as shown in Figure 8(b). Then, the load is balanced in dimension 1
as shown in Figure 8(c). After load balancing in dimension 2 (Figure 8(d)), the final result is
shown in Figure 8(e). The load is not fully balanced, because only integer numbers of tasks can
be transmitted between nodes. There are a total of 33 task-hops, whereas the optimal scheduling

shown in Figure 3 has only 21 task-hops.

After execution of the DEM algorithm, the load difference D = max(w;)— min(w;) is bounded
by d, the dimension of the hypercube [17]. Figure 9 shows an example where D = 4 for a

4-dimensional hypercube.

Figure 9: An example which shows that the number of tasks differs by 4 resulting from DEM.

The DEM algorithm is simple and of low complexity. At each load balancing step, only node
pairs exchange their load information. No global information is collected. Without global load
information, it is impossible for a node to make a correct decision about how many tasks should
be sent. Node pairs attempt to average their number of tasks anyway. A node may send excessive
tasks to its neighbor. DEM is unable to fully balance the load and to minimize the communication

cost.

A good heuristic algorithm can be designed by utilizing global load information. Here we
present a new parallel scheduling algorithm for the hypercube topology. The algorithm, called
Cube Walking Algorithm (CWA), is shown in Figure 10. Let w? be the number of tasks in node ¢

before the algorithm is applied. The first step collects the system load information by exchanging
k+1

values of w’ to obtain the values of w:™'. Each node records a w vector, where w¥ is the total

number of tasks in its k-dimensional subcube. Here, the k-dimensional subcube of node 7 is

defined as all nodes whose numbers have the same (d — k)-bit prefix as node 7. The value of

wf»l in each node is equal to the total number of tasks in the entire cube. In step 2, each node

calculates the average number of tasks per node. A quota vector ¢ is calculated in step 3 so that
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each node knows if its k-dimensional subcubes are overloaded or underloaded. The vector ¢ can

be computed directly as follows: qf - o 4 le
where
0 if in(N-2")>R
k= 2k if iv(2F-1)<R
R—iA(N—2%) otherwise

where A is the bitwise AND and V the bitwise OR. The é vector is the difference of w and g,

which stand for the number of tasks to be sent to or received from other subcubes.

Cube Walking Algorithm (CWA)
Assume the cube dimension is d, the number of nodes is N = 2¢.
Let @ denote the bitwise exclusive OR and A the bitwise AND.

1. Global Information Collection:
Perform sum reductions. Fach node computes its w vector, k = 0,....d

0o _ .. k_ k=1 k-1
w; =w;, w; =w; ~+ Wi ok—1

2. Average Load Calculation: 7 = w?, wy,, = |[T/N|, R =T mod N.
3. Quota Calculation: Each node computes its vectors qf and 65, k=0,...,d-1

_ k_ k=1, k-1
% = Wayg  Otherwise ’ W= T ligge

0 {wavgﬂ if i<R

E_ .k k
o =wi — ¢

4. Task Exchange: For k =d—1to0 do

4.1) For node i with é¥ > 0, compute the number of tasks to be sent out
Initialize 65 = 6% and v* = 0
Forj=k—-1100

0 z'féfg’yf-"l and i A2 =0
o min(87 — /T 07T if 67 > At and A2 =0
o j+1 poo] j+1 . i
6! | if 6£®2J§7{ and 2/\2{#0
max(é7,0) if 6oy > vt and in2#0
vl =6 -6
Send 62 tasks as well as its § vector to node 7 @ 2. Update its own w and § vectors for each
dimension j =0,1,....,k—1: w! = w! — 6/, 6! =6 — 6.
4.2) For node ¢ with ¥ < 0, receive tasks as well as the 6 vector from node i®2*. Update its
own w and § vectors for each dimension j = 0,1,....,k—1: w! = w! + 02],@2;“ ol =61+ 02]@%.

Figure 10: The Cube Walking Algorithm.
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In step 4, task exchanges are conducted among each dimension. We start with the cube of
dimension d — 1. Recursively, we partition a cube of dimension & into two subcubes of dimension
(k—1). Each node n(7) is paired with the corresponding node n(i)’ = n(i®2*) in the other subcube.
In this particular step, we only exchange tasks between n(i) and n(7)’, where i = 0,1, ..., N/2 — 1.
And, we send tasks only in one direction — from the overloaded subcube to the other. In this way,
an overloaded node does not necessarily commit itself to send tasks out since it may postpone the
action. The decision is made globally within the subcube by calculating a 8 vector for every node
in the overloaded subcube. The calculation of 8 is a local operation without any communication.
5692] = wf+1 - wf - qgéy. The ~ vector records the

number of tasks reserved for subcubes of lower dimensions. The following lemma shows that at

The value of § of n’ can be calculated by é

the end of the algorithm, each node has the same number of tasks as its quota.
Lemma 2: After execution of CWA, the number of tasks in each node is equal to its quota.

Proof: To show after iteration 0 the number of tasks in each node is equal to its quota ¢?, we
need to show that after iteration k, each k-dimensional subcube has ¢¥ tasks. Then, the subcube
with 6% > 0 needs to send 6% tasks to the other subcube with ¢¥ < 0. Because tasks are sent in
one direction, the number of tasks sent from the overloaded subcube to the underloaded subcube

must be equal to 6%. That is, 69 = 6% = #%. It can be proven by showing that
J+1l _ pJ J
0.7 =6; + 0,

There are three cases when assigning the value of 8:

Case 1: when 6? < 7{+1, we have

6! =0; and
7 1
Jj o pitl
Vipas = Uigas-
J o _ il _ gyl
Hence, 67 + 0@2] = O@QJ =67,
Case 2: when /7' + /7" > 6/ > 471
: J J+1 7+1 I i (ST L i1y o J+1,
since &; —7; ‘-§1 ;" , we hfl"e 92'&5 min(&; — ", 0,7 ) =6 — 7" 4
: Y i_ i J J i J _ g
since &, =6 —06; =7 +6;7 —6; >0, wehave 8, = max(d;,,;,0) = b,
J J & J+1 7 _ gitl J+1 _ pi+l
Hence, 6; + 02@2] =6 —vi + 6@2] =6 —v T =0,
Case 3: when 67 > @71 1 47Tt
K3 K3 ’}/Z ?
: J J+1 J+1 I nin (87 J+L i+l _ i+l
since ¢ — 7; fl 6", we h_l_alve 0i‘+€ min(6] — ", 87 ) =677 4
: Y i i J J - j —
since 7o, =67 — &/ =7 +677 — 67 <0, we have 6, = max(é;_,,,0) = 0.
Hence, 67 + 02],@2] = OZJ.-I-I, |

In this algorithm, step 1 spends 2d communication steps for exchanging load information,
where d is the dimension of the cube. Step 4 spends d communication steps for load balancing.

Therefore, the total number of communication steps of this algorithm is 3d.
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Example 3:

A running example of CWA is shown in Figure 11. At the beginning of scheduling, each node

has w? tasks ready to be scheduled. Values of w¥ are calculated at step 1. The values of wg,,

and R are as follows:

Weyg = 8, R =0.

Then, each node calculates the values of ¢ at step 3. Because R = 0, every node has the same

quota vector:

{8,16,32}.

At step 4, when k = 2, the subcube {0,1,2,3} is the overloaded one. The values of w¥, 6%, 8, and

vF are as follows:

77 77 77

Node do dl d2
i (wp [P A fwl [ &7 [0 [ yf [ w67 [6F )7
0 19 11| 6 5130] 14| 9 51411 9] 9] 0
1 11 31 3 0[30] 14| 9 51411 9] 9] 0
2 21 -6 0| —-6| 11| -=5] 0| —=5]41] 9| 9| 0
3 9 11 0 1| 11| =5 0| =51]41| 9| 9| 0

Thus, node 0 sends six tasks to node 4, and node 1 sends three tasks to node 5. Now, the
loads between subcubes {0, 1, 2, 3} and {4, 5, 6, 7} have been balanced. Each subcube has 32

tasks.

When k = 1, subcubes {0,1} and {4,5} are overloaded. The values of w¥, 6%, 6% and ~vF are

as follows:

Node do dl
i e T QTR R w 8]0 [
0 13 5| 5 01211 5] 5] 0
1 8 0| 0 01211 5] 5] 0
4 6| -2 0|-=218| 2| 2| 0
5 12 41 2 201181 21 21 0

1 ?

Thus, node 0 sends five tasks to node 2, and node 5 sends two tasks to node 7. The loads
between subcubes {0, 1}, {2, 3}, {4, 5}, and {6, 7} have been balanced. Each subcube has 16

tasks.

When k& = 0, nodes 3, 5, and 6 are overloaded. Their values of w¥, 6%, 6

follows:

13

k

77

and vF are as



Figure 11: A running example of CWA.
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Node do
i |[wp [67 67 47
3 91 1] 1| 0
5 10 21 2] 0
6 10 21 2] 0

Finally, node 3 sends one task to node 2, node 5 sends two tasks to node 4, and node 6 sends
two tasks to node 7. This results in a balanced load, each node having eight tasks. The total
number of task-hops is 21.

3.3 Mesh Walking Algorithm

A parallel scheduling algorithm for the mesh topology named Mesh Walking Algorithm (MWA)

is shown in Figure 12. First, we scan the partial vector w along every row, and each node i records

0
a w vector wy -,

w} = Z}Zal ng. A scan operation is performed along these nodes, each of that keeps another
1
6,30

spread to all nodes ¢ (¢ mod ny = ng — 1). Consequently, these nodes spread the values of wy,,,

where j = 0,...,7 mod ny. Each node ¢ (i mod ny = ny — 1) calculates the sum

vector w; ., where j =0, ..., |¢/ng]. The values of w,,, and R are calculated at node N — 1, and

R, W} and Wil—n2 along each row. Then, the vectors ¢ and é are calculated in each node, as

well as QY, Q!, and Q! The values of Q? and Q! can be calculated directly by:

[REA R i—mno°

QY = Wayg * (2 mod ng + 1) + 75

where
(imodng)+1 ifi<R
r; = 0 if li/na] Xng > R
R mod ny otherwise
Q! = Wayg * [1/Ng] * ng + 14
where

R otherwise

m:{ [i/n2] ¥ na if [i/na] +ny < R

In step 4, the first iteration & = 1 balances the load among rows. All nodes calculate the
values of 1; 0,1, and 1, 0 p. If 901, <0, row 7 = |i/ny| will receive |n; o 1| tasks from row r — 1. If
ni0.r < 0, 10w 1 = |i/ny| will receive |n; o r| tasks from row i+ 1. If n; o g > 0, the submesh from
row 0 to row 7 = |i/ngy| is overloaded, and ;o g tasks need to be sent to row r + 1. Similarly, if
n:,0,1, > 0, the submesh below row r = [i/ng] is underloaded, and 7; o 1, tasks need to be sent to
row r — 1. Vector € is calculated to determine how many tasks at each node need to be sent. The
calculation of 7 and @ is a local operation without any communication. Variable v; ;; indicates
how many tasks are to be reserved for the previous j nodes in the same row, and variable 7; ;;

tells how many tasks remain to be sent out. The values of w and é are updated. Iteration 0
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Mesh Walking Algorithm (MWA)

Assume a mq X ng mesh, the number of nodes is N = ny X ns.

1. Global Information Collection:
Perform scan operations and compute the w vectors:

n1—1
wl =wi, wp =) {wf | [j/na] = li/ma]}, wi= )] wi,,
=0
For 7 =0,1,....,¢ mod no, ng = w?_(i mod no) 45 for j =0,1,..., [¢/ng], wij = wjl«an).

2. Average Load Calculation: 7 = w?, w,,, = |T/N|, R =T modN.
3. Quota Calculation: Compute vectors qf, f, and 65, k=0,1

q?:{“’“”g“ ISR SO i) = Lifna))

Wang otherwise

=> {¢llji<iand |j/na] = |i/na]}, @QF =D _{q} |j<iandjmodny =0}

6k—w _%

K3
For j =0,1,...,72 mod no, 62j = 6?_“ mod 12) 45"

4. Task Exchange: Let o' = ny, 0¥ = 1, b} = |i/n2], ¥ = i mod ny, v} =i mod nq, v? = 0.

Fork=1t0o0 do

4.1) .
Z Wi g
0<j<bk
Let nL:i—ok, nR:i—I—o
if b5 >0
/b , Mior=WE—-QF viorL=70r=0

—- Wk
Initiali 0,1 = o )
nitialize 1;0.1, { 0 otherwise

4.2) Forl = L, R, for node ¢ with 1, o ; < 0, receive tasks as well as the § vector from node n;;

update its own w vector for 7 = 0.1, ..., Zk: ng = ng + 05, and 6? = 6 it Ong -

4.3) For | = L, R, for node 7 with 7;0; > 0, calculate the number of tasks to be sent out.
For y =0,1, ...,vf

Mgl i 0% > mign+ vig
Oig0 = 60— viga i migatvign > 68 > i
0 otherwise

0
Vig+1d = Vigr g0 =00, and e = niga— 0540
Send §; x, tasks as well as its § vector to node n;; update its own w and é vectors for

s k. o _ .0 .. 0O _ ¢0 _ pg .
J = 07 17 ...7712'. /UJZ"7 = /UJZ"7 — 027]717 627] = 627] 027]71.

Figure 12: The Mesh Walking Algorithm.
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balances the load in each row. The following lemma shows that at the end of the algorithm, each

node has the same number of tasks as its quota.

Lemma 3: After execution of MWA, the number of tasks in each node is equal to its quota.

Proof: In iteration 1, v}
i1 = o) = D bi (1)
=0
vl vl
— o~ . 0
Vit = Viog + D 00— D67 (2)
=0 =0

When 67 > 00+ Yijgts Mig+in = Mg — Migy = 0. When yi 50 < 60, < miji+ Yijas Mij+ig =
51— 62j + 750> 0. And when é; ; <751, i j+1,0 = 1i;,0— 0. Since 7; o is larger than or equal
to 0,

i1l = 0 (3)

Because of (1) and (3) .
> 050 < mioy (4)

J=0
Assume for some j' < v}, 6%, > n; g0+ Vi Then n; g1y = mi oy — 1,50 = 0. Because of

N

(1), Z?:o 0; ;1 = ni0,- Since each 6; ;; for j > j' is equal to 0, we have
i
> b0 =m0l (5)
=0

Assume there exists no j' < v} so that (5%, > g0+ vigra- When m; 0 4 vi 50 > 6% > Yl

Oiji = 00 = viji and yigers = Yiju+ (88 = 7iga) = 65 = 0. When 675 < 5ij1, 050 = 0 and
Vi1, = Vil — 05 ; > 0. Therefore,
Tttt >0 (6)
From (1) and (2), and 7,0, =0 "
Miwl41,R T Vipl41,R = 0.R ~ (6 - Z 0i.) (7)
=0
Because of (4) and 5, 0,1, + 1i,0,r = 6} L
o= 60+ 0ir <0 (8)
=0
Because of (3), (6), (7), and (8) Ml 11 = 0 (9)
and Yipl+1,R = 0 (10)

v}
1

Z b;j. = 0; —Mio.R = Nip,L

j=0
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From (1) and (9)
ol
D biir="ioR
=0

Because 1,01, = —Mi—n,,0,r and 7;,0,R = —7itny.0,L> if M0, < 0, node ¢ will receive |n; 0 1]
tasks from node i — ny. And if ;0 p < 0, node ¢ will receive |n; 0 pr| tasks from node ¢ 4 ns.

Therefore, after iteration 1,

w} = w} —nioL—MoRr =4
The weight w? is updated. In iteration 0, ; o; = 7;,0,;. Therefore, after iteration 0, the number
of tasks in each row is )
wg = w = nioL —MoRr = ¢ a
In this algorithm, step 1 spends ny communication steps to collect load information along
each row and n; communication steps to collect load information across rows. Broadcasting
and spreading operations spend n1 + ny communication steps. Step 4 spends at most ny +
n, communication steps for load balancing. Therefore, the total communication steps of this

algorithm is 3(ny + n2).
Example 4:

A running example of MWA is shown in Figure 13. The total number of tasks is computed
by parallel reduction. The values of w,,, and R are calculated:

Weyg = 8, R =0.

Because R = 0, every node has the same ¢? and ¢!, which are 8 and 32, respectively. The values

of Q! are also calculated:
Qo3 =32, Qir =64, Qx_11 =96, Qryoy5 = 128

The values of w? and 6? are listed as follows:

Node ‘ w? ‘ 6? H Node ‘ w? ‘ 6? H Node ‘ w? ‘ 6? H Node ‘ w? ‘ 69

0 7 -1 1 12 4 2 6| -2 3 16 8
4 17 9 5 3| -5 6 0] -8 7 15 7
8 2| -6 9 13 5 10 5| -3 11 5| -3
12 51 -3 13 6| -2 14 41 -4 15 12 4

Nodes in the same row have the same values of w}, 62»1, Wil, 70,1, and 7, 0 g Which are listed

as follows:
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=12 =13 izl izl
D) —6)—1)—HL2
N—(13)—(5)—(5
=87 i=0T i=10]" \):11
N
1D—(3)—(0)—(15)
=47 1i=5 1=6 1=7
N T 7
(O—12—(6)—(19)
1=0 =1 1=2 1=3
(a)
D m;l
®—®)—(—12
3
N AN
EO—W—)—®)
N
6 —0—1®
\é/\ Y 2 a
O—O—E—
(c)

poLb
C—B—6—0
P p
00
b-&-&-&
(b)
O—O—0—0
E—O—60—0
(d)

Figure 13: A running example of MWA.

Node H w} ‘ 6! ‘ wi ‘ 7i,0,L ‘ 7i,0,R

0-3 41 9| 41 0 9
4-7 35 3| 76 -9 12
8-11 25| =7 | 101 | —12 5
12-15 || 27 | =5 | 128 -3 0

In iteration 1, every 7,05, < 0. Therefore, tasks are sent in one direction for this example.
The values of 6%, 7.j,R> Vi,j,R, and 8; ; g are listed as follows:

Node || 82, | 7,0 | Yi,0 | 0; o || 8y | Ni1 | Vi1 | 0i,1 ||

) )
80 [ mio | vio [ 02 [ 85 | mis ] vis | 0is

3 -1 9 0 0 4 9 1 3| -2 6 0 0 8 6 2 6
7 91 12 0 91 -2 3 0 0| —8 3 2 0 13 31 10 3
11 3 5 0 3 5 2 0 2 =3 0 -3 0 0 0 0 0

In row 0, node 1 sends three tasks to node 5, and node 3 sends six tasks to node 7. When nodes
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in row 1 receive the tasks and # vectors, they update their 6. Then, they calculate the 8 vectors.
Node 4 sends nine tasks to node 8, and node 7 sends three tasks to node 11. Finally, nodes in
row 2 update their 6 and calculate the 8 vectors. Node 8 sends three tasks to node 12, and node
9 sends two tasks to node 13. The task exchange is shown in Figure 13(b). The number of tasks

in each row now is equal to its quota ¢!, which is 32.

In iteration 0, W2 is calculated from updated values of w. The values of QY are:
Q(1),4,8,12 =38, Q%,5,9,13 = 16, Q%,6,10,14 =24, Q:la,7,11,15 =32

The values of n vectors are as follows:

Node ‘ 1:,0,L ‘ 1:,0,R H Node ‘ 1:,0,L ‘ 1:,0,R H Node ‘ 1:,0,L ‘ 1:,0,R H Node ‘ 1:,0,L ‘ 1:,0,R

0 0 -1 1 -1 0 2 0 -2 3 -2 0
4 0 0 5 0 -2 6 -2 =10 7 -10 0
8 0 0 9 0 3 10 3 0 11 0 0
12 0 0 13 0 0 14 0 —4 15 —4 0

Nodes exchange tasks, as shown in Figure 13(c), according to the values of # which is equal to
1. This results in a balanced load, and each node has eight tasks. The total number of task-hops
is 48.

4. Properties of the Scheduling Algorithms

In this section, we discuss the scheduling quality, locality, and communication costs of the
TWA, CWA, and MWA algorithms. The next theorem shows that these algorithms are able to
fully balance the load. If the number of tasks can be equally divided by the number of nodes,
then each node will have the equal number of tasks; otherwise, the number of tasks in each node

differs by one.

Theorem 1: The difference in the number of tasks in each node is at most one after execution

of TWA, CWA, or MWA.

Proof: From Lemmas 1, 2, and 3, the number of tasks in each node is equal to its quota after
execution of TWA, CWA, or MWA. Since the quota is either wg,g or w4y + 1, the difference in

the number of tasks in each node is at most one. O

These algorithms also maximize locality. Local tasks are the tasks that are not migrated to
other nodes, and non-local tasks are those that are migrated to other nodes. Maximum locality
implies the maximum number of local tasks and the minimum number of non-local tasks. In

Lemmas 4 and 5 and Theorems 2 and 3, we assume that the number of tasks T is evenly divided
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by N, the number of nodes. When T is not evenly divided by N, the algorithms are nearly-optimal.

The following lemma gives the minimum number of non-local tasks.

Lemma 4: To reach a balanced load, the minimum number of non-local tasks is

Z max(wWgyy — Wi, 0).

Proof: Each node where w; < wg,, must receive (wqy, — w;) tasks from other nodes for a
balanced load. Therefore, a total of 3, max(wg,, — w;, 0) tasks must be migrated between nodes.
O

The next theorem proves that these three algorithms maximize locality.

Theorem 2: The number of non-local tasks in the TWA, CWA, or MWA algorithm is

Z max(wWgyy — Wi, 0).

Proof: At any time when executing the TWA, CWA, or MWA algorithm, the number of
tasks in each node is not less than min(w, wyy,). In TWA, each node receives tasks before sending
tasks. In CWA or MWA, each node sends tasks only when its weight is larger than w,,, and no
more than (w; — wg,,) tasks are sent out. Thus, in all nodes at least 3, min(w;, w,,,) tasks are

local. Therefore, the number of non-local tasks is no more than
N X Wgpg — Zmin(wi, Wayg) = Z(wwg — min(w;, Weyy)) = Zmax(wavg — w;, 0).

As stated in Lemma 4, these algorithms minimize the number of non-local tasks and maximize

locality. a

TWA is an optimal scheduling algorithm. The next theorem proves that TWA minimizes the

number of task-hops and communication.

Theorem 3: The TWA algorithm minimizes ) ; ey, the total number of task-hops, and the total

number of communications.

Proof: For an edge k that connects a subtree ¢ and its parent, if ); > W, ep = Q; — W;
which is the minimum number of tasks to be transmitted from its parent to the subtree. Similarly,
if @; < Wi, e = W; — @, which is the minimum number of tasks to be transmitted from the

subtree to its parent. Therefore, )", ex, the total number of task-hops, is minimized.

For each subtree ¢, if (); # W;, then there is at least one communication between the subtree

and its parent, which is the minimum number of communications. If ; = W,, then there is no
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communication between the subtree and its parent. Therefore, the total number of communica-

tions is minimized. O

CWA and MWA are heuristic algorithms and in general are not able to minimize the com-
munication cost. However, for a system with less than or equal to four nodes, the algorithms

minimize the communication cost.

Lemma 5: The CWA and MWA algorithms minimize the communication cost in a system with

two or four nodes.

Proof: The communication cost in a system is minimized if there is no negative cycle [15].
In a system of two nodes, there is no cycle. In a system of four nodes, only a path consisting of
at least three edges can form a negative cycle. With either CWA or MWA, the longest path has

two edges. Therefore, there is no negative cycle. a

The DEM algorithm does not minimize the communication cost for four nodes because there

may be a path consisting of three edges.

5. Performance Study

TWA is an optimal algorithm. It minimizes communication and maximizes locality while
balancing the load. The optimality of heuristic algorithms, CWA and MWA, needs to be studied
with simulation. For this purpose, we consider a test set of load distributions. In this test set, the
load at each processor is randomly selected, with the mean equal to the specified average number
of tasks. The number of processors varies from 4 to 256. The average number of tasks (average
weight) per processor varies from 2 to 100. The average weight is made to be an integer so that
the load can be fully balanced.

First, we study CWA and compare its performance to DEM. CWA can fully balance the load
but DEM cannot in most cases. Table I shows the percentage of fully-balanced cases of the
DEM algorithm. We run the DEM algorithm with different numbers of processors and different
weights. Fach result is from 1,000 test cases. When the number of processors increases, there are
less fully-balanced cases. For 32 processors there are a few cases, and for 64 processors, there is

no fully-balanced case in this test set.

An important measure of a scheduling algorithm is its locality. The CWA algorithm sends
only necessary tasks to other processors so that it maximizes locality. The DEM algorithm results
in unnecessary task migration. Here, we study locality of the DEM algorithm. Because DEM is
not able to fully balance the load for all cases, only the fully-balanced cases are selected. Each

result is the average of the fully-balanced cases in 1,000 test cases. The normalized locality is
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Table I: The Percentage of Fully-Balanced Cases of DEM

Number of Average weight

Processors 2 _ 5 _ 10 _ 20 _ 50 _ 100
4 74.30% | 75.30% | 75.70% | 75.10% | 74.50% | 74.60%
8 31.20% | 30.60% | 34.80% | 33.20% | 36.20% | 32.00%
16 4.00% | 5.80% | 6.30% | 7.60% | 5.40% | 7.70%
32 0.00% | 0.20% | 0.10% | 0.30% | 0.20% | 0.70%
64 0.00% | 0.00% | 0.00% | 0.00% | 0.00% | 0.00%

measured by
Tppm —Topr

Topr
where Tppas is the total number of non-local tasks in the DEM algorithm, and Topr is the

minimum number of non-local tasks. Figure 14 shows the normalized locality on 4, 8, and 16

b

processors. Because few fully-balanced cases exist on more than 16 processors, they are not

reported here.

40%
2 3506 = . 4 processors
S : i D 8 processors
m 30% r— -
.m_ 250 53 B D 16 processors
n_Z.v 20% |
T 15% i
€ 10% i
=) i
0%
2 5 10 20 50 100

Weight
Figure 14: Normalized locality of DEM

Next, we compare the load balancing overhead. DEM is very simple so that the runtime
overhead for load balancing decision is small. However, unnecessary task migration leads to a
large communication overhead. Compared to the time spent on the load balancing decision,
communication time is the dominate factor. CWA, on the other hand, although needing more
time to make an accurate load balancing decision, involves less communication overhead. The

normalized communication cost is measured by

Cpem — Copr
Copr
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Figure 15: Normalized communication costs of DEM and CWA
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and

where Cpry, Cowa, and Copr are the number of task-hops of the DEM, CWA, and optimal
algorithms, respectively. Figure 15 compares the normalized communication costs on 4, 8, and
16 processors. Fach result is the average of the DEM fully-balanced cases in 1,000 test cases.
The number of task-hops of CWA on four processors is the minimum. It can be seen that the
communication costs of DEM are much larger than those of CWA. Figure 16 shows the normalized

communication costs of CWA on 64 and 256 processors. Fach data presented here is the average

Normalized Cost

Normalized Cost

30%

7 cwa

25%

20% [

15% I

10% I

5% I

0%

2 5 10 20 50 100
Weight

(a) 64 processors

45%
40% D CWA
35% i
30% i
25% i
20% i
15% i
10% i

5% i

0%

2 5 10 20 50 100
Weight

(b) 256 processors
Figure 16: Normalized communication costs of CWA

Coewa —Copr
Copr

b

of 100 different test cases.

The method and assumptions used for performance study of the MWA algorithm are the same
as those for the CWA algorithm. MWA is able to fully balance the load and maximize locality.

However, its communication is not minimized in most cases. The normalized communication cost
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of MWA with respect to the optimal algorithm is measured by

Cyuwa — Copr
Copr

b

where Cyyw 4 and Copr are the numbers of task-hops of the MWA and optimal algorithms, re-
spectively. As mentioned in Lemma 3, the number of task-hops of MWA on two or four processors
is the minimum. Figure 17 shows the normalized communication costs on 8 to 256 processors.
The mesh organization is either M x M or M x M /2. Each data presented here is the average
of 100 different test cases. For small meshes, MWA provides a nearly optimal result. The cost

increases with the number of processors.
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(b) 64, 128, and 256 processors

Figure 17: Normalized communication cost of MWA.
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6. Previous Works

Parallel scheduling and static scheduling share some common ideas [1, 2, 3, 4, 18]. Both of
them utilize global information to achieve high quality load balancing. But, parallel scheduling
is different from static scheduling in three aspects. First, the scheduling activity is performed
at runtime. Therefore, it can deal with the dynamic problems. Second, the possible load imbal-
ance caused by inaccurate grain size estimation can be corrected by the next turn of scheduling.
Third, it eliminates the requirement of large memory space to store task graphs, as scheduling
is conducted in an incremental fashion. It then leads to better scalability for massively parallel

machines and large size applications.

Large research efforts have been directed towards process allocation in distributed systems
[7, 5, 6,19, 20, 21, 22, 23]. A recent comparison study of dynamic load balancing strategies on
highly parallel computers is given by Willebeek-LeMair and Reeves [16]. Fager et al. compared
the sender-initiated algorithm with the receiver-initiated algorithm [6]. Work with a similar
assumption to ours includes the Gradient Model developed by Lin and Keller [24]. The randomized
allocation algorithms developed by different authors are quite simple and effective [25, 5, 26,
27]. The adaptive contracting within neighborhood (ACWN) [22] and receiver-initiated diffusion
(RID) [16] are other effective algorithms.

Runtime parallel scheduling is similar to dynamic scheduling to a certain degree. Both methods
schedule tasks at runtime instead of compile-time. Their scheduling decisions, in principle, depend
on and adapt to the runtime system information. However, substantial differences make them
appear as two separate categories. First, the system functions and user computation are mixed
together in dynamic scheduling, but there is a clear cutoff between system and user phases in
runtime parallel scheduling, which potentially offers easy management and low overhead. Second,
placement of a task in dynamic scheduling is basically an individual action by a processor based
on partial system information; whereas in parallel scheduling, the scheduling activity is always an

aggregate operation based on global system information.

A category of scheduling sometimes referred to as prescheduling is closely related to the idea
presented in this paper. Prescheduling schedules workload according to the problem input. There-
fore, problems whose load distribution depends on its input and cannot be balanced by static
scheduling can be balanced by prescheduling. Applying prescheduling periodically, the load can
be balanced at runtime. Fox et al. first adapted prescheduling to application problems with geo-
metric structures [28, 29]. Some other works also deal with this type of problem [30, 31, 32]. The
project PARTT automates prescheduling for nonuniform problems [33]. The dimension exchange
method (DEM) is applied to application problems without geometric structure [9]. It was con-
ceptually designed for a hypercube system but may be applied to other topologies, such as k-ary
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n-cubes [34]. It balances load for independent tasks with an equal grain size. The method has
been extended by Willebeek-LeMair and Reeves [16] so that the algorithm can run incrementally
to correct the unbalanced load caused by varied grain sizes. Nicol has proposed a direct mapping
algorithm which computes the total number of tasks by using sum-reduction [10]. However, it
does not minimize the communication cost, nor eliminate communication conflict. An incremental
scheduling for N-body simulation is presented in [35]. The task graph is rescheduled periodically

to correct the load imbalance. However, its runtime scheduling has not yet been parallelized.

7. Conclusion

Recent research has demonstrated that runtime parallel scheduling can provide a low-overhead
load balancing with global load information. In parallel scheduling, a synchronous approach re-
moves the stability problem and is able to balance the load quickly and accurately. Parallel
scheduling combines the advantages of static scheduling and dynamic scheduling. All processors
cooperate to collect load information and to exchange workload in parallel. With parallel schedul-
ing, it is possible to obtain high quality load balancing with a fully-balanced load and maximized
locality. Communication costs can be reduced significantly. Three algorithms for tree, hypercube,
and mesh networks have been presented in this paper. It is not difficult to develop an algorithm

for the k-ary n-cube by combining the CWA and MWA algorithms.
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